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PREFACE. 



In p ra 

A. M E 



The term Solid lias heretofore been used in Geometry to denote a 
limited portion of space. It would seem to have heen adopted, and 
has doubtless been continued in use, because iho mind readily appre- 
hends the forms and relations of tangible objects, while it often 



iv PREFACE. 

experiences difficulty in dealing witli tliose which are purely alDstract. 
Geometry, however, has nothing to do with matter, which is always 
implied by the term Solid or Solidity. All the definitions, axioms, 
and demonstrations, relate only to extent and form; and hence, 
should not be encumbered with the foreign idea of material things. 
The term Volume has been substituted for Solid, and is deemed to 
be much more appropriHtc. 

In the present, as in the previous Edition, that part of Plane 
Trigonometry which relates only to the computation of the sides and 
angles of Triangles, has been separated from that which is purely 
analytical; (his method of treating the subject having been generally 
approved. 

The Treatise on Analytical Plane and Spherical Trigonome- 
try, of the present Edition, was prepared by Professor Church, 
of the Military Academy, for publication as a separate work ; but, 
undor the impression that it would he more useful as a component 
part of a regular course, he generously offered it aa a substitute for 
the Trigonometry of the previous Editions. 

It seems appropriate, that a course of Mathematics which had ite 
origin in the wants of the Military Academy, at an early period of 
its history, and which lays claim to no higher merit than to keep 
pace with the growth and development of science in that institution, 
should be enriched by so valuable a contribution. It is not easy to 
make suitable acknowledgments for the results of much careful study 
combined with long experience in teaching, or to express the sense 
of obligation for so acceptable a token of personal friendship. 

The application of Trigonometry to the measurement of Heights 
and Distances, embracing the use of the Table of Logarithms, and 
of Logarithmic Sines; and the application of Geometry to the 
mensuration of planes and volumes, ai-e useful exercises for the 
Student. Practical examples camiot fail to point out the generality 
and utility of abstract science. 

FiSHKii.L Landing, [ 
Julr/, 1857. ) 
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GEOMETEY, 



INTRODUCTION. 



1. Space extends indefinitely in every direction, and 
contains all bodies. 

2. Extension is any limited portion of space, and has 
three dimensions : length, breadth, and thickness. 

3. A Volume is any one of a class of things, falling 
tinder tbe common terra. Extension ; and when occupied 
by matter is called a Body or Solid. The difference between 
the terms. Extension and Volume, is simply this : the former 
is a common term denoting any and evefy limited portion of 
space, while the latter is a singular term, denoting but one 
such portion. 

The term. Solid, has heretofore been used in Geometry, 
in preference to Volume, because the mind apprehends 
readily the forms and relations of tangible objects, while it 
often experiences much difSculty in dealing with the abstract 
notions derived from them. It is, however, important to 
observe, that ffie geometrical properties of Volumes have no con- 
nection whatever with matter, and ffiat the demonstrations which 
establish and Ttiake known those properties, are based on the 
aUribuies of Extension only. 



10 GEOMETRY. 

4. A Volume being a limited portion of space, is neces- 
sarily divided from the indefinite space which surrounds 
it : that which so divides it, is called a Surface. Now, since 
that which bounds a volume is no part of the volume itself, 
it follows, that a surface has but two dimensions, length and 
breadth. 

5. If we consider a limited portion of a surface, then 
that which separates such portion from the other parts of 
the surface, is called a Line. This mark of division forma 
no part of the surfaces which it separates : hence, a line 
has length only, without breadth or thickness, 

6. If we regard a limited portion of a line, that v/hich 
separates such portion from the part beyond, at either 
extremity, is called a Point. But this mark of division 
forms no part of the line itself: hence, a point has neither 
length, breadth, nor thickness, but place, or position, only. 

7. Although we use the term Volume to denote a given 
portion of apace, the term surface to denote the boundary 
of a volume, the term line to denote the boundary of a sur- 
face, and the term point to designate the limit of a line, still, 
we may employ either of these terms, in an abstract sense, 
without any reference to the others. 

Thus, we may contemplate a river, as a volume, without 
considering its boundaries ; may look upon the surface and 
perceive that it has length and breadth without referring 
to its depth ; or, we may regard the distance across, without 
taking into account either its depth or length. So, likewise, 
we may consider a point without any reference to the line 
which it limits. 

In the definitions and reasonings of Geometry, these terms 
are always used in an abstract sense ; they are mere signs to 
the mind of the conceptions for which tJiey stand, 

8. Angt.b is a term which designates the portion of a 
surface lying between two lines meeting at a common point; 
and it also denotes a portion of space lying between two or 
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INTKODUCTION. 11 

0. Magnitude is a general term employed to denote 
the quantities wbich arise from considering the dimen- 
sioDS of extension, and is equally applicable to lines, angles, 
surfaces, and volumes. Geometry is conversant about foiu 
kinds of magnitudes : 

1. Lines ; which have length without breadth or thickness : 

2. Angles ; bounded by straight lines, by curves, by planes, 
or by curved surfaces : 

3. Surfaces; which have length and breadth withoui 
thickness : and, 

4. Volumes ; which have length, breadth, and thickness. 

10. Figure is a term applied to a geometrical magni 
tude, and expresses the idea of shape or form. Thus, " A 
triangle is a plane ^^ure bounded by three straight lines." 

11. A Property of a figure, is a mark or attribute com 
men to all figures of the same class. 

12. The portions of extension which constitute the geo- 
metrical magnitudes, are indicated to the mind by certain 
marks, called lines. 

Thus, we say, the straight line AB, measures the shortest 
distance between the two points A and 
B. The mark AB, on the paper, is A- B 

not the geometrical line AB, but only 

the sign or representative of it — the geomcti-ical line itself, 
having merely a mental existence. 

"We also say, that the triangle ACB 
is bounded by the three straight lines 
AB, AG, OB. Now, the triangle ACB, 
is but the sign, to the mind, of a por- / \ 

tion of a plane. That which the eye iT" " a 

Bees is not the geometrical conception on 
which the mind acts and reasons: but is, as it were, the 
word or sign which stands for and expresses the abstract 
idea. 
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12 G E M E T E Y. 

These considerations have iaduceJ me to represent the 
geometrical magnitudes hy the fewest possible lines, and to 
reject altogether the method of shading the figures. It is 
the conception of extension, in the abstract, with which the 
mind should be made conversant, and too much pains cannot 
be taken to exclude the idea that we are dealing with ma- 
terial things. 



.■..Google 



ELEMENTS OF GEOMETRY. 



DEFINITION 



1. EXTENSION is a limited portion of space. It has three 
jiKiensiona : length, breadth, and height or thickness. 

2. AMagnitddk is anything that can be measured. A 
geometrical magnitude is a magnitude which possesses one or 
more of the attributes of extension. 

3. Geometry is the science which treats of the proper- 
ties and relations of the geometrical magnitudes. 

4. A PoiM^T is that which has position, but not magnitude, 

5. A Line is that which has length, but neither breadth 
nor thicitaess. Lines are of two kinds, Straight and Curved, 

6. A Straight Line is one which 
lies in the same direction at every 
point, 

7. A Broken Line is one made 

up of iimited straight lines not lying ■"' \ 

in the same direction. 

8. A Curved Line is one which 

changes its direction at every point. -^"^ "^\ 

The word line, alone, is used to 
designate a straight line; and the 
word curve, to designate a curved line. 

9. A Surface is that which has length and breadth, 
without thickness. 

* See Davies' Logic and Utility of Mathematics, fj 1. 
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s are of two binds, Plane and Chirved. 

10. A Plane is a surface, such, that if any two of its 
pointa be joined by a straight line, that line will Hy wholly 
in the surface. 

11. A Curved Surface is a surface which is neither a 
plane nor composed of planes, 

12. A Volume is that which has length, breadth, and 
thickness. 

IS. A Plane Angle is a portion of ii plane lying be- 
tween two straight lines meeting at a point. The straight 
lines are called the sides of the angle, and their common point, 
the verUx of the angle. 

Thus, CAB is a plane angle, BA ^c 

and GA are its sides, and A is its ^y'^ 

vertex. An angle is sometimes de- ^ ^ 

signaled by a single letter written at 

the vertex, as the angle A. Generally, however, three letters 
are employed to designate an angle, as the angle CAB, the 
letter at the vertex being always placed in the middle. 

Angles are of two kinds, ri^hi angles and olylique angles. 

14. If one straight line meet ano- 
ther, forming two angles on the same 
aide of the second line, they are called 
adjacent angles. When the adjacent 

angles are equal, each is called a hisht 

angle, and the two lines are said to 

be perpend-ieidar to each other. 

15, All angles which arc not right angles, are called 
oblique angles. 

Oblique angles are of two kinds, 
acute and obtuse. 

J\.n ACUTE angle is an angle less ^-^ 

than a right angle. 

An OBTUSE ANGLE is an angle X 
greater than a right angle. ^ 
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BOOK I. 

16. Two straight lines areparalkl, 
when lying in the same plane, they 
cannot meet, how far soever, either 
way, both of them be produced. 
They then have the same direction. 

17. A Polygon is a portion of a 
plane bounded by straight lines. 

The broken line which bounds a 
polygon, is called its perimeter. 



18. Polygons are named from the number of their sides 
or angles. 

A polygon of three sides is called a triangle; one of four 

ides, a quadrilateral; one of five sides, a penta(/on; one of 

X sides, a hexagon; one of seven sides, a heptagon; one of 

;ht sides, an octagon ; one of nine sides, a nonagon ; one of 

ten sides, a deeagon; one of eleven sides, an undecagon; one 

of twelve sides, a dodecagon; and so on. 

19. An Equilateral polygon is one which has all its 
sides equal. An equiangular polygon is one which has all its 
angles equal. A regular polygon is one which is both equi- 
lateral and equiangular. 

20. Two polygons are equilateral, or mutually equilateral, 
when they have their sides equal each to each, and placed in the 
same order ; that is, when following their perimeters in the 
same direction, the first side of the one is equal to the first 
side of the other, the second to the second, the third to the 
third, and so on. 

21. Two polygons are equiangular, or mutually equiangular, 
when they have their angles equal each to each, and placed 
in the same order. In polygons which are mutually equi- 
lateral, or mutually equiangular, any two corresponding sides 
or angles are called homologous. 

22. Triangles may be classified either with reference to 
their sides or to their angles. 

When classified with reference to their sides, there are 
three classes : 
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1st. Scalene tnanghs, those in which 
no two sides are equal. 



2d. Isosceles triangkti, those in which 
two sides are equal. 



3d. Equilateral triangles, those in 
which all the sides are equal. 



When classified with reference to their angles, ilicre are 
also three classes : 

Ist. Acute angled triangles, those whose 
angles are all acute. 




2d. Right-angled triangles, those which 
have one right angle. 



Sd. Obtuse-angled triangles, those which 
have one obtuse angle. 



23. Quadrilaterals are divided into three classes, accordin 
to the relative directions of their sides ; 



1st. The Trapezium, which has ; 
two sides parallel. 



2d. The Trapezoid, which has only 
two of its sides parallel. 
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Sd. The Parallblogbam, which has 
its opposite sides parallel, two and two. 



24, Parallelograms are divided accordu: 
of their sides and angles, into four classes : 

1st. The Rhomboid, which is an oblic[ue- 
angled parallelogram. / 



to tlie nature 



2d. The Ehojtbus, which i 
lateral rhomboid. 



Sd. The Rectangle, which is a r 
angled parallelogram. 



4th. The Squaee, which is aa equi- 
lateral rectangle. 



25. A Diagonal is a line joining tbe vertices of two 
angles, which are not consecutive. 

26. A Base of a polygon is any side on which the poly- 
gon may be supposed to Rtaad. 



DEFINITIONS OF TERMS. 

1. An axiom is a self-evident truth. 

2. A demonstration is a train of logical arguments brought 
to a conclusion, 

3. A theorem is a truth which ■becomes evident by de 
monstration. 

4. A probkm is a question which requires a solution. 

5. A lemma, is an auxiliary proposition, employed in the 
demonstration of a theorem, or the solution of a problem. 

„,„,n„C',oogle 



GEOMETRY. 



6. The common nume, proposition, is applied 
to axioms, theorems, and probltms. 



lifferently, 
iqueiico, of one or more 



7. A corollary is an obvio 
propositions. 

8. AscIwUum is a remark made on one or more preceding 
propoaiiiona, wtiich tends to point out llieir cuincclioii, tliclr 
use, their restriction, or their extension, 

9. An hypothesis is a supposition, niiide eitlier in the 
enunciation of a proposition, or in the course of a demon- 
stration. 

10. A postulate is a self-evident problem. 



EXPLANATION" OF SIGNS. 

1. The sign ~ is the sign of ecLnality; thus, the ex- 
pression A— B, signifies that A is equal to B. 

2. To signify that A is leas than B, the expression A-cB 
H used. 

3. To signify that A is greater than B, the expression 
A> B is used ; the less quantity being always at tlic vertex 
of the angle. 

4. The sign + is called plus; it indicates addition. 

5. The sign — is called minxis ; it indicates subtraction : 
Thus, A + B, represents the sum of the qiumtities A 

ttud B- A—B represents their difference, or what remains 
after B is taken from A; and A-B-\-0^ or A+G-B, sig- 
lufias that A and C are to be added together, and that )i 
is to be subtracted from their sum. 

6. The sign X indicates multiphcation : thus AxB re- 
presents the product of A and B. 

The expression Ax{B + C~B) represents the product of 
A by the quantity B + C-B. If A+D were to be multi 
plied by A—B + C, the product ■would be indicated thus; 

{A+D)x{A-B + 0), 
whatever is enclosed within the curved lines, being consid- 
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ered as a single quantity. The same thing may also Ije 
indicated by a bar; thus, 

A+BTCxD, 
denotes that the sum of A, B acd 0, is to be multipliod 

7. A figure placed before a quantity, serves as a mul- 
tiplier to that quandly; thus, SAB signifies that the hue 
AB is taken three times ; ^^i signifies the half of the 
angle A. 

8. The square of the line AB is designated by XS ; 
its cube by AB' . What is meant by the square and cube 
of a line, will be explained in its proper place. 

9. The 5ign. v" indicates a root to be extracted ; thus V2 
means the square-root of 2; \/AxB means the square-root 
of the product of A and B. 



1. Things which are equal to the same thing, are equal 
to each other. 

2. If equals be added to eqiials, the sums will be 
(;qual. 

3. If equals be taken from equals, the remainders will 
be equal. 

4. "If equals be added to nnequals, the wholes will bo 
unequal. 

5. If equals he taken from unequals, the remaindera 
will be unequal. 

6. Things which are doubles of equal things, are equal 
to each other. 

7. Things which are halves of equal things, are equal 
to each other. 

8. The whole is greater than any of its parts., 

9. The whole is equal to the sum of all ita parta, 
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10 All rigbl) angles are equal to each other. 

11 From one point to another only one straight line 
can be drawn. 

12. A straight line measures the shortest distance between 
two points. 

IS. Through the same point, only one straight line can 
be drawn which shall be parallel to a given line. 

14. Magnitudes, which being applied the one to the 
other, coincide throughout their whole extent, are eq^ual 



POSTULATES. 

1. Let it be granted, that a straight line may be drawn 
from one point to another point. 

2. That a terminated straight line may be prolonged, 
in a straight line, to any, length, 

S. That if two straight lines are unequal, the length of 
tlie less may always be laid off on the greater. 

4, That a limited straight line may be ^ 

bisected: that is, divided into two equal 
porta. 



5. That a 
a given angle. 



straight line may bisect 




6. That a perpendicular may be 
drawn to a given straight line, either 
from a point without the line, or at a 
point of a line. 

7. That a straight line may be ^^ 
drawn, making with a given straight ^^ 
liiie, an angle equal to a given angle, 

8. That a line may be drawn through a given point, and 
parallel to a given straight line. 
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PKOPUSITION I, THEOEEM. 

tf one straight line meet another straight line, the sum of Qu. 
two adjacent angles will he equal to two right angles. 

Let the straight luie DG meet the straight line AB at (7; 
then will the angle AGD plus the angle DOB, be eqiial to 
two right angles. 

At the point C suppose CE to E i) 

be drawn perpendicular to AB : / 

then, AOE -^ BOB = two right / 

angles (d. 13).* But EGB is equal /_ 

to BCD + DGB (A. 9) : hence, -^ C ^ 

AGE + BCD + DGB = two 

right angles. Bat AGE + BCD = AGD (a. 9): there 
fore, AOD + DGB = two right angles. 

Oor. 1. If one of the angles ACD or BOB, is a right 
angle, the other will also be a right angle. 

Gor. 2. If a straight line DB ^ 

is perpendicular to another straight 
"iine AB; then, conversely, J.i? will 
be perpendicular to DB. 

For, since DE is perpendicular 
to AB, the angle AOD will be a 
right angle (d. 13). But since AG meets DE at the pomi 
G, making one angle AOD a right angle, the adjacent aogle 
AGE will also be a right angle (c. 1). Therefore, AB is 
perpendicular to DE (d. 13). 

Gor. 3. The sumof the consecu- 
tive angles BAG, GAB, DAE, EAF, 
formed on the same side of the 
line BF, is equal to two right an- 
gles ; foTj their sum is equal to 
that of the two adjacent angles BAG and GAF. 




6K0METRY. 



PEOPOSIIIOM II. THEOREM. 




Ttm straight lines, which have two pmnls common, coinciik the 
one with tlie other, throuffhout. their whole extent, and fonn 
one and Hie same straight line. 

Let A and B be the two common points of two straigh 
lines. 

In the first place, the two lines 
will coincide between the points A 
and B; for, otherwise there would 
bo two straight lines between A and 
B, which is impossible (a. 11). " 

Suppose, however, that in being prolonged, these lines 
begin to separate at some point, as G, the one becoming 
CD, the other, CM At the point (^ suppose OF to be 
drawn, making with AG, the right angle AGF. 

Now, since AGD is a straight line, the angle FQD will 
be a right angle (p. I., c. 1) : and since A CE is a straight 
line, the angle FGE will also be a right angle. Hence, 
the angle FGD is equal to the angle FGF (a. 10) : that is, 
u whole is equal to one of its parts, which is impossible 
(a. 8) : therefore the two straight lines which have two 
points, A and B, in common, cannot separate at any point, 
when prolonged ; hence, they form one and the same 
Straight line.* 

C&r. Two straight lines cannot intersect in more than one 
point 

PROPOSITION III. THEOREM. 

'When a straight line meets two other straight lines at n common 
point, making Oie sum of the two contiguous angles equal to 
two right angles, the two lines form one and tJie same straight 
Une. 

Let the straight line OD meet the two lines AG, GB, at 
their common point C, and let the sum of the two adja- 
cent angles, DCA, DGB, be cqnal to two right angles: then, 

" See NolB A. It is earnestly recommended to every pupil to read and under 
stant this, Note. Also, see Logic and Utilily of Mathematics, ^ 263. 
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will GB be the prolongation of AG; or, AO and GB will 
form one and the same straight line. 

For, if OB is not the prolonga- D 

tion of AG, let GU be that prolon- 
gation. Then the line AGE being 
straight, the sum of the angles AO.D, 
DOE, will be equal to two right 

angles (p, i). But by hypothesis, ~ 

tlie sum of the angles AOD, DOB, 
13 also equal to two right angles: 
therefore (a. 1), 

AOD+DCE must be equal to AGD+DOB. 
Taking away the angle AGD from each, there remains the 
angle DCB equal to the angle DOB: that is, a whole 
equal to a part, which is impossible {A. 8) : therefore, A C 
mid GB form one and the same straight line. 



PEOPOSITION IV. THEOEEM. 

When two straight lines intersect each other, the opposite or 
vet-tical 'angles, which they form, are equal. 

Let AB and DE be two straight lines, intersecting each 
other at 0; then will the angle EGB be equal to the 
Hngle AGD, and the angle AGE to the angle DQB. 

For, since the straight line DE 
is met by the straight line AO, 
the sum of- the angles AOJS, AOD, 
is equal to two right angles (p. i.); jy^ 
and since the straight line AB is 
met by the straight line EG, the sum of the angles ACJ^, 
and EOB, is equal to two right angles : hence (a. 1), 

ACE+AOD is equal to AGE+EGB. 
Take away from both, the common angle AOE, there 
remains (a. S) the angle AOD, equal to its opposite or 
vertical angle ECB. In a similar manner it may be proyed 
that AGE is equal to DCB. 

ScJwlmm. The four angles formed about a point by two 
straight lines, 'vhich intersect each other, are together equal 
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to four right angles. For, tlie sum of tlie two angles A CM,. 
MOB, is equal to two right angles (p. i) ; and the sum of 
the other two, AOD, DGB, is also equal to tivo righi 
angles: therefore, the sum of the four, is equal lo fouf 
right angles. 

In general, if any number of straight 
Unes CA, GB, GD, &c., meet in a com- 
mon point C, the sum of all the suc- 
cessive angles, ACB, BGD, DGE,EGF, 
FOA, will be equal to four right an- 
gles. For, if four right angles were 
formed about the point 0, by two hnes E 

perpendicular to each other, their sum would be equal to the 
sum of the eonseeutive ajigles AGB, BCD, DOE, EOF, FGA 




PEOPOSITION V. THEOKEM. 

If two triangles have two sides and the included angle of the 
one, equal to two sides and the included angle of the other, 
each to each, the two triangles loill he equal. 

In the two triangles EDF and BAG, let the side EB 
be equal to the side BA, the side DF to the side AG, and 
the angle D to the angle A ; then will the triangle EBF 
be equal to the triangle BAG. 

For, if these trian- -p, ^^ 

gles be applied the one 
to the other, they will 
exactly coincide. Let 
the side ED be placed 
on the equal side BA; ^ *' J^ '^ 

tien, siuae the angle D is equal to the angle A, the side 
DF will take the direction AG. But DF is equal to AC; 
therefore the point F will fall on C, and the third side EF, 
will coincide with the third side BC (a, H): consequent- 
ly, the triangle EDF is equal to the triangle BA G (a. li). 

Cor. When two triangles have these three things equal, 
viz., the side ED=BA, the side DF=AC, and the angle 
D^A^ the remaining three are also respectively equal, viz^ 
the siSie EF=BG, the angle E=B, and the angle F=0. 
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FI )P )SX1I0N VI THt lEiL 

Tf two ttmnqles haie tiw angles and the i l ided side f the 
one equal to fioa angle-a and the included bide of ttu, other, 
each to eadi the two ti tangles will be equal 

Let EBI^ nnd B 4.0 he two tiiangles having tie 'ingle 
B e £ml to the ngle B the angle F to the ingle C ind 
the mohxdci yde LB to the mdiiliid side IC tlicn will 
the triangle BBF be equal to the triangle BAO. 

For, let the aide BF p _^ 

be placed on its equal 
£C, the point F falling 
on B, and the point F on 

C. Then, aince the angle _^ 

E B equal to the angle ^ ^^^ 

B, the aide BB will take the direction BA ; and hence, 
the point B will he found somewhere in the line BA. In 
like manner, since the angle F is equal to the angle 0, 
the line FB will taJie the direction OA, and the point B 
will be found somewhere in the Kne OA. Hence, the 
point D, falling at the same time in the two straight lines 
BA and OA, must fall at their intersection A (p. ir., cob.): 
hence, the two triangles EBF, BA (7, coincide with each other, 
and consequently, are equal (a. 14). 

Oor. Whenever, in two triangles, these three things fue 
■equal, viz.; the angle F=B, the angle F=0, and the 
included side EF equal to the included side BO, it may 
be inferred that the remaining three are also respectively 
equal, viz.: the angle D=A, the side ED=BA, and the 
side DF=AG. 

iSchoUum, Two triangles which being applied to each 
other, coincide in all their parts, are equal (A. 14). The 
like parts are those which coincide with each other ; hence, 
they are also equal each to each. The converse of thn 
proposition is also true; viz., if two tnangks have ali the 
parts of the one egual fo the parts of the other each io each, 
the triangles will be equal: for, when apjilied to eai.h other, 
tliey will mutually coincide. 
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PEOPOSITION VIL TilEOEEM. 




The sum of any two sides of a triangle, is greater than the 
third side. 

Let ABG be a triangle : then will tlio sum of two of 
Its aides, as J-B, .BG, be greater tlian the third side AG 

For the straight line AO measures the 
shortest distance between the points A and 
C (a. 12); hence, AB + BG is greater 
than AG. 

Got. If from both members of the inequality 
AG<AB+BO 
we take away either of the sida^, as BG, we shall have 
(A. 5) 

AG-BG<_AB: 
that is, tJie diffe^-ence between any two sides of a triangle ia 
less than the third side. 



PROrOSlTION VIII. THEOEEM. 

If from any point vnthin a triangle, two straight lines be draiim 
to the extremities of eitJier side, their sum will le less than 
thai of the two remaining sides of tlie triangle. 

Let be any point within the triangle BAG, and lei 
the lines OB, 00, be drawn to the extremities of either 
side, as BG; then will 

OB-irOG<BA^-AG. 
Let i?0 be prolonged tUl it meets the 
side AC in Z* then 

OC<0D+DG (p. 7); 
add BO to each, and we have 

BO+OG<BO+OD^DG {X. 4): 
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or, BO+OQ<BD+DG. 

But, BD<iBA-¥AD: 

add DC to each, and we have 

BJ)+DO<BA+AC. 
But it has been shown that 

BO+OC<BD+DC: 
therefore, still more is 

B0^-00<BA-VAO. 

PSOPOSITION IX. TJIEOEEM. 

'^ two triangles have two sides of t/ie one equal to two sides of 
the oUter, each to each, and the included angles unequal, tJu 
third sides imll be unequal; and the greater side tcill belong 
to the triangle which has Hie greater included angle. 

Let BAG and JUIBF be two triangles, having ihe side 
AB=1)E, AG=DF, and the angle A>I>; then will the 
fide BC be greater than EF. 

Make the angle GAG^D; tske AG=DE, and draw GG. 

Then, the triangles GAG and ESF will be equal, since 
tliey have two sides and an included angle in each equal, 
Bftch to each (p, 5) ; consequently, GO is eqiml to EF (p. 5, c), 

There may be three cases in this proposition, 

1st. When the point G falls without the triangle BAG 

2d. When it falls on the side BG] and 

3d. When it falls within the triangle. 

Case I. In the triangles AGG and ABC, we have, 

GI+IOGC; and 
AI+JB>AB; 

therefore 

AG+BOGG+AB. -B- 

Taking away AG 
from the one side and 
its equal JB from the other, and there will remain BC 
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greater than &0. But we have found that GG is equal to 
^F; therefore, BG will be greater than EF. 

Case II. If the point 
fall on the side BG, it is 
evident that GG, or its equal 
HF, will be shorter than BO 
(A. 8). 

Case HI. Lastly, if the point G 
fall within the triangle BAG, we 
shall hare 

AG-i-GG<AB+BO, 
taking AG from the one, and its 
equal AB from the other, there will 
remain 

GG<BO or BG>EF. 

Got. Conversely : if two sides BA, 
4C, of a triangle BAG, are equal to 
two aides ED, DF, of a triangle EDF, 
each to each, while the third side BG 

of the first is greater than the third side EF of the second, 
then the angle BAG of the first triangle will be greater 
than the angle EDF of the second. 

For, if not greater, the angle BAG must be equal to 
EDF or less than it. In the first case, the side SO would 
be equal to EF (f. 5, c), in the second, BG would be less 
than EF ; but either of these results contradicts the 
therefore, BAG is greater than EDF. 




PEOPOSITION S. THEOEEM. 

If two ■ trkmgles have the three sides of the one equal io ike 
three sides of the other, each to each, the triangles are equal. 

Let EBF and BAG be two triangles, having the side 
ED=BA, the side EF=BG, and the side DF=AG', then 
will the angle D=A, the angle E=S, an(?'the angle F^G, 
and consequently the triangle EDF will be equal to the 
triangle BAG. 

„,.«d,„v,uuyn 




For, since the sides 
EB, DF, are eq^ual to 
BA, AO, each to eacli, if 
Lhe angle D were greater 
than A, it would follow, 
by the last proposition, 
that the side EF would be greater than BG] and if the 
angle D were less than A, the side FF would be less than 
BO. But FF is equal to BG, by hypothesis; therefore, 
the angle D can neither be greater nor less than A ; there- 
fore it must be equal to it. In the same manner it may 
be shown that the angle F is equal to B, and the angle 
f to C: hence, the two triangles are equal (p. 6, s). 

Scholium. It may be observed, that when two triangles 
are equal to each other, the equal angles lie opposite the 
equal sides, and consequeniJy, the equal sides opposite the 
ectual angles; iJius, the equal angles D and A, lie opposite 
the equal aides FF and BQ. 



PEOPOaiTION SI. THEOEEM. 

In an isosceles triaTigle, the angles opposite the equal sides are 
egrual. 

Let BAG be an isosceles triangle, having the side BA 
equal to the side AO; then will the angle be eqtial to 
the angle B. 

For, join the vertex A, and the mid- ^ 

die point B, of the base BO. Then, the 
triangles BAB, BAG, will have all the 
sides of the one equal to those of" the 
other, each to each. For, BA is equal to 
AO, by hypothesis, AB is common, and 
BD is equal to DO by construction: therefore, by the last 
proposition, the angle B is equal to the angle 0. 

Gbr, 1. An equilateral triangle is likewise equiangular, 
that is to say, has all its angles equal. 

(hr. 2- The equality of the triangles BAB, BAO, proves 

also that the angle BAD, is equal to DAO, and BBA to 

H„»,„„v,uuyn: 
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ADG; lience, the latter two are right aogles. Therefort^ 
ike line dravm from the vertex of an isosceles triangle to the 
middle point of the lose, divides ike angle at Hie vertex into 
twc equal "pairts, and is perpendicular to the hose. 

Scholium. In a triangle ■wlucli is not isoacelea, any side 
may be assumed indifferently as tlie base; and the vertex 
is, in that case, the vertex of the opposite angle. In mi 
isosceles triangle, however, that side is generally assumed 
as the base, which is not equal to either of the other two. 

PEOPOSITION XI!. THEOEEM. 

Conversely: If two angles of ,a triangle are equal, the sides 
o^osiie them are also equal, or, the triangle is isosceles. 

In the triangle SA 0, let the angle B he equal to the 
angle AGB ; then will the side.^C be equal to the side 
AB. 

For, if these sides are not equal, sup- 
pose AB to be the greater. Then, take 
BD equal to AO, and draw CD. Now, 
in the hvo triangles BDO, BAG, we have 
BD=AO, hy construction; the angle _ZJ 
equal to the angle A GB, by hypothesis ; 
and the side BO common: therefore, the 
two triangles, BDO, BAG, have two sides and the included 
angle of the one, equal to two sides and the included 
angle of the other, each to each : hence they are equal 
(p. 5), But the paa-t cannot be equal to the whole (a. 8); 
hence, there is no inequality between the sides BA and 
A0\ therefore, the triangle BAG is isosceles. 

PEOPOSITION Xlll. THEOEEM. 

The greater side of every triangle is opposite to the greater angle: 
and conversely, ike greater angle is opposite to the greater side. 

First, In the triangle OAB, let the angle G bo greater 
than the angle B ; then will the side AB, opposite 6' be 
greater than AG, opposite B. 
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For, make tlie angle BCl>~B. 
Then, in the triangle CDB, we shall 
have 01) ^BB (f. 12). 

Now, the aide A(7<7li>+j'J(7; 
but AB+BC^AB+BB=AB: 

therefore, AO<AB, or, AByAO. ^ '^ 

Secondly. Suppose the side AB'^AG; then will the 
angle C, opposite to AB, be greater tlian the angle B, 
opposite ta AG. 

For, if the angle G -CB, it follows, from what has just 
been proved, that ^iS<J.(7;. which is contrary to the 
hypothesis. If the angle C=B, then the side AB=AO 
(p. 12) ; which is also contrary to the supposition. There- 
fore, when A By AC, the angle C cannot be less than 3, 
tior equal to it ; therefore, the augle C must be greatt^ 
than B. 



PROPOSITION XIV. THEOREM. 



From a given point, vjiihoul a straight line, only one fffi'pen 
dicidar can he drawn to thai line. 




Let A be the point, and .DE the given line. 

Let ns suppose that we can draw 
two perpendiculars, AB, AG. Pro- 
long either of them, aa AB, till BF 
IS equal to AB, and draw FG. Then 
the two triangles CAB, GBF, will be 
equal : for, the angles OBA and CBF 
are right angles, the side CB is com- 
mon, and the side AB equal to 
BF, by construction ; therefore, the two ti'iangles are equal, 
and the angle AOB=BGF {v. 5, c). But the angle ACB 
is a right angle, by hypothesis; therefore, BGF -mupt like 
ivise be a right angle. Now, if the adjacent angles BOA, 
BGF, are together equal to two right angles, AOF must be 
a straight line (p. 8). Whence, it follows, that between the 
ajime two poinfa, A and F,' two straight lines ean be 
drawn, which is impossible (a. Ill : therefore, only one 
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perpendicular can be drawn from the . 
same straight line. 

(hr. At a given point C, in the 
line AB, it is also impossible to 
erect more than one perpendicular to 
that line. For, if CD, GE, were both 
perpendicular to AB, the angles 
BOB, BOB, would both be right 
angles ; hence, they wonld be equal (a. 10), and 
would be equal to the whole, which is impossible. 



! point to the 
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PEOPOSITIOH SV. THSOBEM. 

If from, a point vnikmU a straufht line, 

fall on the line, and oblique lines be dravm to different 

points; 
ist. The perpendicular tvUl he shorter than any oblige line. 
2d. Any two oblique lines whicli intersect the given line at 

points equally distant from the foot of the perpendicular, 

mil be eguoJ. 
Zd. Of two obligue lines tchich intersect the given line at points 

unequally distant from the perpendicular, the one which cuts 

off the greater distance will be the longer. 

Let A be the given point, DM the given line, AB the 
perpendicular, and AD, AG, AM, the oblique lines. 

Prolong the perpendicular AB till 
BF ia equal to AB, and draw FG, 
Fl). 

First. The triangle BGF, is equal 
to the triangle GAB, for they have 
the right angle GBF = GBA, the side 
OB common, and the b\AgBF=BA; 
hence, the third sides, OF and GA 
are .equal {p. 5, c). But ABF, being- a straight line, is 
shorter than AGF, -whicli ia a broken line (a. 12); there- 
fore, AB, the half of ABF, is shorter than AC, the half 
of AGF; hence, the perpendicular is -shorter than any 
oblique line. 
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Secondly. Let ua suppose BC=BE; then the triangle 
CAB will be equal to the triangle BAB\ for BO=BE^ the 
side AB is common, and the angle CBA=AB£J; hence, 
the sides AG and AB are equal (r. 5, c): therefore, two 
oblique lines, which meet the given line at equal distancea 
from the perpendicular, are equal. 

Thirdly. Since the point is within the triangle FBA, 
the sum of the sides FB, DA, is greater than the sum of 
the lines FG, GA (p. 8) : therefore AB, the half of the 
broken line -i'B^, is greater than AG, the Imlf of FGA: 
consequently, the obUque Hue which cats off the greater 
distance, is the longer. 

Gor. 1. The perpendicular measures the shortest distance 
of a point from a line. 

Gor. 2. From the same point to the same straight line, 
only two equal straight lines can be drawn; for, if there 
could be more, we should have at least two equal oblique 
lines on the same side of the perpendicular, which is im- 
possible. 

FEOPOSITION SVI. TBEOEEM. 

^ at the middle point of a given straight. Une, a perpendicular 

to this Une be drawn; 
1st Any point of ike perpendicular vnll be eqimlly distant 

from the extremities of the line.: 
2d. Any point, without ike perpendicular, will be uneqwxlhj 

distant from the extremities. 

Let AB be the given straight line, G its middle poin^ 
and EGF the perpendicular. 

First. Let D be_any point of the per- 
pendicular, and draw BA and BB. Then, 
since ^C=CB, the two oblique lines J.i), 
BB, are equal (p. 15). So, likewise, are 
the two obhque lines, AB, EB, the two 
AF, FB, and so on. Therefore, any 
point hi the perpendicular is equally dis- 
tant from the extremities A and B. 
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Secondly. Let / be any point out of 
the perpendicular. If lA and IB be 
drawn, one of these lines will cut the 
perpendicular in some point as D ; from 
this point, drawing DB, we shall have 
I)B=^DA. But, the straight hne IB is 
less than II)+DB, and 

ID+DB=ID+DA=IA ; 
therefore, IBkIA- conseq^uenily, any point out of the per- 
pendicular, is unequally distant fcom the extremities A and B 

Cor. Conversely: if a straight line have two points E 
and F, each of which is eqiially distant from the extremi- 
ties A and B, it will be perpendicular to AB at the middle 
point G. 




PKOrOSITIC. XVII. TnEOEEM. 

If two right-angkd triangles have Hie hypoAeniise and a suk 
of the one equal to the hypoihenuse and a side of the ot/ar, 
each to eadi, the triangles are egual. 

Let BAO and EDF be two right-angled triangles, hav- 
ing the hypothenuse AO=DF, and the side BA=ED\ theu 
will the triangle BAQ be equal to the triangle EDF. 

If the sides BC and 
EF are equal, the tri- 
angles are equal (p. 10). 
Now, suppose these two 
sides to be unequal, and B^^ ~ G E 
BO to be the greater. 

On BO take BG=EF, and draw AG. Then, in the 
two triangles BAG, EBF, the angles B and F are equal, 
being right angles, the side BA=ED by hypothesis, and 
the side BQ=EF by construotion ; consequently, AO^DF 
(p. 5, C). But hy hypothesis AC=DF; and therefore, 
AC-=-AG (a. 1). But the obhqne line AO cannot be equal 
to J.(?, since BO is greater than BQ (p. 15) ; consequently, 
BO and EF cannot be unequal, and hence, 
are equal (p. 10), 
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PROPOSITION XVni. THEOREM. 

If two straight lines are perpendicular to a third line, they art 
parallel to each otlie^. 

Let the two lines AC^ B2), be perpendicular to AB, 
then will they be parallel. 

For, if they could meet in 
a point 0, on either side of g. j) 

AB, there would be twn per- ~" 
pendiculara OA, OB, let i 
from the same point on the 
same straight line ; which is 
impossible (p. 14), 

PSOPOSITION XIX. THEOREM. 

If two straight lines meet a. third line, making the sum of the 
interior angles on Hie same side equal to two right angles, 
the two lines are parallel. 

Let the two lines XU, SD, meet the line BA, making 
.he angles BAO, ABD, together equal to two right angles: 
then the lines KO, HD, wiU he parallel- 
Through G, the middle point of 

BA, draw the straight line MQF, h r/^ 

perpendicular to KO : then, it 

will also be perpendicular to HD. 

For, the sum BAG ^- ABD is '^ ;^^ 

eqnal to two right angles, by 

hypothesis; the sum ABD+ABE is likewise equal to two 

right angles (Pl 1) ; taking away ABD from both, there 

will remain the angle BAO~ABK 

Again, the angles E!GB, AQF, are equal (p. 4) ; there 
fore, the triangles EQB and AGF, have two angles and the 
included side equal, each to each ; therefore, the triangles are 
equal, ,and the angle GE3 is equal to &FA (p. 6, C\ But 
GfA is a right angle by construction ; therefore, GEB is a 
right angle ; hence, the two lines KC, HD, are perpendioular 
to the same straight line, and are therefore parallel (f. 18). 
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ScJwUum. When two parallel 
straight hues AB, OJJ, are met 
by a third line F£, the angles 
which are formed take particu- 
lar names. 

Interior angles on the same 
side, are those which lie within 
the parallels, and on the same 
side of the secant line ; thns, HGB^ QHD, are interior 
angles on the same side; and so also are the angles HQA, 
GMO. 

Exterityr angles on the same side, are those which lie without 
the parallels, and on the same side of the secant line. 

Alternate interior angles lie within the parallels, and on 
difierentflidesof the secant line, but nut adjacent; J. Cji, QHD. 
are alternate angles ; and so are the angles GSC, BGB. 

Alternate exteric/r angles lie without the parallels, and on 
different sides of the secant line, but not adjacent: SGB, 
CHF, are alternate exterior angles; so also are the angles 
AGE, FSD. 

Opposite exterior and interior angles lie on the same side 
of the secant line, the one without and the other within 
the parallels, but not adjacent- thus EGB, GHD ire 
opposite exterior and interior angles and so ilso, uu the 
angles AGE, GMO. 

Gor. 1. If two straight lines meet a thtid line, making the 
alternate angles equal, the straight lines are paiaUel 

Let the straight line EF meet the two straight lines OD, 
AB, making the alternate angles AGH, GHD, equal to 
each other : then will AB and OD he parallel. 

For, to each' of the equal 
angles, add the angle HGB; we j. 

shall then have / 



A GS+HQB = GHB+EGB. 
But AGH+HGB is equal to 
two right angles (p. 1) : hence, 
GHD+HGB is also equal to 
two right angles (a. 1) : then 
CD and AB are parallel (p. 19.) 
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Cw. 2. If a straight line EF, meet two straight lines 
CD, AB^ making the exterior angle EQB, equal to the 
interior and opposite angle GSD, the two lines will be 
parallel. For, to each add the angle HOB: we shall then 
have, 

EQB+HQB = GHD+HGB : 

but. EGB-k-JIQB is equal to two right angles; henco, 
QHD+HGB is equal to two right angles ; therefore, CD, 
and AB, are parallel (p. 19). 



PKOIOblTlUN XX. TIIKOKEM. 

If a straight line imet two parallel slrniijlit lines, ike swm of 
the interior cmgles on tlie same side wiU be equal to two 
right angles. 

]jet the parailela AB, CD, be met by the secant line 
FE: then will HOB + OIID, or IIOA+GHC, be equal to 
two right angles. 

For, if MGB-\-QHD be 
not equal ■ to two right an- 
gles, let IGL be drawn, 
inaldng the sum HGL-\r 
QHD equal to two right an- 
gles; then IL and CD will 
be parallel (p. 19); and hence, 
we shall have two lines OB, 
GL, drawn through the same point and parallel to CO, 
which is impossible (a. IS): hence, ffGB-i-OSD is equal 
to two right angles. In the same manner it may be proved 
that RGA+GHC is equal to two right angles. 

(hr. 1. If HOB ia a right angle, GSD will be a right 
angle also ; therefore, every straight line -perpendicular to tme 
(^ two parallels, is perpendicular to the other. 

Got. 2. If a straight line m'xt tvjo parallel straight lines, the 
aHiemate angles will he equal. 

Let AB, CD, be two parallels, and FE the secant line. 
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The sum EGB+QHD is 
equal to two right angles. But 
the sum EQB+HQA is also 
equal to two right angles (p. 1). 
Taking from each the angle HGB, 
and there remains A GH= QHD. 
In the same manner we may 
prove that aHC=HGB. 

Cor. 3. If a straight line meet two parallel lines, the oppo- 
site exterior and interior angles will be equal. For, the sum 
HGB + G3D is equal to two right angles. But the sum 
HQB+EQB is also equal to two right angles. Taking from 
each the angle HGB, and there remains GHD=EQB. In the 
same manner we may prove that GEG=-AGE, 

Scholium. We see that of the eight angles formed by a 
line cutting two parallel lines obliquely, the four aeute 
angles are equal to each other, and so also are the four 



PEOP081TION 2X1. THEOKEM. 

If two straight lines meet a third line, malcing the sum of the 
interior angles on the same side less than two right anghs., 
the two lines wiU meet if sufficiently produced. 

Let the two lines OB, IL, meet the line EF, mailing the 
Bum of the interior angles EGL, QED, less than two 'right 
angles : then will IL and CD meet if sufficiently produced. 

For, if they do not meet 
they are parallel (d. 16). But 
they are not parallel, for if 
they were, the sum of the 
interior angles LOE, GED, 
would be equal to two right 
angles (p. 20), whereas it is 
less by hypothe3i&: hence, the 
lines IL, CD, will meet if t 

(hr. It is evident that the two lines IL, CD, will meet 
on that side of MF on which the sum of the two angles 
EGL, GED, is less than two right angles. 




/^ 



i'KOPOSITION SXJI. THEOREM. 

Twv strm'ghl lines which are parallel to a third line, are 
parallel to each other. 

Let CD and AB he parallel to the third line EF ; tbeu 
are they parallel to each other. 

Draw PQS perpendicular to EF, ^ 

and cutting AB, CD, in the points 

P and Q. Since AB is parallel to C — 

FF, PR will be perpendicular to AB 

{p. 20, c. 1) ; and since CD ia parallel 

to EF, PR wUl for a like reason be 

perpendicular to CD. Hence, AB and CD aie perpendicular 

to the same straight line ; hence, they are parallel (p. 18). 

PROPOSITION SXni. THEOREM. 
Two parallels are everywhere equally distant 

Let CD and A3 be two parallel straight Hnes. Through 
any two points of AB, as F and F, suppose FJS and FQ 
to be drawn perpendicular to AB. These lines will also 
be perpendicular to CD (p. 20, C. 1). ; and we are now to 
show that they will be equal to each other. 

If OF be drawn, the ^ rt 



-1) 



angles OFF, FQH, consid- 
ered in reference to the par- 
allels AB, CD, will be alter- 
nate angles, and therefore, 
equjtl to each other (p. 20, c. 2), Also, the straight lines 
FH, EG, being perpendicular to the same straight hne AB, 
are parallel (p. 18) ; and the angles EOF. GFH, considered 
in reference to ihe parallels FH, EG, will be alternate 
angles, and therefore eqxial. Hence, the two triangles EFG, 
FQH, have a common, side, and two adjacent angles iii 
each equal ; therefore, the triangles are equal (p. 6) ; conse- 
quently, FH, which measures the distance of the parallels 
AB aud CD at the point F, is equal to EO, which mea. 
sni'ea the distance of the same parallelo at the point E. 
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If two angles have their sides parallel and lying in the same 
direction, they will be equal. 

Let BAO aiid BUF be the two angles, having Ali 
parallel to EI), and AO to EF; tiea will they be equuU. 

For, produce BE, if necessary, till -p D 

It meets AO in G. Then, since EF / / 

is parallel to (?C, the angle DBF is / / ^ 

equal to BQG (p. 20, c. 3); and since A -^ /^ -C 

Off is parallel to AB, the angle BQQ H- / ■ -F 

is eqnal to 5^t7; hence, the angle 
BEF is equal to ^^f7 (a. 1). 

Scholium. The restriction of this proposition to the ease 
where the side EF lies in the same direction with AO, 
and ED in the same direction with AB, is necessary, 
because if FE were prolonged towards H^ the angle BEH 
would have its sides parallel to those of the angle BAG, 
bnt would not be equal to it. In that case, BEH and 
BAO would be together equal to two right anglea. For, 
DEH+DEF is equal to two right, angles (p.l); but BEF 
is equal to BAO: hence, BEH + BAO is equal to two 
right angles. 

PEOPOSITION XXV. THEOEEM. 

In every triangle the sum of Ute three angles is equal to tioo 
■right angles. 

Let ABO he any triangle: then will the sum of the 
angles C+A+B be equal to two right angles. 

For, prolong the side CA towards 
D, and at the point A, suppose AE 
to be drawn, parallel to BO. Then, 
since AE, GB, are parallel, and CAB 
cuts them, the exterior angle BAE ' '^ 

is equal to its interior opposite angle (p. 20, c. 3). In 
like manner, since AE, OB, are parallel, and AB cuts them, 



■ uOglc 



BOOK I. 41 

tlie alternate angles B and BAE, are equal; hence, tie 
three angles of the triangle BAC are equal to the three 
angles GAB, BAM, BAD, each to each; but the si\m of 
these three angles is equal to two right angles (p. 1) ; eon- 
sequeatly, the sum of the three angles of the triangle, is 
equal to two right angles (a. 1). 

Cor. 1. Two angles of a triangle being given, or niere- 
}j their sura, the third will be found by subtracting that 
sum from two right angles. 

Cor. 2. If two angles of one triangle are respectively 
equal to two angles of another, the third angles will also 
be equal, and the two triangles will be mutually equian- 
gular. 

Cor. 3. In any triangle there can be but one right 
angle : for if there were two, the third angle mLiat be 
zero. Neither can a triangle have more than one obtuse 
angle. 

Cor. 4. In every right-angled triangle, the sum of the 
two acute angles is equal to one right angle. 

Cor. 5. Since every equilateral triangle is also eqiiian 
gular (p. 11, c. 1), each of its angles will be equal to the 
third part of two right angles ; so, that, if the right angle 
is expressed by unity, each angle of an equilateral triangle 
wiU be expressed by |-. 

Chr, 6. In every ti'iangle ABC, the exterior angle BAD 
is equal to the suih of the two interior opposite angles B 
and 0. For, AM being parallel to BO, the part BAE ia 
equal to the angle B, and the other part DAB is equal to 
the angle 0. 



PKOPOSITION XXVI. THEOEFJU. 

The sum of all the interior angles of a polygon, is equal to iwo 
right angles taken as many limes as ths figure has sides less two. 

Tjet ABODE be any polygon : then will the sum of its 
interior angles 
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i+B-^C+D+E 
be equal to twice itJ many right angles, less foiir, ( 
figure has sides. 

From the vertex of any angle A, 
drjiw diagonals AC, AD, to the ver- 
tices of the other angles. It is plain 
that the polygon will be divided 
into as many triangles, less two, as 
it has sides ; for, these triangles may 
be considered as having the point A 
for a common vertex, and for bases, the several sides of 
the polygon, excepting the two sides which form the angle 
A. It is evident, also, that the snra of all the angles in 
these triangles does not differ from the sum of all the 
angles in the polygon: hence, the smn of all the angles 
of the polygon is equal to two right angles, taken as 
many times as there are triangles in the figure ; that is; aa 
many times as there are sides, less two. But this pro- 
duct is ecLual to twice as many right angles as the figure 
has sides, less four right angles. 

Cor. 1. The Bum of the interior angles in a quad- 
rilateral is equal to two right angles multiphed by 4—2, 
which is equal to four right angles : hence, if all the 
angles of a quadrilateral are equal, each of them will be a 
right angle. Hence, each of the angles of a rectangle, and 
of a square, is a right angle (d. 25). 

Cor. 2. The sum of the interior angles of a pentagon 
is equal to two right angles muItipUed by 5—2, which 
amounts to six right angles ; hence, when a pentagon is 
equiangular, each angle is equal to the fifth part of six 
right angles, or to f of one right angle. 

Oor. 3. The sum of the interior angles of a hexagon is 
equal to 2X (6— 2,) or eight right angles; hence, in the 
equiangular hexagon, each angle is the sixth part of eight 
right angles, or 5 of one. 

Cor. 4. In any equiangular polygon, any interior angle 
is equal to twice as many right angles, less four, as the 
figure has sides, divided by the number of angles. 
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Scholiufn. When this proposition is applied 
to polygons which have re-entrant angles, each 
re-entrant angle must be regarded aa greater 
than two right angles. But to avoid all ambi- 
guity, we shall henceforth limit our reasoning 
to polygons with soh'ent angles, which are named convex 
polygons. Every convex polygon is such, that a straight 
line, drawn at pleasure, cannot meet the sidea of the poly- 
gon in more than two points. 



PBOPOSITION SXVII, THEOREM, 

[f the sides of any polygon he prolonged, in (he same directum, 
the sum of the exterior angles will he equal to four right 



Let the sides of the polygon ABCDFG, be prolonged, in 
the same direction ; then will the sum of the exterior angles 

a + b + c + d+f+g, 
be equal to four right angles. 

For, each interior angle, plus its 
exterior angle, as A+a, is equal to 
two right angles (p. 1). But there 
are as many exterior as interior 
angles, and as many of each as 
there are sides of the polygon: 
hence the sum of all the interior 
and exterior angles, is equal to twice as many right anglea 
as the polygon has sides. Again, the sum of all the inte- 
rior angles is equal to twice as many right angles as the 
figure has sidea, less four right angles (p. 26). Hence, the 
interior angles plus four right angles, is equal to twice as 
many right angl^ as the polygon has sides, and conse- 
quently, equal to the sum of the interior angles plus the 
sum of the exterior angles. Taking from each the sum of 
the interior angles, and there remains the sum of the exte- 
rior angles, equal to four right angles. 
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PROPOSITION XXVIII. 
In every parallelogram, Hie ojipoaite sides and opposite angles are 
equal each to each. 

Let ABOD be a p^allelogram : then will AB=DO, 
AD=BG, the angle A=C, and the angle AI)0=ABO. 
For, draw the diagonal BD, dividing 

the parallelogram into the two ti'ian- ■'I;— ,- — V 

gles, ABD,DBC. Now, since AD, BO, V"--^ \ 

are parallel, the angle ADB=DBG (p. \ ^'"■--„^^^\ 

20, C. 2) ; and since AB, CD, are parallel, ^ — j) 

the angle ABB=BDC : and since the 

side DB is common, the two triangles are equal (p. 6); 
therefore, the side AB, opposite the angle ABB, is equal 
to the side J)C, opposite the equal angle DBG (p. 10, s.), 
and the third sides AD, BO, are equal : hence, the oppo- 
site sides of a parallelograni are equal. 

Again, since the triangles are equal, the angle A ia 
equal to the angle G (p. 10, s.) Also, the angle ABO com- 
posed of the two angles, ADB, BDG, is equal to ABO, 
composed of the corresponding equal angles DBG, ABD 
(a. 2): hence, the opposite angles of a parallelogram are equal 

Cor. 1. Two parallels AB, OD, included between two 
other parallels AD, BO, are equal ; and the diagonal DB 
divides the parallelogi'am into two equal triangles. 

Oor. 2. Two parallelograms which have two sides and 
the included angle in the one equal to two sides and the 
included angle in the other, each to each, are equal. 

Let the parallelogram ABGD, have j) C 

the sides AB, AD, and the included 
angle BAD equal to the sides AB, AD, 
and the included angle BAD, in the 
next figure; then will they be equal. -^ ^^ 

For, in each figure, draw the diagonal DB. By the lasl 
corollary, the diagonal divides each parallelogram into two 
equal triangles: but the triangle BAD in one parallelo- 
gram, is equal to the triangle BAD in the other (p. 6) • 
hence, the parallelograms are equal (a. 6). 
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If the opposite sides of a quadrilateral are &]ual, each to each, 
the equal sides are parallel, and the figure is a parallelogram. 

Let ABOD be a quadrilateral, having its opposite aides 
respectively equal, viz.: AB=DO, and AD~BO\ then will 
Uiese sides be parallel, and the flgure a parallelogram. 

For, having drawn the diagonal BD d g 

the two triangles ABB, BBC, have all 
the sides of the one equal to the cor- 
responding sides of the other; there- 
fore they are equal, and the angle ABB, ^ ^ 
opposite the side AB, is equal to BBG, opposite CI) (p. 10, 
S.) ; therefore the side AB is parallel to BC (p. 19, C, 1) 
For a like reason AB is parallel to CB : therefore, the 
quadrilateral ABCD is a parallelogram. 



PEOPOSXTION XXX. THEOEEM. 

^ two opposiie sides of a quadrilatm-al are equal and parallel, 
the other sides are equal and parallel, and the figure is a 
parallelogram. 

Let ABCD be a quadrilateral, having the sides AB, 
CD, equal and parallel ; then will the figure be a parallel- 
ogram. 

For, draw the diagonal DB, divid- 
ing the quadrilateral into two trian- 
gles. Then, since AB is parallel to 
DC, the alternate angles ABB, BBC 
are equal (p, 20, c. 2); moreover, the 
side DB is common, and the side AB=DC; hence, the 
triangle ABB is equal to the triangle DBC (p. 5) ; there- 
fore, the side AD is equal to BG, the angle ABB =DBC, 
and consequently AD is parallel to BC (p, 19, c. 1) ; hence, 
the figure ABCD is a parallelogram. 
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PKOPOSITION XXXI. THEOREM. 



T/ie two dtagonak of a paraUehgram divide each other into 
equal parts, or mutually Insect^ each other. 

Let ADGB be a paraUelogram, AG and DB its diago 
nals, intersecting at E; then will AE-=EG, and DE— 
EB. 

Comparing tlie triangles AED, BEG, 
we find the side AD= CB (p. 28), the 
angle ADB = CBE, and the angle 
DAE=EGB (p.20,a.2); hence, these 
triangles are equal (p. 6); consequently, " " 

AE, the side opposite the angle ABE, is equal to EC 
opposite GBE, and BE opposite BAE is equal to EB 
opposite ECB. 

Gor. Conversely : If the two diagonals of a quadrilatera 
bisect each other, the figure is a paraUelogram. 

Scholium. In the case of the rhombus, the sides AE 
BG, being equal, the triangles AEB, EBG, have all tii4 
sides of the one equal to the corresponding sides of th* 
other, and are therefore equal : whence, it follows, that the 
angles AEB, BEG, are equal, and therefore, the two d?ago- 
nals of a rhombus bisect each other at right angles. 
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OF RATIOS AND PROPORTIONS. 



DEFIKITIONS. 



1. pROPOETTON is the relation which one magnitude, 
regarded as a standard, bears to another magnitude of tha 
6ame kind * 

2. Ratio is the measure of the -proportion which one 
magnitude bears to another; and is the quotient which 
arises from dividing the 'second by the first. Thus, if A 
and £ represent magnitudes of the same kind, the ratio 
of J. to iJ is expressed by 

^. 

A' 
A and B are called the terms of the ratio ; tlie first is 
called the antecedent, and the second, the consequent 

S. The ratio of magnitudes may be expressed by num- 
bers, either exactly or approsimatively ; and in the latter 
case, the approximation may be brought nearer to the true 
ratio than any assignable difference. 

Thus, of two magnitudes, one may be considered to 
be divided into some number of equal parts, each of the 
same kind as the whole, and regarding one of these 
parts as a unit of measure, the magnitude may be expressed 
by the number of units it contains. If the other ma,gni- 
tude contain an exact number of these units, it also may 
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be expressed by the rmmber of its units, and tlie two 
magnitudes are then said to be com'menBWohle. 

If' the second magnitude do not contain the measuring 
anit an exact number of times, there may perhaps be a 
sma]lor unit which will be contained an exa<;t number of 
times in each of the magnitudes. But if there is no miit 
of an assignohle value, which is contained an exact number 
of times i.n each of the magnitudes, the magnitudes are 



It is plain, however, that if the unit of measure be 
repeated as^ many times as it is contained in the second 
magnitude, the result will differ from the second magni- 
tude by a quantity less than the unit of measure, since 
the remainder is always less than the divisor. Now, since 
the unit of measure may be made as small as we please, 
it follows, that magnitudes may be represented by num- 
bers to any degree of exactness, or they will differ from 
their numerical representatives by less than any assign- 
able magnitude, 

4. We will illustrate these principles by finding the 
ratio between the straight lines CD and AB, which we will 
suppose commensuriible. 

From the gi-eater line AB, cut off a part equal 
to the less OD, as many times as possible ; tor ex- 
ample, twice, with the remainder BE. 

Prom the line GD, cut off a part, OF, equal to 
the remainder BE, aa many times as possible ; 
once, for example, with the remainder DF. 

From the first remainder BE, cut off a part 
equal to the second, DF, as many times as possi- . .j< 
blc ; once, for example, with the remainder BG. 

From the second remainder DF, out off a part 
equal to BQ, the third remainder, as many times 1* 
as possible. 

Continue this process, till a remainder occurs, which is 
contained exactly, a certain number of times, in llie pre- 
ceding or.e. 

Then, this last remainder will be the common measure 
of the proposed lines. Eegarding this as unity, we shall 



.„A',oogle 



BOOK II. 49 

easily find the values of the preceding remainders; and at 
last, tlioae of the two proposed lines, and hence, their ratio 
in nnmbers. 

Suppose, for instance, we find GB to be contained 
exactly twice in FD; BG w'\\\ be the common measure of 
the two proposed lines. Put BG=1; we shall tlien have, 
FD=^2; but ^B contains FD once, plus GB; tlierefore, 
we have FB=S: CD contains EB once, plus FD \ there- 
fore, we liave GD=5 : and lastly, AB contains CD twice, 
pltis EB; therefore, we liave 45=13; hence, the ratio of 
the lines is that of 5 to IS. If the line CD wei'e taken 
for unity, the line AB would be '/ ; if AB were taken 
for unity, CD would be •^^. 

5. What has been shown, in respect to the straight 
lines, GD and AB, is equally true of any two magnitudes, 
A and B. 

For, we may conceive J, to be divided into a number^ 
of units, each equal to A': then A=MxA' : let B fae 
divided into a number N of equal units, each equal to A' ; 
then B=NxA' ; if and If being integer numbers. Now 
the ratio of A to B, will be the same as the ratio of 
MxA' to HxA'; that is, the same oa.the ratio of the 
numerical quantities If and iVj since A' is a common unit 

6. If there be four magnitudes. A, B, C, and D, having 
such values that 

B_D 
A^O'' 
then A is said to have the same ratio to B, that C has to 
D ; or, the ratio of .A to 5 is said to be equ,^.I to the 
ratio of G to D. When four quantities have this relation 
to each other, they are said to be in proportion. 

To indicate that the ratio of J. to if is equal to the 
ratio of G to D, the quantities ai-e usually written thus, 

A : B: : : D, 
and read, A is to B as G is to D. The quantities which 
are compared together are called the terms of tlie propor- 
tion, Tlie first and last terms are called the two exlremea, 
and the second and third terms, the ttvo means. 
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7. Of four proportional quantities, the last is said to bu 
a fourth proportional to the other three, taken in order. 
The first and second terms, are called the Jii-st cpuplet of 
the proportion ; and the third and fourth terms, the second 
couplet: the first and third terms are called the anteced-mis, 
and the second and fourth terms, the c 



8. Three quantities are in proportion, when the flrat 
has the same ratio to the second, that the second has to 
the third ; and then the middle term is said to be a m«Wi 
I between the other two. 



9. Magnitudes are in proportion by dlternoiion, or alter- 
nately, when antecedent is compared with antecedent, and 
lionsei^uent with consequent, 

10. Magnitudes are in proportion by -inversion, or in- 
iieraely, when the consequents are taken as antecedents, and 
the antecedents as consequents. 

11. , Magnitudes are in proportion by composition, when 
the sum of the antecedent and consequent is compared 
cUher with antecedent or consequent. 

12. Magnitudes are in proportion by division, when the 
difference of the antecedent and consequent 
cither with antecedent or t 



13. Equimultiples of two quantities are the products 
which arise from multiplying the quantities by the same 
uumbei : tlius, mXA, mXB, are equimultiples of A and B, 
the common multiplier being m. 

14. Two varying quantities, A and B, are said to be 
reciprocally pmpwtional, or inversely prcportional, when their 
yalues are so changed that one is increased as many times 
as the other is diminished. In such case, either of them 
is .always equal to a constant quantity divided by the 
other, and their product is constant. 
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When four magnitudes are in proportion, the prodwt of tht 
two extremes is equal to the product of ike two means. 

Let A, B, 0, D, be any four magnitudes, and M, N, P, 
Q, their numerical representatives ; 

then, if M : N : : P : Q, 

we shall have MxQ=NxP- 

For, since the magnitudes are in proportion, we have 
(D. 6), 

— = — ; therefore, 


N=Mx-p; whence, N'xP^MxQ. 

Cor. If there are three proportional quantities, the 
product of the extremes wUl be equal to the square of 
the mean (d. 8). For, iS N=P, we have 

if X Q=n'' or P". 

PKOPOSITION U. THEOREM. 

If Hie product of two magnitudes le equal to the pj-oduct of 
two other magnitudes, two of t!wm may he made tlie ex- 
tremes and the oilier two the means of a pn^ortion. 

If we have, MxQ = NxP, 
then will M : N :: P : Q. 

For, by changing the places of the members of the equation, 
if X (3 = NX P, we have 
NXP=MX Q. 
Then, dividing both members by Mx P, we have 

M~ P' 
whence, by Definition 6, 

M : N : : P : Q. 
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i in jyri^ortion, titey ! 
portion when tdl. 



ill i 



P : Q; then will 

N : Q. 

P : §, we have, 



Multiplying both members by -T^r, and we have, 



hence, 



M : P : : I^ : Q. 

PEOPOSITION IV. THJiOEEM. 



iff tJiere he four proportional miigniiudes, and four other pro- 
portional magnitudes, having the antecedents the same in 
both, the consequents will he proportional. 

K P 

Let -M : iV" : : P : Q, giving, 



and 



M 



S, giving, 



R 



Dividing the first equation by the second, member by member, 

^ = ^,GxNS=QR\ whence (p. 2), 

N : Q : : S : R. 
Cor. If there be two seta of proportionals, in wliich 
the ratio of an antecedent and consequent of the one ia 
equal to the ratio of an antecedent and consequent of the 
other, the remaining tenns will be proportionaL 
For, if we have the two proportions, 
M : P : : N : Q and R : ,8 : : T : V. 



we 


shall aJso have 












P 

M 


Q 

'If 


and 


S 


V 
'¥ 




Now, if 1^. 


S 

Tf 


then 


Q 

W 


r 


«ud 


we shall have N 




Q ■ 




T : 
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PEOPOaiTION V. TliEOKEM, 

^ four magnitudes are in proportion, they vnll he in fr(^&rtvm 
wlten taken inversely. 

If M : N : : P 1 Q, then will N : M : : Q : P 

For, from the given proportion, we have 

N Q 

— - = ^, takinfr the reciprocals of both members, 

MP 

-r=- = --^ ; whence, we have, 



PROPOSITION VI. THEOiiEM. 

If four magnitudes are in proportion, iksy will he in propor- 
iibii hy composition or^ division. 

K we have M : N : : P : Q, 
we shall also have M±N : M : : PdtQ : P. 
For, from the given proportion, we have 

MxQ=NxP, or NxP^MxQ. 
Add each of the memhers of the last equation if>, and 
subtract it from MxP, and we shall have, 

MxP±NxP=MxP±MxQ ; or 
{M±N')xP^{P±Q)xM: 
But M±N and P, may be considered the two extremes, 
and P'^Q and M, the two means of a proportion (p. 2): 
hence, 

(M^N) : M : : (P^Q) : P. 

PEOPOSITIOK YII. THEOREM. 

MquimultipJes of any two magnitudes^ have the same ratio ai 
the magnitudes tJiemselves. 

Let M and JV be any two magnitudes, and m any num . 
])er whatever; then will mxM, and mXN, be equal niul 
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tiples of M and iV: tten mxM will be to mxN, in the 
ratio of Jf to ^ 

For, MxN=NxM: 

multiplying each member by m, and we have 
mXMxN=mxNxM: then (p. 2), 
mXM : mXN : \ M : N. 

PEOPOSITIOH VIIL THEOREM, 

Of four proportional Tnagnitudes, if ih&re he taken any equimv^ 
tiples of tlte two antecedents, and any equimultiples of Hie two 
consequents, svxih equimultiples will he proportional. 

Let M, N, P, Q, be four magnitudes in proportion ; and 
let m and n be any numbers whatever, then will 
mxM : nXN : : mXP : nxQ. 

For, since M : N- : : P : Q, 
we have MxQ=NxP; 

heoce, m X Mx n X Q^n xNXmxP, 

by multiplying both members of the equation by m X n. 
But mxM and nxQ, may be regarded as the two extrem^ 
and nXN" and mXP, as the means of a proportion ; hence, 
mxM : nX-A^ : ; mxP : nXQ. 

PROPOSITION IX. THEOEEM. 

Of four proportional magnitudes, if the two consequents be 
either augmented or diminished hy magnitudes which have 
the same ratio as the antecedents, tlie resulting magnitudes 
and ihs antecedents will he prnporiional. 

Let M : N : : P : Q, 

and let M : P : \ m '. n; 

then will M : P : '. N±m : Qdzn. 

For, since M : N : : P : Q, MxQ^NxP. 

and since M : P : : m : n, Mxn=Pxm, 

therefore, Jfx Q^Mx n^N'xP^PXm, 

or J/x{e±Ji)=PX(ff±m): 

tence (P. 2), M : P : : N±m : Q±n. 
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I'KOPOaiTION X. THEOREM. 



(f ony number of magnitudes are proporcwnah, any (me ante- 
cedent mill he to ii.1 consequent, as the man of aM the cmte- 
cedents to tlie sum of i/ie c 



Let M I J^ :: P : Q :: B : >% Sta. 

Then since, 
M : iV" ; : P : ft we haye MxQ=N'xP, 
and, if : N : : B : S, we have M'xS=NxB, 
add to each MxN=MxN, 

then, MxN'+MxQ-\-MxS=MxN+KxP'[-NxIit 
or, MX{N+Q+S)=^NX{M+P+B); 

therefore (P. 2), if : N ;: M+P+B : N+Q+S. 

PEOP091T10N SI. THEOREM. 

If two magnitudes be each increased or diminisJted by (ike 
parts of each, the resulting magnitudes will have the same 
ratio as the magnitudes Ifiemselves. 

Let M and iV be any two magoitudea and -— and — 

like parts of each. 

We have MxN=MxN' 

,, , , , -3^X^ ^>=-^ I. V 1, 

add to both, or subt. =__-_, member by member 



or, m{n± -) =n{m± — ) , 

' \ ml \ ml 

M N 

that is (p. 2), if : N :: M^— : N^—- 

PEOrOSITION Xll. THEOEEM 
^' four magnitudes are proportional, ^leir squares or cubes will 
also be % 



Let 


M : N : P : ft 




Then ivill, 


Mx(i=N-f.P. 
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V, 
PxT : QxV. 
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By squaring both membei-s, M XQ =N XP ' 
and by cubing both members, M xQ' =JV' xP ; 
therefore, M" : N^ : : P' : (J, 

and M^ : N" :: P"^ I ^■ 

Cor. In a similar way it may be shown that like powers 
or roots of proportional magnitudes ai-e proijortionala. 

PROI'USITION Xm. THEOREM. 

If tJiere he two sets of proportional magnitudes, Uie producU cf 
the corres^mnding fenns will be proportionals. 

Let M : N :: P 

and B : S :: T 

then will MxR : J^xS 

For, since -MxQ—NxP, 

and RxV^Sxl] 

wes\al\'hixveMxQxRxY^NxPxSxT, 
or, MXRX Qx V=Nx^x Pxf; 

therefore, MxB : NxS : : PxT : QxT- 

PEOPOSITION SIV, THEOEEM. 

If any miinher of magnitudes are coritinued propo^'tionals ; i/V»», 
tlte ratio of t/ie first to the tliird will he the square of the 
common ratio ; and the ratio of Uie first to the fourili wiU 
be t/ie cube of the common ratio; and so on. 

For let -4. be the first term, and r the common ratio: 
(he proportional magnitudes will then be represented by 

A, r''xA, r^xA, r^xA, r^xA, ka.: 
Now, the ratio of the first to any one of the following 
terms exactly corresponds with the enunciation. 
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BOOK in. 

THE CIRCLE, AND TEE MEASUREMENT OV ANGL: 




DEFIKXTIONS, 



1. A Circle is a portion of a plane 
bounded by a curved line, every point of 
which is cq^uidistimt from a point within, 
called the centre. 

The bounding line is called the circum- 
ference. 

2. A straight line, drawn from 'the centre to the circum- 
ference, is culled a radius, or semidiameter. A line drawn 
through the centre, and terminating in the circumference, is 
called a dihmeier. 

From the definition of a circle, it follows, that all the 
radii are equid ; all the diameters are also equal, and each 
double the radius. 

3. Any part of a circumference is called an arc, A 
straight line joining the extremities of an arc is called a 
chord^ or subtense of the arc* 

4. A Segment is the. part of a circle included between 
an arc and its chord. 

5. A Srctob is the part of a circle included between 
an arc, and the two radii drawn to the extremities of the 



• In nil opsea, tlie enme eliord telorgs to two arts, snd conaequontly, niso to tn 
segmcntB : but the smallar one is nlvri^B meant, unleas tfae cotitrui; is exprcaBod. 
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6. A Stbaight Line is said to be 
inscribed in a circle, when ita extremities 
are in tlie circumference. 

An inscribed angle is one whose vertex 
is ill the circumference, and whose sides 
are chords of the circle. 

7. An inscribed triangle is one which 
has the vertices of its three angles in the 
circumference. 

And generally, a polygon is said to 
be inscribed in a circle, when the vertices 
of all its angles are in the circumfer- 
ence. The circumference of the circle 
is then said to circumscribe the polygon, 

8. A Secant is a line which intersects 
the circumference in two points, and lies 
partly within, and partly without the circle. 

9. A Tangent is a line which has 
but one point in common with the cir- 
cumference. 

The point where the tangent touches the ckcumference, 
is called the point of contact. 



10. Two circumferences tmich each 
other when they .have but one point in 
common. The common point is called 
the point c 



11. A polygon is droumscribed about a 
circle, when each of its sides is tangent to 
the circumference. In the same case, the 
circle is said to be inscribed in the poly- 
Ron. 





POSTULATE. 



12. Let it be granted that the circumference of a eircl» 
may be described from any centre, and with any radius. 
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PEOPOSITiON I. THEOREM. 

Wviry diwmeter divides the circle and its circumferemic eadi mta 
hoo equal pa/rts. 

Let AEBF be a circle, and AB a diameter. Now, if 
the figure AEB be applied to AFB, 
their common base AB retaining ita 
position, the curve line AEB must 
fall exactly on the curve line AFB, 
otherwise there would, in the one or 
the other, be points unequally dis- 
tant from the centre, which is con- 
trary to the definition of a circle. Hence, the diameter 
divides the circle and its circumference, each into two 
Bcjuai parts. 

PEOPOSITION n. THEOREM. 
A diaraeter is grealer than any other chord. 

Let AD h:i any chord, not passing 
tiiroKgh the centre. Draw the radii 
CA, GD, to its extremities. We shall 
then have (b. I., p. 7)*, 

AD<AC-k-Glf, 
but AC plus CD is equal to AB; 
hence, AD < AB, or AB > AD. 

Cor. Hence, the groateat luio which can be inscribed in 
a circle is a diameter. 

PROPOSITION DL THEOREM. 
A straight line cannot meet the circurnference of a dreh in 
more than two points. 
For, if it could meet it in three, those three points 
would be equally distant from the centre ; and there would 
be three equal straight lines drawn from the same point to 
the same straight line, which ia impocsJbb (p. i., p. 15, c. 2). 

• When reference is made il-om ono Propositi.!!) to eorrtlier, id tlie gameSoot, tho 
number of the Propositioa referred to ia alono given ; am wncn the Proposition b 
Ibund in a difTcroulf Book, tho numlMr of the Book is a-iv gim>. 
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PEOPOSITION IV. THEOSEM. 




In t/ie same circle, or in equal circles, equal arcs are siihlended by 

equal diords : and conversely, equal chords subtend equal arcs. 

Let daiid be the centres of two equal circles, and 
suppose tlie arc AMD equal fo the arc ^ING : tUcn will 
the chord AI) be equal to the chord U0. 

For, since the diam- 
eters AB, EF, are equal, 
the semi-circle AMDB 
may be applied to the 
aemi-ciTcle ENGF, and 
the curve line AMDB 
will coincide with the 
curve line ENGF. But the part AMD ia equal to the pari 
ENO, by hypothesis; hence, tlie point D will fall on (? ; 
therefore, the chord AD will coincide with EO (b. i., a. 11), 
and hence, is equal to it {b. i., a. 14). 

Conversely: If the chord AD is equal to the chord EG, 
the subtended arcs AMD, ENQ, will also be equal. 

For,, drawing the radii CD, OG, the triangles ACD, EOG, 
will have their sides equal, each to each, namely, AO~EO, 
CD=0&, and AD=EO; hence, the triangles ai'e them- 
selves equal ; and, consequently, the angle A CD is equal 
to EOQ (li. I., P. 10.) 

Now, place the semi-circle ADB on its equal EGF, so 
that the radius AC may fall on the equal radius EO. 
Then, since the angle ACD is equal to the angle EOG, the 
radius CD wiil fall on OG, and the sector AMBC will 
coincide with the sector ENGO, and the arc AMD with 
the arc ENG : therefore, the are AMD, ia equal to the are 
'Bm (b. I., A. 14). 

PEOPOSITIOK V. THEOKEM. 

Tn eqttal circle^ or in the same circle, a greater arc is subtend 
cd by a greater chord: and conversely, i/ie greater diord 
svhtends the greater arc. 
Let C be the common centre of two equal circles: then, 

if the arc AT)H is greater than the arc AD, the chord AS 

will be greater than the chord AD. 
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CI 




For, draw the radii CA, GB, 
CH, and the chords AD, AK 
Now, the two sides AC, OH, of 
the triangle AGH are equal to 
the two sides A C, CD, of the tri- 
angle AOD, and the angle AGS, 
ia greater than AOD: hence, the 
third side AH is greater than the 
third side AD (b. I., P. 9); there 
fore the chord which subtends the greater arc is the greater. 

Conversely: If the chord AH is greater than AD, the 
arc ADH -ft-ill be greater tlian the are AD. 

For, if ADH were equal to AD, the chord AH would 
be equal to the chord AD (p. 4), which is contrary to the 
hypothesis : and if the arc ADH were less than AD, the 
chord AH would be less than AD, which is also contrary 
to the hypothesis. Tlien, since the arc ADH, subtended by 
the greater chord, cannot be eqtial to, nor less than AD, it 
must be greater. 

Scholium. The arcs here treated of are each less than 
the seini-eircumference. If they were greater, the reverse 
property would hare place ; for, as the arcs increase, the 
chords will diminish, and conversely. 



PEOFOSITION VI. XnEOKEM. 

Tlie radius which is perpendicular to a chord, bisects Hie chord, 
and bisects also the stibtended ara of tlie cJiord. 

Let AB be any chord, and G& a radius perpendicu- 
lar to it: then will AD he equal to DB, and the arc AG 
to the arc GB. 

For, draw the radii CA, OB, 
Then the two right-angled trian- 
gles ABC, CDB, will have AC 
equal to GB, and CD common ; 
hence, AD is equal to DB (b. i., 
V. 17). 

Again, since AD, DB, are 
equal, C<J- is a perpendicular 
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L from the middle of AB; 
and since (? is a point of this 
perpendicular, the chords AG 
and G£ are equal (b. i., p. 16). 
But if the chord AG is equal 
to tlie chord GB, the arc AG 
is equal to the are GB (p. 4) ; 
hence, the radius OG, at right 
angles to the chord AB, divides " 

the arc subtended hy that chord into two equal parts. 

Scholium. The centre (7, the middle point D of the 
chord AB, and the middle point G of the suhtended arc, 
are three points of the same straight line perpendicular to 
the chord. But two points determine the position of a 
straight line (a, il); hence, every straight line -which passea 
througii two of these points, wiO necessarily pass through 
the third, and be perpendicular to the chord. 

It follows, also, that the perpendicular raised al the middle 
point of a chord passes through the centre of tlie circle, and 
through the middle point of the subtended arc. 

Eor, the perpendicular to the chord, drawn from the 
centre of the circle, passes through the middle point of the 
chord, and only one perpendicuKr can be drawn from the 
same point to the same straight line {b. i., p. 14, c). 



PROPOSITION VII. THEOEEM. 



Through thr&; given points, not in the s 
circumference may always be made to 



■■ straight line, mm 
t, and hut one. 



Let A, B, and 0, be the given points. 

Join the points A and B by 
the straight line AB, and the 
points B and G by the straight 
Une BO, and then bisect these 
lines by the perpendiculars DB 
FG: we say first, that BB and 
FO, will intersect in some point 0. 

For, they intersect each other 
unless they are parallel (b. i., d. 16). Now, if they are 
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parallel, the line AB wMcli is perpendiciilar to DE, ia also 
perpendicular to FG, and the angle X is a right angle 
(b. I., P. 20, c. 1). But BK, the prolongation of AB, is a 
different line from BF, because the three points A, B, G, 
are not in the same straight line ; hence, there would be 
two perpendieulare, BF, BK, let fall from the same point 
B, on the same straight line, which ia impo^ble (b. i., p. 
li) ; hence, DB, FG, are not parallel, and consequently, 
will intersect in some point 0. 

Moreover, since the point lies in the perpendicular DF^ 
it is equally distant from the two points, A and B (b, I., 
p. 16); and since the same point lies in the perpendicu- 
lar FG, it ia also equally distant from the two points B 
and 0: hence, the three distances OA, OB, 00, are equal; 
therefore, the circumference described from the centre 0, 
with the radius OB, will pass through the three given 
points. A, B, C. 

We have now shown that one circumference can always 
be made to pass through three given points, not in the 
same straight line : we say farther, that but one can be 
described through them. 

For, if there were a second circumference passing through 
the ithrce given points A, B, 0, its centre could not be out 
of the line DE, for any point out of this line is unequally 
distant from A and B (b. i., r. 16) ; neither could it be ou; 
of the line FG, for a hke reason ; therefore, it would be 
in both the lines DE, FG. But two straight lines cannot 
out each other in more than one point ; hence, there is but 
one circumference which can pass through three given 
points. 

Cor. Two circumferences cannot intersect in more than 
two points ; for, if they have three common points, there 
will be two circumferences passing through the same three 
points; which has' been shown, by the proposition, to be 
impossible 
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PBOPOSITIOK VIII. TIIEOEEM. 




In Hie same, or in equal circles, two equal chords are cqualiy 
distanl from the centre ; and of two unequal chords, the less is 
at t/te greater distance from i/ie centre. 

Suppose tKe chord AH to be equal to the chord D^. 
From G the centre of the circle, draw OF, and CG res- 
pectively perpendicular to the chords: then will CF bo 
equal to 0&. 

Draw the radh OA, CD ; then 
iQ the right-angled triangles OAF, 
DCO, the hypothenuses CA, CD, 
ATh equal (d. 2) ; and the side 
AF, tlio half of AB (p. 6), is 
equal to the side DG, the half 
of DF: hence, the triangles are 
equal, and OF is equal to CG 
(jj. I., F. 17) ; conKeqnently, the 
two equal chords AB, DE, are equally distant from the 
centre, 

SecoTiilly. Let the chord AH be greater than DF: then 
will DF be furthest from the centre C. Since the chord 
AH is greater than DF the arc AKH is greater than DME 
(p. 5). Cut off from the former, a part ANB, equal to 
DMF; draw the chord AB, and draw CF perpendicular 
to t\rA chord, and CI perpendicular to AH. It is evident 
tliat CF is gi-eater than CO (b. l, a. 8), and 00 than CI 
(b. r., r, 15) ; therefore, OF is still greater than CI. But 
CF is equal to CQ, because the chords AB, DE, are equal : 
hence, CG is greater than 01; therefore, of two unequal 
chords, the less is the farther from the centre of the circle. 

PROPOSITION IS, THEOREM. 

A straight line perpendicular to a radius, at its ext-e-mti/, w 

tangent to the drcutnference. 

Let the line BV be perpendicular to the radius CA at 
its extremity A ; then will it be tangent to the circuniler- 
euue. 
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For, every oblique line CE, 
is longer than tbe perpendicular 
GA (b. I., p. 16) ; hence, the point 
E is without the circle; there- 
fore, the line BD has no point 
but A in common with the cir- 
cumference; consequently, the line BD ia a tangent (d. 9). 

Gor. .1. Conversely, if a. straight line be tangent to a 
circle, it ^^'ill be perpendicular to the radius drawn to 
the point of contact. 

Let BAD be a tangent, and CA a radius drawn 
through the point of contact A : then will BD be perpen- 
dicular to OA. For, through the centre 0, suppose any 
other fine, as OOM, to be drawn. Then, since BD is a 
tangent, the point JE will lie without the circle, and conse- 
quently CE will, be greater than the radius CO or CA; 
therefore, the radius CA, measures the shortest distance 
from the centre C, to the tangent BD : hence, it is per- 
pendiciilaj to the tangent (b. i., p. 16, c. 1). 

•Cor. 2. At a given point of the circumference oalj one 
tangent can be drawn to the circle. For, let A be the 
given pointy BD a tangent, and OA the radius drawn 
through the point of contact A. Now, if another tangent 
could be drawn, it would also be perpendicular to OA at 
the point A, by the last corollary: that is, we should have 
two lines perpendicular to GA, at the same point; which 
i (b. I., P. 14, c). 



PEOPOSITION X. THEOREM. 



Two 



intercut egual arcs of Qie circumference. 



There may be three cases. 

First. When the two ] 
are secants. Let AB and DE be 
two parallels : draw the radius OH 
perpendicular to the chord MP. 
ft will, at the same time, oe per- 
pendicular to NQ (b. I., p. 2^, c. 1) ; 
therefore, the point S will be at 
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once the middle of tJie arc MHP, 
a,iid of the arc N^HQ (p. 6) ; conse- 
quen tiy, we stall have the are 
MR^HP, and the arc NH=HQ; 
and therefore 

MH-NH^HP-HQ; 
in other words, MN'=PQ. 

•Second. When, of the two par- 
allels AB, DE^ one is a secant, and 
the other a tangent, draw the radius 
GH. to the point of contact H\ it 
will be perpendicular to the tan- 
gent BE (p. 9, c. 1), and also to' 
its parallel MP (b. i., p. 20, c. 1). 
But since OH is perpendicular to 
the chord MP, the point H must 
be the middle of the arc MHP (p. 6) ; therefore, the area 
MH, HP, included between the parallels AB^ DE, are 
equal. 

Third. If the two parallels DB, IL, are tangents, tho 
one at H, the other at K, draw the parallel secant AB ; 
and, from what has just been shown, we shall have 

MH=HP, MK=KP: 
and hence, the whole are HMK=HPK. It Ls further evi 
dent that each of these arcs is a semi-circuniference. 

Cor. Conversely; If the arc, HM is equal to the arc 
HP, it is plain that the chord MP will be parallel to tho 
tangent BE. 
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PEOPOSITION XI. THEOREM. 

^ two drcum/erences have ime point cominon, out of the straight 
line ivhich joins tlieir centres, Uiey will also have a saxmd 
point in common ; and the two "points will he situated in a 
line pcipendicidar to the line joining the c-entrcs, a7ul at 
equal distances from it. 

Let the two circumferences described about the centres 
C and D intersect each other at the point A ; draw AF 
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perpendicular to CD, and prolong it till BF is equal to 
AF\ then will tlie circumferences also intersect eacli otbof 
at B. 





For, since AF is equal to FB, GF common and the 
angles at F right angles, the hypothenuses CB and CA are 
equal (b. I., p. 5) : hence, the circumference described about 
the centre 0, with the radius OA, will pass through B. 
In the same manner it may be shown, that the circumfer- 
ence deserihed about the centre i>, with the radius DA, 
will also pass through B, 

Cor. If two circumferences intersect each other, they 
will intersect in two points, and the line which joins the 
centres will be perpendicular to the common chord at the 
middle point. 



PBOPOSITION Sn. THEOREM. 



If the circumferences of two circles intersect each other, the dis- 
tance betwesn their cerOres will be less than the sum of tlieir 
radii, and greater Hian 0ie difference. 



Let two circumferences be 
described about the centres 
and B, with the radii CA and 
DA : then, if these circumfer- 
ences intersect each other, the 
li'iangle OAD can always be 
formed. Now, in this triangle, 
GAB, 

OD<OA+AD (B. I., r. 7), 
iilH), CD>BA-AO (b. l, p. 7, c.) 
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PEOPOsmoN xni. theokem. 



If the dislance between the centres of two circles is equal to 
the sum of their radii, the circumferences will touch eadi 
other e 



Let and D be the centres of two circles at a distance 
from each other equal to GA-\-AD. 

The circles will evidently have 
the point A common, and they will 
have no other ; because if they have 
two points common, the distance 
between their centres must be less 
than the sum of their radii, which 
is contrary to the supposition. 

Offr. If the distance between the centres of two circles 
is greater than the sum of their radii, the two circmnfer- 
cnces will be exterior the one to the other. 




PEOPOSITION SIV. THEOSEM. 



jy the distance between the centres of two circles is equal to the 
difference of their radii, the two drcumfereaces toiii bmch 
each other i 



Let C and D be the centres of two circles at a distance 
£fom each other equal to AD—GA. 

It is evident, as before, that the 
two circumferences will have the 
point A common : they can have 
uo other ; because if they had, the 
distance between the centres would 
be greater than AD- OA (p. 12) ; 
which is contrary to the supposition. 

Cor. 1. Hence, if two circles touch each other, either 
externally or internally, their centres and the point of con- 
tact will be in the same straight line. 

Cor. 2- If the distance between the centres of two 
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circles is less than the difference of their radii, one cii'de 
will be entirely within the other, 

SfJwUum 1, All circles which have their centres on the 
right line AD, and which pass through the point A, are 
tangent to each other at the point A. For, they have only' 
the point A common, and if through A, AE be drawn 
perpendicular to AD, it will be a eommon tangent to all 
the circles. 

Scholium. % Two circumferences must occupy with res- 
pect to ea^h other, one of the five positions above indi- 
cated, 

\st. They may intersect each other in two points : 
2(^, They may touch each other externally : 
Zd. They may be external, the one to the other; 
4ik. They may touch each other internally : 
bih. The one may be entirely within the other. 



PEOPOSITION ZV. THEOKEM. 

hi the saTYie circle, or in equal circles, radii '. 

angles at ihe centre, intercept equal arcs on the circumference. 
And conversely : If the arcs intercepted are equal, the angles 
contained hy the radii are also equal. 

Let G and C be the centres of equal circles, and the 
angle AOB=DCK 

First. Since the angles 
ACB, DOE, are equal, one of 
them may be placed upon 
&e other. Let the angle J. CB 
be placed on DGE. Then 
flince their sides are equal, *" 

the point A will evidently fall on D, and the point B oi 
B. The arc AB will also fall on the are DE; for, if tb« 
arcs did not exactly coincide, there would, in the one or 
the other, be points unequally distant from the centre; 
which is impossible: hence, the arc AB is equal to DE 
(A. 14). 

Stcond. If the arc AB=DE, the angle ACB hs equal 
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to DOTS. I )r, if these angles are not equal, suppose 
one of tJ .wj as A CB, to be the greater, and let A 01 be 
taken eo ik1 to DOE. From what has just been shown, 
we shall thnn have AI= DM ; but, by hypothesis, AB is 
equal to DM\ hence, AI must be equal to ABy or a part 
equal fry the whole, which ia absurd .{a. 8); hence, the 
angle A^B .\s, equal to BGK 

PSOPOSITION XVI. THEUREM. 

In (he same circle, or in equal circles, if two angles at the 
XYtlre have to each other the ratio of two whole numbers, 
the int^cepted arcs will have to each oilier the same ratio: 
or, we shall have the angle to Hie angle, as tlie correspond- 
ing are to the corresponding arc. 

Suppose, for example, that the angles AGB, DOE, are 
to each other as 7 is to 4; or, what is the same thing, 
suppose that the angle M, which may serve as a common 
measure, is contained 7 times in the angle AGB, and 4 




times in DOM. The seven partial angles AOm, mOn, nOp, 
&c., into which A OB is divided, are each equal to any of 
the four partial angles into which DOE is divided; and 
each of the partial arcs,. Am, mn, np, &c., is equal to each 
of the partial arcs Dx, xy, &a. (p. 15). Therefore, the whole 
BTc AB will he to the whole arc DE, as 7 is to 4. Bui 
the same rensoning would evidently apply, if in place of 
7 and 4 any numbers whatever were employed ; hence, if 
the angles AOB, DOE, are to each other as two whole 
numbers, they will also be to each other as the arcs AB, 
DE. 

Cor. Converaely : If the arcs AB, DE, are to each othei 
as two whole numbers, the angles AOB, DCE will be t« 
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encli other as the same whole nmnhera, and we shall have 

A£ : DM :: ACB : DCE. 
For, the paitial arcs, Am, mn, &c., and Bx, xy, kc, being 
eqiial, the partial angles AGm, mCn, &c., and DGx, xOy, ke,, 
will also be equal, and the entire arcs will be to each 
other as the entire angles. 

PBOFOSITION XVIL THEOKEM. 

In the same drck, or in equal circles, any two angles at tia 
centre are io eacli other as the intercepted arcs. 

Let ACB and ACD be two angles at the centres of 
equal circles : then will 

ACB : ACD : : AB : AD. 

For, if the angles are 
equal, the arcs will be equal 
(p. 15). If they are imequal, 
let the less be placed on 
the greater. Then, if the 
proposition is not true, the 
angle ACB wiU be to the angle ACD as the arc AB is to an 
arc greater or less than AD. Suppose such arc to be 
greater, and let it be represented hj AG; we shall thus 
have, 

the angle ACB : angle ACD : : arc AB : htg AO. 
Next conceive the arc AB to be divid*?d into equal parts, each 
of which is less than DO; there will be at least one point 
of division between D and 0; let / be that point; and 
draw Gl. Then the arcs AB, AI, will be to each other 
as two whole numbers, and by the preceding theorem, we 
shall have, 

angle AGB : angle ACI : : arc AB : arc AI. 
Comparing the two proportions with each other, we see 
that the antecedents in each are the same: hence, the con- 
Bequenta are proportional (b. ii., p. 4) ; and thus we find, 

the angle AOD : angle ACI : : arc AG : arc AI, 
But the are ^0 is greater than the arc AI; hence, if this 
proportion is true, the angle ACD must he s 
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angle ACI: on the contrary, however, i: is less; hence, 
the angle A OB cannot be to the angle A CD as the aixj AB 
is to an arc greater than' AD. 

By a process of reasoning entirely similar, it may be 
shown that the fourth term of the proportion cannot be 
leas than AD; hence, it is AD itself; therefore, we have 
angle AGB : angle AOD : : arc AB : arc AD. 

Scholium 1. Since the angle at the centre of a circle, 
and the arc intercepted by its sides, have such a connec- 
tion, that if the one bo augmented or diminished, the other 
will be augmented or diminished in the same ratio, we are 
authorized to assume the one of these magnitudes as the 
measure of the other; and we shall henceforth assume the 
arc AB as the measure of the angle AGB. It is only neces- 
eary, in the comparison of angles with each other, that the 
arcs which serve to measure them, be described with equal 
radii. 

Scholium 2. An angle less than a right angle will be 
measured by an arc less than a quarter of the circumfer- 
ence: a 'right angle, by a quarter of the circumference; 
and an obtuse angle by an arc greater than a quarter, and 
leas than half the circumference. 

ScJiolium S. It appears most natural to measure a quan- 
tity by a quantity of the same species ; and upon this 
principle it would be convenient to refer ail angles to the 
right angle. This being made the unit of measure, an 
acute angle would be ex-pressed by some number between 
and 1 ; an obtuse angle by some number between 1 and 2. 
This mode of expressing angles would not, however, be 
the most convenient in practice. It has been found more 
simple to measure them by the arcs of a circle, on account 
ot the facility with which arcs can be made to correspond 
to angles, and for various other reasons. At all events, if 
the measurement of aiigles by the arcs of a circle is in 
any degree indirect, it is still very easy to obtain the direct 
and absolute measure by this method ; since, by comparing 
the fourth part of the circumference with the arc which 
serves as a measure of any angle, we find the ratio of a 
right angle to the given angle, which is the absolute measure. 

Ho.k.db,.CoogIc 
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ScJiolium 4. All that has been demonstrated in the last 
three propositions, concerning the comparison of angles 
with arcs, holds true equally, if applied to the comparison 
of sectors with arcs. For, sectors are not only equal when 
their angles ai'e so, but are in all respectB proportional to 
their angles; hence, hoo sectors AOB, ACD, taken in the 
same, circle, or in equal circles, are to each other as the area 
AB, AD, the bases of those sectors. Hence, it is evident that 
the arcs of equal circles, which serve as a measure of cor- 
responding angles, are proportional to their sectors. 



FHOPOSiTION XVni. THEOEEM. 
Any inscribed angle is measured by half ilie arc included 




Let BAD be an inscribed angle, and let us first sup- 
pose the centre of the circle to lie within the angle BAD. 
Draw the diameter ACE, and the radii GB, CD. 

The angle BCE, being exterior to , 

the triangle ABO, is equal to the sum 
of the two interior angles CAB, ABO 
(b. I., F. 25, c. 6) : but the triangle BAO 
being isosceles, the angle OAB is equal 
to ABO; hence, the angle BCE is double 
BAO. Since BOE is at the centre, 
it is measured by the arc BE (p. 17, 5. 1); 
hence, BAG will be measured by the 
half of BE. For a like reason, the angle CAD will bo 
measured by the half of EJB; hence, BAG^-OAD, or BAD 
will be measured by half of BE+ED, or half of BED. 

Secondly. Suppose the centre to 
He without the angle BAD. Then, draw- 
ing the diameter AOE, the angle BAE 
will be measured by the half of BE; 
the angle DAE by the half of DE: 
hence, their difference, BAD, will be 
measured by the half of BE minus the 
half of ED, or by the half of BD. 
Hence, every inscribed angle is measured 
by half the arc included between ite sides, 
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Oor. 1. All thj &ag\ss]3A0,BD0, 
BEG, inscribed in the same segment 
are equal ; because they are each 
meaaiired by half of the same arc 
BOO. 

C&r. 2. Every angle BAD, inscrib- 
ed in a semioircle is a right angle; 
■because it is measured by half the 
semicircumference BOD, that is, by 
the fourth part of the whole circum- 
ference (p. 17, s. 2). 

Cot. 3. Evety angle BAC, inscrib- 
ed in a segment greater than a serai- 
circle, is an acute angle; for it is 
measured by half the are BOC, less 
than a semicircumference (p. 17, S. 2). 
And every angle BOO, inscribed 
in a segment less than a semicircle, is *-* 

an obtuse angle ; for it" is measured by half the arc BA 0, 
greater than a semicircumference. 

Gor, 4. The opposite angles A and 
G, of an inscribed quadrilateral ABCD, 
are together equal to two right aiigles : 
for, the angle BAD is measured by 
half the arc BOD, the angle BCD is 
measured by half the arc BAD; hence, 
the two angles BAD, BCD, taken tdgether, are measured 
by half- the circumference; hence, their sum is equal to 
two right angles (p. 17, S. 2). 





PEOP081TION XIX. THEOEEM. 

The angh formed hp two cliords, which intersect each other, is 
measured by half the sum of the included arcs. 

Let AB, CD, be two chords intersecting each other at 
E: then will the angle AEG, or DBB, be measured by 
half of AC+DB. Ho.L.db..CA)Os>[c 
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Draw AF parallel to DC: the 
arc DF will be equal io AO (p. 10), 
and the angle FAB equal to the 
angle DEB (b. i., p. 20, c. 3). But the 
angle FAB is measured by half the 
arc FDB {p. 18) ; therefore, DEB is 
measured by half of FDB ; that 
la, by half of DB+DF, or half of 
UB+AC. 

To prove the same for the angle DEA, or its equal 
BEO. Draw the chord AO. Then, the angle DCA will 
be jueasured by half the arc DFA; and the angle BAO 
by half the arc OB (p. 18). But the outward angle AED, 
of the triangle EAO, is equal to the sum of the angles 
A and (b. I., p. 25, c. 6) ; hence, this angle is measured 
by one-half of BO plus one-half of AFD; that is, by half 
the sum of the intercepted arcs. By drawing a chord 
BG, similar reasoning would apply to the angle AEG or 
DEB. 



PEOFOSinOH XX. THEOEEM. 



'j'he angle formed by two secants, is 
difference of Qie included ares. 



measured hy half ike 



Let AB, AG, be two secants: then v'll the iingle BAG 
be measured by half the difference of the arcs BEG and 
DF. 

Draw DE parallel to AO: the 
arc EO will be equal to DF (p. 
10), and the angle BDE equal to 
the angle BAG (b. l, p. 20, o. S). 
But BDE is measured by half the 
arc BE {p. 18) ; hence, BAG is also 
measured by half the are BE; 
that is, by half the difference of BEG 
acd EG, and consequently, by half 
the difference of BEG and DF. 
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l-EOPOSmON XXI. TETKOKSM. 

Any angle formed by a tangent and a chord passing through 

the point of contact, is measured by half the arc included 

betioeen its sides. 

Let BJS be a tangent, and AO a cliord. 

Prom A, the point of contact, draw 
tlie diameter AJ). The angle BAD is 
a right angle (p. 9), and is measured by 
half the semicircumfereace AMD (p. 17, 
S. 2); the angle BAO is measured by the 
haitoiBO; h.eniie,BAB+BA0,0T BAO, 
is measured by the half of AMD plus 
the half of DC, or by half the whole 
arc AMD a 

It may be shown, by taking the difference of the 
angles DA£!, BAO, that the angle OAMl is measured by 
half the arc AC, included between its sides. 




PROBLEMS 
RELATING TO THE FIRST AND THIRD BOOKS 



To bisect a given straight line 

Let AB be the given straight line. 

From the points A and B as cen- 
tres, with a radius greater than the half 
of AB, describe two arcs cutting each 
other in D; the point D will be equal- 
ly distant from A and B. Find, in like 
manner, above or beneath the line AB, 
a second point B, equally distant from 
the points A and B; through the two 
points D and ^ draw the line D^ 
and the point C, where this line meets AB, will be equally 
distant from A and B. 
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For, tiie two points D and E, being eacli equally dis- 
tant from tlie extremities A aod B, must both lie in the 
perpendicular raised at the middle point of AB (b. i., p. 16, c). 
But only one straight line can be drawn through two 
given points (a. 11) ; henee, the line BB must itself be that 
perpendicular, which divides AB into two equal parts. 

PROBLEM II. 
At a given point, of a given straight line, to erect a 
ular to t/uxt line. 

Let BO be the given line, and A the given point. 

Take the points B and at equal 
distances from A ; then from the points ^ •? 

B and as centres, with a radius great- 
er than BA, describe two arcs inter- 
secting each other at B ; draw AB and — %- 
it will be the perpendicular required. 

For, the point B, being equally distant from B and 0, 
must be in the perpendicular raised at the middle of BO 
(b. l, f. 16} ; aud since two pointe determine a line, AB is 
that- perpendicular, 

/Scholium. The same construction serves for making a 
right angle BAB, at a given point A, on a given straight 
line BO. 

PROBLEM III. 

From a given point, iviiliout a straight line, to let fall a per 
pendicular on that lin£. 

Let A be the point, and £D the given straight line. 

Prom the point A as a centre, and 
with a radius sufficiently great, des- 
cribe an arc cutting the line BB in 
two points S and B ; then find a \ 
point B, equally distant from the ^ \> 
points B and B, and draw AB: it \^ 

will be the perpendicular required. 

For, the two points A and B are each equally distant 
from the points JB and B; henee, the line AE is a perpen- 
dicular passing through the middle of BD (b, I., P. 16, c), 

Ho.iodb,.Cooglc 
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PKOBLEM rV. 



Al a point in a given line, to construct an angle equal to a 
given angle. 

Let A be the given point, A.B the given line, and ZKL, 
the given angle. 

From the vertex K, as n 
centre, with any radius, SJ, 
describe the arc IL, terminar 
ting in the sides of the angle. I A i> 

From the point J. as a centre, with a distance AB, equal 
to XI, describe the indefinite arc BO; then talte a radiua 
equal to the chord LI, with which, from the point 5 as a 
centre, describe an arc cutting the indefinite arc BO, in D; 
draw AB ; and the angle BAB will be equal to the given 
angle K. 

For, the two arcs BD, LI, have equal radii, and equal 
chords ; hence, they are 'equal (p. 4) ; therefore, the angles 
BAB, IKL, measured by them, are also equal (p. 15). 

PKOBLEM V. 
2b bisect a given arc, or a given angle. 

First Let it be required to divide the arc ABB into 
two equal parts. From the points A and, B, as centres, 
with equal radii, describe two arcs cutting each other in 
B; through the point B and the centre 0, draw GB: il 
will bisect tlie arc AB in the point K 

For, the two points and B are 
each equally distant from the extremi- 
ties A and B of the chord AB; hence, 
the tine CD bisects the chord at right 
angles (b. I., p. 16, c) ; and consequent- 
ly, it bisects the arc AEB in the point 
E (p. 6). 

Secondly. Let it be required to divide the angle ACB 
into two equal parts. We begin by describing, from the 
vertex (7, as a centre, the arc ABB; which ia tlien bisect 
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ed as above. It is plain that the line OD will divide the 
angle AOB into two equal parts (p. 17, Si 1). 

Scholium. By the same eonstniction, each of the halves 
AE, ES, may be divided into two equal parts ; and tliusj 
by successive au-hdivisions, a given angle, or a given arc, 
may bo divided into four equal paits, into eight, into six- 
teen, and so on. 



PEOBLEM VI. 

a given point, to draw a line parallel to a given 
straight line. 

Let A he the given point, and BO the given line. 

From the point J. as a centre, _ ^p -p, 

with a radius ji^,greater than the 
shorteat distance from A to BO, 
describe the indefinite arc EO ; 
from the point J? as a centre, 



with the same radins, describe tiie are AF; lay off EI)= 
AF. and draw AD: this is the parallel required, 

For, drawing AE,^ the angles AEF, EAD, are equal 
(p. 15) ; therefore, the lines AD, EF, are parallel (b. I., 
p 19, c. 1). 

PEOBT,EM Vn, 
Two angles of a triangle being given, to find the third. 

Let A and B he the given angles, 

Draw the indefinite line BEF; 
ot any point as E, construct the angle 
DEO equal to the angle A, and 
the angle OEH equal to the other 
angle B: the remaining angle HEF ' 
will he tho third angle required; because, these three angles 
are together equal to two right angles (b, I., P. 1, c, 3), and 
do are the three angles of a triangle (b. i., P. 25); conse- 
quently, SEE is equal to the third angle of the triangle 
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PEOBLEM VIII. 

Two sides of a triangle, and Uie angle which t/tey contain, hdiig 
given, to construct lite trianfflc 

Let the lines B and G be equal to the given sides, and 
A the given angle. 

Having drawn the indefinite 
line DF, make at the point I), 
the angle FBS equal to the given 
angled: then take 2)0=^, -DS"= 
0, and flraw GH : ^GR will be 
the triangle required (b. i., f. 5). 



PEOBLEM LX. 

A side and two angha of a triangle being givett, to constTVd 
the triangle. 
The two angles will either be 
both adjacent to the given side, 
or one will be adjacent, and the 
other opposite : in the latter case 

And the third angle (peob. 7), -L> J^ 

ajid the two adjacent angles will be known. Then draw 
the straight line DE, and make it equal to the given side; 
at the point D, make an angle EDF, equal to one of the 
adjacent angles, and at E, an angle DEG equal to the 
uther ; the two lines DF, FG, will intersect each other in 
K; and DFH will be the triangle required (b. l, p. 6), 

PROBLEM X. 

The three sides of a triangle ieing given, to c<mstriict the triangle. 

Let A, B, and G, denote the three given sides. 

Draw DE, and make it equal 
to the side A ; from the point D 
as a centre, with a radius equal 
lo the second side B, describe an 

ai'c ; from ^ as a centre, with a -..^ , 

radius equal to the third side 0, C' ' 

describe another arc intersecting the former in F; ilrav/ 
DF, EF] and DEF will be the triangle required (b. !., i*. 10). 
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SrJiDHiim, If one of the sides were gi'eater than tJie 
Bum cf the other two, the ares would not inteiaect each 
other, f(»r no such triangle could exist (b. i., p. 7): but the 
solution will always be possible, when the sum of each two 
of the lines, is greater than the third. 




PEOBLEM ■ XL 

IW sides of a triangle, and the angle opposite one of iliem, 
heing given, to construct the triangle. 

Let A and B he the given sides, and the given angle. 
There are two cases. 

First, When the angle (7 is 
a right angle, or when it is ob- 
tuse. Draw DF and mate the 
angle FD1S=C; take DF=A : 
from the point ^ as a eentre, 
with a radii^ equal to the given 
side £, describe an are cutting 
DF in F; draw FF; then DFF 
wiU be the triangle required. 5 F 

In this case, the side B must 
be greater than A ; for the angle C being a right angle, or 
an obtuse angle, is the greatest angle of the triangle (b. l, 
p. 25, C. 3), and the side opposite to it must, therefore, also 
be the greatest (b. i., p. 13). 

Secondly. If the angle is 
acute, and B greater than A, the 
same construction ivill again ap- 
ply, and DUF will be the trian- 
gle required. 

But if the angle C is acute, 
and the side B less than A, then 
the arc described from the centre 
E, with the radius EF--B, will 
cut the side DF in two points 
F and C, lying on the same side 
of D : hence, there will be two 

triangles DFF, DEG, either of which wlII satisfy all tiie 
conditions of the problem. 
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ScJiolmm. If the arc deaoriTjed with E as s. centre, should 
be tangent to the line DG, the triangle wonld be right 
angled, and there woiild be but one solution. The pro- 
blem will be impossible in all cases, when the side B la leas 
flian the perpendicular let fall from JiJ on the line DF. 

PROBLEM XII. 

T/ie adjaeerd sides of a paralhhgro/m and their included anyln 
being given, to construct the parallelogram. 

Let A and B be the given sides, and G the given angla 

Draw the line DH, and 

Jay off DE equal to A: at - ^ - - — ^=4^ 

the point D, make the angle / / 

EDF=C; U\%1)F=B; A&s- / / 

cribe two .arcs, the one from D ' — - — — —^ ^-H 

-f as a centre, with a radius ^ ^ / 

FG=DE, the other from E ^^ ^ [G 

as a centre, with a radius EG 

=DF \ to the point (?, where these arcs intersect each other, 

draw FQ, EQ ; DEGF will be the parallelogram required. 

For, .the opposite sides are equal, by conatruution ; 
hence, the ligure is a parallelogram (b. I., p. 29); and it is 
formed with the given sides and the given angle. 

Con If the given angle is a right angle, the figure will 
be a rectangle ; if, in addition to this, the sides are equal, 
it will be a square. 

PEOBLEM Xin. 
To find the centre of a given circle or arc 
Take three points. A, B, _ 

C, anywhere in the circum- 
ference, or in the arc ; draw 
AB, BO, or suppose them to 
be drawn; bisect these two 
lines by the perpendiculars 
DE, EG (PEOB. 1) : the point 
0, where these perpendicu- 
lars meet, will be the centre 
sought (p. 6, s). 
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Scholium. The same construction serves for makiag a 
circumference pass through three given points A, B, C; 
and also for describing a circumference, which shall cir- 
cumscribe a given triangle ABO. 



TKOBLEM SIV. 



Through a given ;[ioi'nt, to draw a tangent to a given, circle. 

Let A be the given point, and G the centre of the 
given circle. 



If the given point A lies in the 
circumference, draw the radius OA, and 
erect AD perpendicular \o it : AD will 
be the tangent required {p. 0). 

If the point A lies without the cir- 
cle, join A and the centre, by the 
straight line CA : bisect CA in ; 
from as a centre, with the radius 
00, describe a circumference intersect- 
ing the given circumference in B ; 
draw AB : this will be the tangent 
required. 

For, drawing OB, the angle OBA 
being inscribed in -a Semicircle is a 
right a,ngie (p. 18, C. 2) ; therefore, AB i 
the extremity of the radius OB ; hence, it is a tangent (p. 9). 

Scholium 1. "When the point A lies without the circle, 
there will be two ec[ual tangents, AB, AD, passing thrbugK 
the point A : for, there will be two right-angled triangles, 
OBA, CDA, having the hypothenuse CA common, and the 
aide OB — OD; hence, there will be two equal tangents, 
AB, A D. The angles GAD, CAB, are also equal (b. 1., p. 17> 

Scholium 2. As there can be but one line bisecting the 
angle BAD, it follows, that the line which bisects the angle 
formed by two tangents, must pass through the centre of 
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PROBLEM XV. 
7b iriscribe a circle in a given 

Let ABO be the given triangle. 

Bisect the angles A and B, b 

bj the lines A and BO, 
meeting in the point (prob, 
5); from the point 0, let fall 
the perpendiculars OB, OB, OF 
(PEOB. S), on the three sides of 
the triangle : these perpendie- 
ulars will all be equal. 

Foi-, by construction, we hav« the angle BA 0= OAF, 
the right angle ABO=AFO ; hence, the third angle AOB 
is equal to' the third AOF (b, I., P,25, c. 2). Moreover, 
the side ^ is common to the two triangles A OB, A OF ; 
and the angles adjacent to the equal side are equal : hence, 
the triangles themselves are equal (b. i., p. 6); and BO ia 
eqnal to OF. In the same manner it may be shown that 
the two triangles BOB, BOB, are equal ; therefore OB is 
equal to OB; hence, the three perpendiculars OB, OB, OF, 
are all equal. 

Now, if from the point as a centre, with the radius 
OB, a circle be described, this circle will be inscribed in 
the triangle ABO (d. 11} ; for, the side AB, being perpen- 
dicular to the radius at its extremity, ia a tangent (p. 9); 
and the same thing" is true of the sides BO, A G. 

&holium. The three lines which bisect the three angles 
of a triangle meet in the same point. 



PROBLEM XVI. 

On a given straight line to constnct a segment that sJiall contain 
a given angle; that is to say, a segment such, thai any 
angle inscribed in it shall he equal to a given angle. 

Let AB be the giveu straight hne, and G the giren an^ 




Produce AB towards D. At tKe point B, make tlie 
angle DBB=G\ draw BO perpendicular to BE, and at 
the mii^le point (?, draw QO perpendicular to AB: from 
tLe point 0, where these perpendiculars meet, aa a centre, 
with the distance OB, describe a circumference : tlie ro- 
quired segment will be AMB. 

For, since BF is perpendicular to the radius OB at it3 
extremity, it is a tangent (p. 9), and the angle ABF ia 
measured by half the arc AKB (p. 21). Also, the angle 
AMB, being an inscribed angle, is measured by half the 
are AKB (p. 18) : hence, we have AMB=ABF=BBD=G: 
hence, any angle inscribed in the segment AMB is equal 
to the given angle C. 

Sc/wliutn, If the given angle were a , right an^e, the 
required segment would be a semicircle described on AB as 
a diameter. 



PEOBLEM XVII, 



Hieo angles being given, to find iheir common measure, ^ Oteg 
have one, and by means of it, their ratio in numbers. 



Let OAB and FBFhe the given angles. With A and B 
ij and with equal radii » 



; the arcs CB, EF, to 
serve as measures for the angles. 
Afterwards, proceed in the com- 
parison of the ares CD, EF, in 
the same manner as in the 
comparison of two straight lines (b, II,, D, 4) ; since an arc 
may be cut off from an arc of the same radius, as a. straight 
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line from a straight line. We 
eliall thus arrive at the com- 
mon measure of the arcs GD, 
BF, if they have one, and 
thereby at their ratio in num- 
bers. This ratio will be the 
same as that of the given angles (P. 17); and i? DO is the 
common measure of the arcs, the angle DAO will be that 
of the angles. 

Scholium. According to this method, t'ne absolute value 
of an angle may be found by comparing the arc which 
measures it, with a quarter circumference. For example, if a 
quarter circumference is to the arc OD as 3 to 1, then, 
the angle A will be j of one right angle, or y^ of four 
right angles. 

It may happen, that the arcs compared have no 
common measure ; in which case, the numerical ratios of 
the angles will only be found approximativcly with more 
or less correctness, according as the operation is continued 
& greater or less number of times. 
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PKOPORTIONS OF FIGUliES— MEASUREMENT OF AREAS 



DEFIKITIONS. 

1. Similar Polygons are tliosewbieii are mutually equi- 
angular (b, 1., D. 22), and have their sides about the equal 
angles, taken in the same order, proportional. 

2. In polygons whieh arc mutually equiangular, the angles 
which are equal, each to each, are called hoynologovs angles : 
and the sides which are like situated, in respect to the 
equal angles, are called homologous aides. 

3. Area, denotes the superficial contents of a figure. 
The area of a figure is expressed numerically by the num- 
ber of times which the figare contains some other figure 
regarded as a unit of measure. 

4. EQu:VAt,ENT PisuRES are those which have equal 
areas. The term equal, when applied to quantity in gen- 
eral, denotes' an equality of measures; but when applied 
to geometrical figures it denotes an equality in every re- 
spect; and such flgiu-es when applied the one to the other, 
coincide in all their parts (a. 14), The term equivahnt, 
denotes an equality in one respect only; viz.: an equality 
between the measures of figures. The sign o, denotes 
equivalency, and is read, is equivahnt to. 

5. Two sides of a polygon are said to be recip'<vcaUy 
proportk/nal to two sides of another, when one of the sides 
of the first is to one of the sides of the Becond, as the 
remaining side of the second is to the remaining side of 
the first. 
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6. . Similar Arcs, Sectors, or, Segments, are 
which in different circles, correspond to equal angles 
centre. 

Thus, if the angles A and are A 

equal, the arc £FG will be similar to 
DGE, the sector BAO to the sector 
DOE, and the segment BGF, to the 
segment DEG. 

7. The Altitude of a triangle is the 
perpendicular let fall from the vertex of 
an angle on the opposite side, or on that 
fflde produced : such side ia then called 
a. hose, 

8. The altilmle of a parallelogram 
is the perpendicular distance between 
two opposite sides. These sides are 
called bases. 

9. The altitttde of a trapezoid is the 
perpendicular distance between its two 



those, 
at the 



LIA 



PEOPOSITION I. THEOEEM. 

ParaUfhgrams which have equal bases and equal altiludes, art 
equivalent. 

Since the two parallelograms have equal bases, those 
bases may be placed the one on the other. Therefore, let 
AB be the common base of the two parallelograms ABOD, 
ABEF, which have the same altitude: then will they be 
equivalent. 

Eor, in the parallelogram D OF E D F " 
ABGD, we have 
AB=J)G,aTidAD=BO{B.i 
and in the parallelogram ABEF, 
we have, 

AB=EF, and AF=BE: 
hence, DG=EF (a. 1). 

Now, if from the line DE, we take away DC, there will 
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remain CB\ and if from the same line we c^Jre away EF, 
there will remain DF\ 
hence, CE=DF (a. 3) ; 

therefore, the triangles ADF and BCE ar, mutually equi- 
lateral, and consequently, equal (b. i., p. ICi, 

But if from the quadrilateral ABED, \fo take away the 
triangle AJJF, there will remain the parallelogram ABEF; 
and if from tho aanie quadrilateral, we take away the equal 
triangle BGE, there will remain the paralielogi<inr ABCD. 
Hence, any two parallelograms, which have eo'w.' oases and 
equal altitudes, are equivalent, 

SdtoliuTn. Since tlie rectangle and squart. .ire parallel' 
grama (b. i., d. 25), it follows that either is equivalent U 
any parallelogram having an equal base and an equal 
altitude. And generally, whatever property ia proved as 
belonging to a parallelogram, belongs equally to every 
variety of parallelogram. 

PKOPOSITIOK II. THEOREM, 
If a triangle and a parallelogram have equal bases and equal 
altitudes, Ifie trtangh will he equivalent to half the par- 
allelogram. 

Place the base of the triangle on that of the parallelo- 
gram ABFD: then will they have a common base AB. 

Now, since tiie triangle and the u F E 

parallelogram have equal altitudes, 
the vertex (7, of the triangle, wiU 
be in the upper base of the par- 
allelogram, or in that base pro- 
longed (b. I., P. 23). Through A, draw AE parallel to BG. 
forming the parallelogram ABOE. 

Now, the parallelograms ABFD, ABGE, arc equivalent, 
having the same base and the same altitude (p. 1). But the 
triangle ASfis half the parallelogram BE{s. i., p. 28, c. 1): 
therefore, it is equivalent to half the parallelogram BD 
(A. 7). 

Got. All triangles vrhicli have equal bases and equal 
altitudes are equivalent, being halves of equivalent paral- 
lelograms. 
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PROPOSITION in. THEOEEM. 
2W rectangles having equal altitudes are to each other as their 



itanglea having the com- 
ch other as iheir bases 













! 
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E 


B 



Let ABCD, AEFD, be two re 
mon altitude ADi they are to e 
AB, AM 

Mrst. Suppose that the bases 
are commenaurable, and are to 
each other, for example, as the 
numbers 7 and 4. If AB be di- 
vided into 7 equal parts, AE 
will contain i of those parts. At each point of division 
erect a perpendicular to the base ; seven partial rectangles 
will thus be formed, all equal to each other, because tney 
liave equal bases and the same altitude (p. 1, s). The rec- 
tangle ABGD will contain seven partial rectangles, while 
AEFD will contain four: hence, the rectangle 

ABGD : AEFD :: 7 : 4, or as A5 : AE. 
The same reasoning may be applied to any other ratio 
equally with that of 7 to i: hence, whatever be the ratio, 
we have, when its terms are commenaurable, 

ABOD : AEFD : : AB : AE. 

Second. Suppose that the bases AB, D FK C 

AE, are incommensurable: we shall still 
have 

ABOD : AEFD :: AB : AE. 

For, if the xectangles are not to each 
other in the ratio of AB to AE, they are to each other in 
a ratio greater or 
greater or 



that 
than AE. 
that we have 

ABGD : AEFD 



EIOB 



the fourth term must be 
it to be greater, and 



AB 



AO. 



Suppose AB divided into equal parts, each less than EO. 
There will be at least one point / of division, between E 
and 0: from this point draw IK perpendicular to AI, 
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forming the new rectangle AK: then, sinoe the bases AR, 
AT, are commensurable, we have, 

ABGJ) : AIKD : : AB •: AL 
But by hypothesis we have 

ABCD : AEFD : : AB : AO. 

In these two proportions the antecedents are equal; 
hence, the consequents are proportional {b. ii., p. 4), that is, 
AIKD ; AEFD : : AI : AO. 

But AO is greater than AI; which requires that the 
rectangle AEFD be gj'cater than AIKD : on the contrary, 
however, it is less {a. 8); hence, the proportion is not true; 
therefore ABOD cannot be to AEFD, as AB is to a line 
greater than AE. 

In the same manner, it may be shown that the fourth 
term of the proportion cannot be less than AE\ therefore, 
being neither greater nor less, it is equal to AE. Hence, 
any two rectangles having equal altitudes, are to each other 
as their bases. 

PEOPOSITION IV. THEOREM. 

Any two rectangles are to each other as tlie products of their 
hoses and altitudes. 

Let ABOD, AE&F, bo two rectangles; then will the 
rectangle, 

ABOD : AEGF :: ABxAD : AExAF. 

Having placed the two rect- 
angles, so that the angles at A 
are opposite, produce the sides 
OE, OD, till they meet in K 
Then, the two rectangles ABCD, 
AEHD, laving the same altitude " 
AD, are to each other as their basea AB, AE: in Hke 
manner the two rectangles AEHD, AEGF, having the same 
altitude AE, are to each other as their bases AD, AF- 
thus we have, 

ABCD : AEHD : : AB : AE, 
AEHD : AEGF : : AD : AF. 
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Multiplying the corresponding terms of these propor- 
tions together (b, ii., p. 13), and omitting the factor ABHI>, 
which is common to both the antecedent and consequent 
(b. n., P. 7), we have 

ABOD : AMGF : : ABxAD : ABxAF, 

Scholmm 1. If we take a line of a given length, as one 
inch, one foot, one yard,' &c., and regard it as the linear 
unit of measure, and find how many times this unit is 
contained in the base of any rectangle, and also, how many 
times it is contained in the altitude : then, the product of 
these two ratios may he asSimied as the measure of the 



3 
















1 


3 
















_]_ 


1 


S 


3 


4 


6 


6 


7 


8 


9~|To 



For example, if the base 
of the rectangle A contains 
ten units and its altitude three, 
the rectangle will be repre- 
sented by the number 10x3 

=30 ; a number which is entirely abstract, so long as we 
regard the numbers 10 and 3 as ratios. 

But if we assume the square constructed on the linear 
unit, as the unit of surface, then, the product will give 
the number of superficial units in the surface ; because, for 
one unit in height, there are as many superficial units as 
there are linear unite in the base; for two units in height, 
twice as many ; for three units in height, three times as 
many, &o. 

In this case, the measurement which before was merely 
relative, becomes absolute : the number SO, for example, 
by which the rectangle was measured, now represents 30 
Buperficial units, or 30 of those equal squares described on 
the unit of linear measure : this is called the Area or Contents 
of the rectangle. 

Scholium 2. In geometry, the product of two lines fre- 
quently means the same thing as their reclangh, ' and this 
expression has passed into arithmetic, where it serves to 
designate the product of two unequal numbers. The term 
square is employed to desiguate the product of a number 
multiphed by itself. 
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The scLuares of tlie numbers 1, 2, 3, 
&o are 1, 4, 9, &c. So likewise, the 
ge' netrical squai^e constructed on a 
do; b]e line is evidently four times as 
great as the square on a single one; on 
a triple line it is nine tunes as great, 



PEOPOSITION V. THEOEEM. 

The area of a ^arallehgram is equal to tlie product of its base 
and altitude. 

Let ABOD he any parallelogram, and BU its altitude: 
then will its area be equal to ABxBK Draw BJS ^j- 
peudicular to AB, and complete the rectangle ABEF. 

The parallelogram ABOD is equiv- ■"■-■" 
alent to the rectangle ABEF (p.l.s.); 
but this rectangle is measured by ABx 
BE (P. 4, s. 1); therefore, ABx BE is 
equal to the area of the parallelogram ABOD. 

Oor. Parallelograms of equal bases are to each other as 
their altitudes ; and parallelograms of equal altitudes are to 
each other as their bases. For, let and D denote the 
altitudes of two parallelograms, and B the base of each: 
then, BxO : BxD : : : i) (b. ii., P. 7). 
If A and B are the bases, and the altitude of each, we 
ghall have, 

AXO : BxO :: A : B: 
and parallelograms, generally, are to each other as the pro- 
ducts of their bases and altitudes. 

PEOPOSITION V!. THEOREM. 

The area of a triangle is equal to half the product of its hose 
avd altitude. 

Let BAO be a triangle, and AD perpendicular to the 
bose: then will its area be equal to one-half of BOxAD, 

H,.,si,..,ib,.CoogIc 
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For, draw OH parallel to BA, and 
AE parallel to BO, completiog the par- 
allelogram BE. Then, the triangle ABO 
is half the parallelogram ABOE, which 
has the same hase BO, and the same ~ 
altitude AD (p. 2) ; but the area of the parallelogram Ls 
eq^iial to BOxAD (p. 5); hence, that of the triangle must 
be \BGxAD, or BGx\AD. 

Oor. Two triangles of equal altitudes are to each other 
as their bases, and two triangles of equal bases are to each 
other aa their altitudes. And triangles generally, are to 
each other, as the products' of their bases and altitudes. 

PKOPOSITION VH. TIIEOEEM, 

The area of a trapezoid is equal to the product of its altitude,- 
hy half the sum of its parallel sides. 

Let ABOD be a trapezoid, £!F its altitude, AB and 01) 
its parallel bases: then will its area be equal to BFx 
^AB + CBj. 

Through I, the middle point of the D E 

side BO, draw KL parallel to the op- 
posite side AI); and produce BO till 
it meets KL. 

In the triangles IBB, lOK, we have 
the side IB =10, by construction; the angle LIB~CIK 
(b. I., P. 4) ; and since OK and BL are parallel, the angle 
IBL=IGK (b. I., p. 20, c. 2) ; hence, the trianglts are equal 
(b. I., p. 6) ; therefore, the trapezoid ABOD is equivalent to 
the parallelogram ALKD, and consequently, is measured by 
EFxAL (p. 5). 

But we have AL=DK\ and since the triangles IBL 
and KOI are equal, the side BL=OK: hence AB+GD= 
AB+DK—^AL; hence, AL is the half sum of the bases 
AB, CD ; hence, the area of the trapezoid ABGD, is equal 
to the altitude EF multiplied by the half sum of the bases 
AB, CD, a result which is expressed thus: 

AB + OD 
ABOD^EFx^^^^- 



A 
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Sdiolium. If througii I, the middle point of BO, the 
line IH be drawn parallel to the basa AB, it will bisect 
AD at H. For, since the figure ALIH is a parallelogrEwn, 
as also, HIKD, their opposite sides are parallel, and we 
have AH^IL, and DH=IK; but since the triangles LBI, 
IKQ, are equal, we have IL=IK; therefore, J.fi"=_a'a 

But since ihe hne MI^AL, it is also equal to — ■■ ■ - ■ ; 

hence, the axfia of the trapezoid may also be expressed 
by EFxHI] consequently, the area of a trapezoid is etpial 
to its altitude inuUiplied by the line which connects the' miiMU 
points of its i 



FKOPOSITION Vni. THEOEEM. 



The square described on the sum of two lines is equivalent ft 
the sum of the squares described on the lines, together tmth 
twice the rectangle contained by the lines. 



Let AB, BO, 
then 



any two lines, and AO ticir ; 



AO or {AB-\-BC)OAB + BG^ 4 'AABx BO. 

On AO describe the square AGDE; take AF=AB; 
draw FQ parallel to ^C^ and BS parallel \/a AE. 

The square ACDE is made up of 
four parts ; the first ABIF is the square 
described on AB, since we made AF = 
AB : the second lODH is the square 
described on 10, or BO; for, since we 
have AG=AE and AB=AF, the dif- 
ference, AO—AB must be equal to the 
difference AE~AF, which gives BG = EF; but 10 is 
equal to BO, and DO to EF, because of the parallels; 
therefore, JGDH is equal to a square described on BG. 
Now, if these two squares be taken away from the largt- 
square, there will remain the two rectangles BuOI, 
FIHE, each of which is measured by ABxBC: hence, 
ihe square on the sum of two lines is equivalent to 



; 
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tJie sum of the squares on the lines, together with twice 
the rectangle contained hy the lines, 

Cbr. If the line AG were divided into two equal parts, 
the two rectangles I'M, BG, would become squares, and the 
square described on the whole line would be equivalent to 
four timea the square described on half the hue. 

Scholium. This property is the same as the property 
demonstrated in algebra, in obtaining the square of a 
binon Jal ; whicH is expressed thus : 



PROPOSITION IX. THEOEEM. 

The sqieuie described on the difference of tvx) lines, is eguivakni 
to the sum of the squares described on the lines, dim/inished 
hy twice the rectangle contained by the lines. 

Let AB, BO, be two lines, and AO their difference; 

then, AC^, or {AB-BCfo'Ajf+BG''-2ABxBG. 

On AB describe the square ABIF; 
taJo! AB=AG; through C draw CO 
parallel to BI, and through E draw 
EH parallel to AB, and prolong it 
to K, making EK=GB, and then 
complete the square KEFL. 

Since KD^AB, and BG=KL, the "^ ^ " 

two rectangles GI, KQ-, are each measured by ABxBG: 
the whole figure ABILKEA, is equivalent to AB'-\-BG ; 
take from each the t\wo rectangles GI, KG, and there will 
remain the square ACDE, equivalent to AB +BC dimin- 
ished by twice the rectangle of ABxBG. 



1 






b 


D 





S'^holium. This property is expressed by the algebraical 
mula. 
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formula, 
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PROPOSITION X. THEOEEM, 



The rectmigle contained hy tJie sum and the difference o 
lines, is equivaJ^tit to the difference of ihdr squares. 

Let AB, BO, be two lines ; then 



{AB+BC)X{AB~BC}< 
Upon AB and AG, describe the 
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squares ABIF, AGDE; prolong AB 
till BK is equal to BG; and com- 
plete the rectangle AKLE, and pro- 
long GB to (?. 

The base AK of the rectangle 
AL is the sum of the two lines AB 
BG; and its altitude AE is their difference; therefore, the 
rectangle AKLE is equivalent to 

{AB+BG)x{AB~BO). 

Again, BHIG is equal to a square described on CB ; 
and since BH is equal to ED, and BK to EF, the rect- 
angle BL is equal to the rectangle EG : hence, the rect- 
angle AKLE is equivalent to ABHE plus ED6F, which 
is precisely the difference between the two squares AI and 
Z)/ described on the lines AB, GB: hence, we have {A.I.), 
{AB-\-BG)x{AB-BG)oAB'-B<f. 

Scholium. Thia property la expressed by the algebraical 
formula, 

{a+h)X{a-b)=a^-V>. 



PROPOSITION XI. THEOKEM. 

Tk6 square described on the hypotliemise of a right-angled tri 
angle is equivalent to the sum of Hie squares described on tks 
other two sides. 

Let BOA be a right-angled triangle, right-angled at A : 
then will the square described on the hypothenuse BO be 
equivalent to the sum of the squares described on the other 
two sides, BA, AG. 
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Having described a square 
on each of the three sides. 
let fall from A, on the hy- 
potheiiuse, the . perpendicular 
AD, and prolong it to £"; 
and draw the diagonals AF, 
Off. 

The angle ABF is made 
up of the angle ABO, to- 
gether with the right angle 
CBF; the angle GBEis made 
up of the same angle ABO, 
together with the right-angle ABH; hence, the angle ABF ia 
equal to HBC (a. 2). But we have AB=BB, being sides of 
the same square ; and BF~BO, for the same reason : there- 
fore, the triangles ABF, HBO, have two sides and the in- 
cluded angle equal, each to each ; therefore, they are them- 
selves equal (b. i., p. 5). 

But the triangle ABF is equivalent to half the rectangle 
BE, because they have the same base BF, and the same 
altitude BD (p. 2). The triangle HBO^ in like manner is 
equivalent* to half the square AH: for, the angles BAO, 
BAL, being both right angles, AO and AL form one and 
the same straight line parallel to HB (b. i., p. 3) ; hence, 
the triangle and square have equal altitudes (b. i., p. 23) ; 
they also have the common base BM; consequently, the 
triangle ia half the square (p. 2). 

The triangle ABF has already been proved equal to the 
triangle HBC; hence, the rectangle BDEF, which ia double 
the triangle ABF, must be equivalent to the square AH, 
which is double the equal triangle HBO. In the same 
manner it may bS proved, that the rectangle EGOD is equiva- 
lent to the square ^Z But the two veotungles FFBB, EG CD, 
■token together, make up the square FGCB: therefore, the 
square FQCB, described on the hypoihenuse, is equivalent 
to the sum of the squares BALH, OIKA, descrihed on the 
two other aides ; that is. 



iiC^ 



^AB'-i-AG-. 



Cor. 1. Hence, the square of one of the aides of a right 
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angled ti'iangle is equivalent to the square of the hypothe- 
aiiae diminiidied by the square of the other side ; thus, 

Cor. 2. If from the vertex of the right angle, a perpen- 
dicular be let fall on the hypothenuse, the parts of thu 
hypoth&nnse are called segments: we shall theii have, 

The square of the hypotJienuse is to the square of either side 
about the right angle, as t/te hypotheimse to the segment adjaixnt 
to that side. 

For, by reason of the common altitude BF^ the squai-c 
BG is to the rectangle BE, as BC .to BD (f. 3) : but the 
square BL is equivalent to the rectangle BE: hence 



BG' 



BA 



BG 



BD. 



We may show, in like manner, that 

BO'' : A<f :: BG : DO. 

(hr. 3. The squares of the two sides ccmtaimng the right 
angk, are to each other as the adjaixnt segments of the hypoihe- 
rntse. 

For, the rectangles BDEF, DCGE, having ,the same 
altitude, are to each other as their bases BD, CD (p 3). 
But these rectangles are equivalent to the squares Aff, AI' 
therefore, we have 



AB' 



AO" 



BD 



DC. 



Cor. i. The square described on the diagonal of a given square 
is equivalent to double the given square. 

Let ABGD be a square described on 
AB, and EFQH a square described on 
the diagonal AG. The triangle ABC 
being right-angled and isosceles, we shall 
have 



r p o 



H(;TK;e, the square on ik.^ diaqonal i 
square on the side. 



equivalent to double the 
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(hr. 5. By tlie last corollary, we hare 
la' : ZB* :: 2 : 1; 
hence, by extracting the square root (b. ii., p. !£, c), 

AC : A£ V^ : 1: 
fihat is, the diagonal of a square is to the side as the s 
root of two to one : consequently, the diagonal and side of a 
eqmre 



in incoramensurable. 



PROPOSITION xn. 

In any triangle, the square of a side o^osite an acute ai 
equivalent io Hie sum of the squares of the base at 
other side, diminished by tioice the rectangle contained 
hose and the distance from the vertex of the actite ai 
ihe foot of the ^>erpendicular hi fall from the vertex 
opposite angle on the base, o) 



Let ABC be a triangle, C one of the acute 
AD perpendicular to the base BC; then will 

I^^>BC'+A0'-2B0X CD. 
First. When the perpendicular falls 
within the triangle ABC, we have BD— 
SC—CD, and consequently, 

BD'^C^BC^+GD^-2BCx CD (p. 0). 
Adding AIT to each, and observing that 
the right-angled triangles ABD, ADC, 

give AD'+Blf'^AB^, and AI>^+W=o=AC^, 
we have A^^z>-BC'+AC'~2BCxCD. 

Secondly. When the perpendicular AD 
feUs without the triangle ABC, we have 
BD=CD—BO', and consequently, 

Sffo GD'+Ba'-2CDxB0 {p. 9). 

Adding Am to both, we find, as before, 

AB^^:;>^Wi'-AG'-2£Cx CD. 



id the 
by the 
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PROPOSITION Sin. THEOREM. 

Si any obiuse-aTigled triangle, the square of the side opposite the 
obtuse angle is equivalent to the sum of the squares of the 
base and the other side, augmented by twice tlie rectangle 
contained by the base md the distance from the vertex of the 
oituse angle to the foot of t/ie perpendicular let fall from the 
vertex of the opposite angle on the base produced. 

Let AOB be a triangle, C the obtuse angle, and AD 
perpendicular to £G produced; tlien 

Ib'=oA0''+BG^+2BGx CD. 
For, we have, BD=BG+CD; 
consequently (p. 8), 

BZ^O 5C^+ CB'+2BGx CD. 

Adding AD^ to both members, and reducing as in the last 
theorem, and we have 

Xs^oS^V J^''+2.B(7X GD. 

Sc/iolium. The right-angled triangle is the only one in 
which the sum of the squares described on two sides is 
equivalent to the square described on the third ; for, if the 
angle contained by the two sides is acute, the sum of theii 
equares is greater than the square of the opposite aide ; if 
obtuse, it is less. 



PROPOSITION XIV, THEOREM. 

.El any triangle, the sum of the squares described on two stdea 
is equivalent to twice the square of half the third side, plvs 
twice the square of the line dravm from ifie middle point cf 
thai side h the vertex of the opposite angle. 

Let ABO be any triangle, and AE a hne drawn to tho 
middle of the base BG; then 



AB +A 0^o2BW+2AB\ 
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For, on BV, let fall tlie perpendic- 
ular AD. Then, 

A^'C^AS^+W'-2E0xUR (p. 12). 

And, 

AB^oAE^~[-EB''-\-%EBxIID (p. 13). 

Hence, by adding and observing that JEB and EG are 
equal, we have 

(hr. 1. In any quadrilateral, the sum of the squares of the 
/our sides is equivalent to tJie sum of the squares of the two 
diagonals, plus four times the square of the line joining the 
middle points of the diagonals. 

Let ABGD be a quadrilateral, AG, 
BJ), the diagonals, and EF a ^line join- 
ing their middle points E and E. 
From the theorem, we have 
GD''+CB'o^Br'+2GF', 
IH^+JB^^^^BF^+^AJ^ '■ 
aiid from the same theoiem, by multiplying' by 2, 

2W+2Ar'^0'4lE''+'iW^ : 
hence, by addition, 

i0+CB^+AD''-i-AB^'<^iBF^+4:lE''+4:EF^ : 
whence (r. 8, c), 

CD*+ OB'+A^+AB^.^m/'-i-AG'+i EE\ 

Cor. 2. In the ease of the parallelogram the points E and 
F will coincide, and the sum of the squares described on the 
Bides will be equivalent to the sum of the squares describ- 
ed on the c 
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TEOfOSITION XV. THEOliEM, 

(?J Wi any triangle, a line he drawn parallel to the base, U 
will divide the two ot/iet sides ^proportionally. 

Let ABC be a triangle, and DJE a straight line drawi; 
parallel to the base BO] then 

AD : DB :: AE ; SO. 
Draw tlie lines BE and CD. Then, 
the triangles ADE, BDE, having a 
common vertex, E, have the same alti- 
tude, and are to each other as their 
bases (p. 6, C.) ; hence we have 
ADE : BDE : : AD : DB. 
The triangles ADE, DEC, with a B (J 

common vertex D, also havo the same altitude, and are tcj 
each other as their bases ; hence, 

ADE : DEC : : AE : EC. 
But the triangles BDE, DEO, are equivalent, having the 
same base DM, and their vertices B and C in a line paral- 
lel to the base : and therefore, we have (b. II., V. i, c.) 
AD : DB '.: AE : EO. 
Cor. 1. Hence, by composition, we have (b. ii., p. 6), 
AD-\-DB :AD:: AE+EC : AE, or AB : AD:: AC: AE; 
and also, AB : BD : : AC : CE. 

Oor. 2. If any number of parallels AO, EF, OH, BD, 
be drawn between two straight lines AB, CD, those 
straight lines will be cut proportionally, and we shall have 
AE : CF :: EG : FH I QB : HD. 
For, let be the point where AB q 

and CD meet. In the triangle OEF, 
the line AO being drawn parallel to 
the base EF, we shall have 

OE : AE :: OF : OF. 
In the triangle OGH, we shall like- 
wise have 

OE : EG :: OF : FH. 
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And, by reason of the common ante- 
cedents OE, OF (b. n., p. 4), we have 

AB : GF :: S& : FS. 
It may be proved in the as 



EG : FH :: GB : ED, 

and so on ; hence, the lines AB, GD, 
are cut proportionally by the parallels 
AG, EF, GH, &G. 




PROPOSITION XVI. THEOEEM, 

If two sides of a triangle are cut proportionally hy a straight 
line, tfiis straight line will be parallel to the third side. 

In the .triangle BA C, let the line DE be drawn, cutting 
the sides BA and GA proportionally in the points ]) and E; 
that is, so that 

BD : DA :: OF : FA: 
then will DF bo parallel to BG. 

Having drawn the lines BE and ^ 

DG, we have (p. 6, c), 

BDE : EAE :: BD : DA, 
DEG : DAE :: GE : EAi 
but, by hypothesis, 

BD : DA :: GF : FA: 
Itence (b. IL, p. 4, c), B C 

BDE : DAF : : BEG : DAE, 
and since BDE and DEG have the same ratio to DFA, 
they have the same area, and hence are equivalent (d. 4). 
They also have a common base DE; hence, they have the 
same altitude (p. 6,, c.) ; and consequently, their vertices / 
and G lie in a parallel to the base DE (b. i., p. 23) : her 
DE is parallel to BG. 
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rBlPOSITION XVU. THEOREM. 

Tlie line which bisects tlie verUcal angle of a triangk, divides 
the base into two segments, which are proportional to the 
adjac^t sides. 

In the triangle ACB, let AD be drawn, bisecting the 
angle CAB; then 

BD : CD :: AB .: AG. 

Through the point G draw j. 
GE parallel to AD, and prolong \n, 
it till it meets BA produced in M. 

In the triangle BGE, the line 
AD is parallel to the base GE\ 
hence, we have the proportion 
(P. 15), 
BD : DC :: BA : AM *^ ^ ^ 

But the triangle ACE is isosceles: for, since AD, OE, 
are parallel, we have the angle AOE=DAG, and the angle 
AEG^^BAD (B. I., P. 20, c. 2, S) ; but, by hypothesis, DAO 
=DAB; hence, the angle ACE=AEG, and consequently, 
AE=AG (b. I-, p. 12). In place of AE in the above pro- 
portion, substitute AC, and we shall have, 
BD : DG :: AB : AG. 

Cor. If the line AD bisects the exterior angle GAE of 
the triangle BAC, we shall have, 

BD : CD : AB : AG. 

For, through draw GF par- 
allel to AD. 

K 

Then, the angle GAD=AGF, 
and,- the angle EAD=AFG; 

hence, (a. 1), the angle A CF=AFG; 
consequently, AF is equal to A G. 

But, since FG is parallel to 
the base AD, 

BD : DO : AB : AF\ 
hence, BD :' DG : AB : AG. 
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PEOFOSITIOR SVIII. THEOIIEM. 




ti'kmgles have their homologous mhs proportiojial, 
and are similar. 

Let SOA and CEO be two eqai- 
angular triangles, having the angle 
BA0=01)E, AB0=J)OJi;, and ACS 
■=DEG ; then, the homologous aides 
will be proportional, viz.: 

BG : OE :: BA : GD :: AC : DE. 

Place the homologous sides BG, OE in the same a 
line; and prolong the sides BA, ED, till they meet in F. 

Since BOE is a straight line, and the angle BOA equal 
to GED, it follows that AG ia parallel to BE (s. i., p. 19, 
C. 2). In hke manner, since the angle ABO is equal to 
DOE, the line AB is parallel ^a DC. Hence, the figure 
ACDF is a parallelogram, and has its opposite sidea ecpmt 
(s. I., P. 28). 

In the triangle .BJE'i'', the line jIC is parallel to the ba^ 
FE-^ hence, wo have (p. 16,) 

BG : GE :: BA : AF- 
or putting CD in the place of its equal AF, 
BO : OE :: BA : OD. 
In the same triangle BEF, GD is parallel to BF\ and 
hence, 

BG \ GE :: FD : BE; 
or putting AO m the place of its equal FD, 
BG : GE :: AG t DK 
And innally, since both these proportions have an ante- 
cedent and consequent common, we have {b. II., P. 4, c), 
BA : GD :: AO : DE. 

Thus, the equiangular triangles CAB, GED, have their 
homologous sides proportional. But two figures are similar 
when they have their angles equal, each to each, and their 
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iea proportional (d. 1, 2); cODsequeDtly, the 
two equiangular triangles BAO,'GMD^ are simCar figures. 

Cor. Two triangles which have two angles of the one 
equal to two angles of the other, each to each, are similar; 
for, the third angles are then equal, and the two triangles are 
equiangular (b. i., p. 25, c. 2). 

Scholium. Observe, that in similar triangles, the homolo- 
gous sides in each are opposite to the equal angles; thus, 
the angle BCA being equal to CED, the side AB is homo- 
logous to DC\ in hke manner AG and DE are homologous, 
because opposite to the equal angles ABC, BGE. 

PKOPOSITiON XIX. THEOREM. 

Conversely: Tiiangl-es which have their homologous sides 
proportional, are mutttally equiangular and similar. 

If, in the two triangles BAG, EDF, we have, 
BG : EF : : BA : ED : : AG : DF; 
then will the triangles BAG, EDF, have their angles equal 
each !■() each, namely, 

^=J9, B^E, C=F. 
At the point E, make the angle ^ D 

FEG=B, and at F, the angle EFG 
= C; ih& third angle Q will then 
be equal to the third angle A (u. 
[., p. 25, C, 2). Therefore, by the 
last theorem, we shall have " "^ G 

BC : EF :: AB : EG: 
but, by hypothesis, we have 

BG : EF :: AB : BE; 
hence, EG=DE. By the same theorem, we shall also have 

BO : EF :: AG : FG; 
and by hypothesis, we have 

BG : EF :: AG : DF; 
tteuce, FG=DF. Hence, the triangles EGF, FED, having 




LOS GEOMETRY, 

tlieir three sides equal, each, to 




ual (b. I., 
p. 10). But, by construction, the 
triangles EOF and ABG are equi- 
angular : heoce, ■ DEF and ABC 
are also equiangular and similar 
(A. 1). 

Sdiolium 1. By the last two propositions, it appears that 
triangles which are equiangular are similar : and conversely : 
if triangles have their sides proportional, they are equiangu- 
lar, and consequently, similar. 

The case is different with regard to flgures of more than 
three sides : even in quadrilaterals, the proportion between 
the sides may be altered without changing the angles, or 
the angles may he changed without altering the proportion 
between the sides. Thus, in quadrilaterals, eqnality between 
the corresponding angles does not insure proportionality 
among the sides: and convei-sely : proportionality among 
the sides does not insure equahty among the corresponding 
angles. It is evident, for example, that 
if in the quadrilateral ABOD, we draw 
EF parallel to BC, the, angles . of the 
quadrilateral AEFD, are made equal to 
those of ABOD ; though the proportion 
between their sides is different; and in 
like manner, without changing the four 
sides AB, BO, OD, AD, we can change the angles by 
making the point B approach to D, or recede from it 

Scholium 2. The two preceding propositions, are in strict- 
ness but one, and these, together with that relating to the 
square of the hypothenuse, are the most important and 
fertile in results of any in geometry. They are almost 
sufficient of themselves for every application to subsequent 
reasoning, and for solving every problem. The reason is, 
that all figures may be divided into triangles, and any tri- 
angle into two right-angled triangles. Thus, the properties 
of triangles include, by implication, those of all figuiep 
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1 angle' of t/ie one equal to an angle 
;& angles pro]3ortional, 



Two truingj£s, which have < 

of the other, and the sidei 

are similar. 

Let ABC, DEF, te two triangles, having the angle A 
equal to D ; then, if 

AB : BE :: AC : DF, 
the two triangles will be similar. 

Make AG=^BF, and draw GR 
parallel to BC. The angle AOM will 
be equal to the angle ABC (b. r., p. 
20, c. 8); and the triangles AGE, 
ABO, will be equiangular: henoe^ we 
shall have, 

AB : AG : AO ': 
But, by hypothesis, we have, 

AB : 'BE :: AO : 
and by constraction, AG~J)F: hence AR=BF. There- 
fore, the two triangles A GH, DFF, have two sides and the 
included angle of the one equal to two sides and the in- 
cluded angle of the other: hence,- they are equal (b. i., P.5); 
but the triangle AGS is similar to ABO: therefore, DEF 
\s also similar to ABO. 




AH. 



DF; 



PKOFOSITION SSI. THEOEEM. 



Two triangles, which have their sides, two and two, eii/ier par- 
allel or perpendicular to each otJter, are similar. 



Let BAG, EDF, be two triangles, having their sides re- 
spectively parallel to each other ; then will they be similac 

F^rsL If the side BA is parallel to 
ED, and BC to EF, the angle ABC 
is equal to DFF (b. l, p. 24) : if GA 
is parallel to ED, the angle BOA 
is equal to EED, and also, BAO to 
EDF; hence, the triangles CBA, 
FED, are equiangular ; consequently 
they are similar (p. 18). 
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Secondly. If tlie side DB is per- 
pendicular to BA, and the side FD 
to GA, the two angles / and H 
of- the quadrilateral DHAI are right 
angles; and since all the four angles 
are together equal to four right ____^_^_ 
angles (b. i., p. 26, b. 1), the remain- B G y^ 

ing two lAH, IDE, are together equal to two right 
angles. But the sum of the angles EDF, IBS, is also equal 
to two right angles (b. i,, p. 1): hence, the angle EDF\s equal 
to lAH, or BAG (a. 3). In like manner, if the third side EF 
is perpendicular to the third side BG, it may be shown 
that the angle DFF is equal to C, and 1)EF to B : hence, 
the triangles ABG, D'EF, which have the sides of the one 
perpendicular to the corresponding sides of the other, are 
equiangular and similar (p. 18). 

Scliolium. In the case of the sides being parallel, the 
homologous sides are the parallel ones : in the case of their 
being perpendicular, the homologous sides are the perpen- 
dicular ones. Thus, in the latter case, BE is homologous 
with BA, DF with AG, and EF with BG. 

The case of the perpendicular sides may present a rela- 
tive position of the two triangles different from that exhi- 
bited in the diagram. But we can always conceive a tri- 
angle FED to be constructed within the triangle ABG, and 
8uch that its sides shall be parallel to those of the triangle 
compared with BAG; and then the demonstration given in 
the text will apply. 



PEOPOSITION SXII. THEOEEM. 

In any trtangU, if a line he drawn parallel fo the hose, o}l 
lines dravm from the vertex will divide the hose and the 
parallel into proportional parts. 

Let BAG be a triangle, I)E parallel to the base BG, 
and the other lines drawn as in the figure; then 

DI : BF :: IK : FG :: KL : QH. 
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For, since DI is parallel to BF, 
the triangles IDA and FBA are 
equiangular ; and we have 

DI : BF :: AI : AF ; 
Rnd, since IK is parallel to FO^ 
we have, in like manner, 

FO; 




H 



IK 



FQ. 



AI : AF :: IK 
hence (b. II., p. 4, C), DI 
In the same manner, we may prove that 

IK : FQ :: KL : OH; 
and so with the other segments: hence, the line DE is 
divided at the points I, K, L, in the same proportion, as 
the base BO is divided, at the points F, G, R. 

Oor. Therefore, if BG were divided into equal parts at 
the points F, G, H, the parallel DF would be divided alao 
Into equiil parts at the points I, K, L. 



PROPOSITION XXm. THEOEEM. 

In a right-angled triangle, if a perpendicular is drawn frmn 
(/ie vertex of the right angle to the hypothenvse. 

1st The triangles on each side of the perpendicular are dmilw 
to the given triangle, and to each other: 

2d. Either side about the right angle is a mean proportional 
between the hypotheivuae and the adjacent segment: 

Set The perpendicular is a mean proportional between the seg- 
ments of the hypothermse. 

Lot BAG be a right-angled triangle, and AD perpeu- 
dicular to the hypothenuse BG. 

First The triangles BAD and A 

BA G have the common angle B, 
the right angle BDA=BAG, and 
therefore, the third angle BAD of 
the one, equal to the third angle 
G of the other (b. i., p. 25, c. 2) ; " 
hen(;e, these two triangles are similar (p. 18). In the same 
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manner it may be shown that the 
triangles DAO sxid, BAG are simi- 
lar ; hence, the three triangles are 
all equiangular and similar. 

Secondly. The triangles BAD, 
BAG, being similar, their homolo- " u y-- 

gous sides are proportional. But BD in the small triangle 
and BA in the large one, are homologous sides, because 
they lie opposite the equal angles BAD, BOA (p. 18, s.) ; the 
hypothenuse BA of the small triangle is homologous with the 
hypothenuse BG of the large triangle: hence, the proportion, 

BD : BA :: BA : BO. 
By the same reasoning we have 

DG : AG :: AO : BG; 
hence, each of the sides AB, AC, is a mean proportional 
between the hypothenuse and the adjacent segment. 

Thirdly. Since the triangles DBA, DAO, are similar, we 
have, by comparing their homologous sides, 

BD : AD :: AD : DG; 
hence, the perpendicular AD is a mean proportional between 
the segments BD, DO, of the hypothenuse. 

Scholium. Since BD : AB : : AB : BG, 

we have (b. ii., p. 1, a), AB^^oBDxBG. 

For a like reason, AC'''<:^DGxBO; 

therehr&,A^-i-Id''oBDxBC+DOxBG=c={BD+DG)X 

BG^<^BGxBC^<^BCf ; 
that is, (he square described on the hypothenuse BG is equiva- 
fen{ to the sum of tJie scares described on the Uoo sides BA, AG. 
Thus, we again arrive at this property of the right-angled 
triangle, and by a path very different from that which for- 
merly conducted us to it: and thus it appears that, strictly 
speaking, this property is a consequence of the more gen- 
eral property, that the sides of equiangular triangles are 
proportional. Thus, the fundamental propositions of geom- 
efjy are reduced, as it were, to this single one, that egm- 
angxdar triangles have their homologous sides proportional 
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It liappens frequently, as in this instance, that by 
deducing consequences from one or more propositions, we 
are led back to some proposition already proved. In fact, 
the chief characteristic of geometrical theorems, and one 
indubitalDle proof of their certainty is, that, however we 
combine them together, provided that our reasoning he- 
correct, the results we obtain always agree with each other. 
The case would be different, if any proposition were ! 
or only approximately true: it would frequently 1 
that on combining the propositions together, the error 
would increase and become perceptible. Examples in which 
the conclusions do not agree with each other, are to be seen 
in all the demonstrations, in which the reducHo ad absurdum 
ia employed. In such demonstrations, if the hypothesis is 
nnti'ue, a train of aecnrate reasoning leads to a manifest 
absurdity : that is, to a conclusion in contradiction to a 
principle previously established : and from this we conclude 
that the hypothesis is false. 

Cor. If from the point A, in the 
circumference of a circle, two chords 
BA, AG, \>Q drawn to the extremi- 
tiea of a diameter BO, the triangle g— _ 
BAG will be right-angled at A (b. 

UI., p. 18, 0. 2) ; hence, first, the perpendicular AD is a mean 
proportional between the tvso segments BD, DG, of the diam^er, 
hence, AM'oBBxDa 

Furthermore, by the proposition, the chord BA is a mean 
prop<yrii(mal between the diameter BO, avd Uie adjacent segment 
BD, that is, 

BA'^:^BCxBD, and AG'^^BOxGD. 

FEOPOSITION XXIV. THEOREM. 

Two triaTigles having an angle in each equal, are to each o&)^ 
as the rectangles of the ivxiuding sides. 

Let ABC, ADE, be two triangles having the equal angles 
At placed, the one on the other ; then the triangle 
ABO : ADE :: ABxAG : ADxAE. 
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Draw BK Then, the trianglea ABB, 
ASS, having the common vertex E, and 
their hases in the same straight Hne, are to 
each other as their bases, (p. 6, c.) that is 

BAE : BAE :: BA : BA. 

In like manner, since £ is a common 
vertex, the triangle 

BAG : BAE :: AG 
Multiply together the corresponding terms of these propor- 
tiona, omitting the common factor ^ji£^; and we have (b. il, 




AE 



BAG : BAB : BAxAG : ADxAE. 

Got. If the two triangles axe equiva- 
lent, we have, 

BAxAG=DAxAE: 
hence (b. ii., p. 2), 

BA : BA : AE : AC: 
consequently, DO and BE are parallel 
(p. 16). 




PEOPOSITION XSV. THEOREM. 

Similar triangles are to each other as the squares described on 
their homohgoiis sides. 

Let ABG, DEF, be two similar triangles, having the 
angle A equal to D, and the angle B=E: then will the 
triangle BAG be to the triangle EDF, as a square describ- 
ed on any side of BAG to a square described on the 
homologous side of EDF. 

First, by i-eason of the equal an- 
gles A and D, we have (p. 24), 
BAG : DBF : : BAxAO : DExBF. 
Also, because the triangles are similar 
(1. 18), 

BA : DE :: AC : DF, 
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And imiltiplyiiig the terms of this proportion by the 
corresponding terms of the identical proportion 

AO : DF :: AO : DF, 
there will result 

BAXAO : DExBF : : Ic" : BF^ 
Consequently (b. ii., p. i, c), 

BAO : DEF- :: AG* : DF^. 
Therefore, the similar triangles BAO, EDF, are to each 
other as the squares described on their homologous sidea 
AC, DF, or as the squares described on any other two 
homologouo sides. 

PROPOSITION SXVI. THEOEEM. 

Two similar polygons may ie divided into the same nwmber if 
triangles, similar each to each, and similarly placed. 

Let AFDCB, FKIHQ, be two simUar polygons. 

From the vertex of ^ 

any angle A, in the poly- 
gon AEDOB, draw di- 
agonals, AD, AC. From ix__— — - / i.-^ / 
the vertex of the homo- ^^\ _y^ ^\./^ 
logous angle F, in the 
other polygon, draw the 
diagonals FI, FR, to the vertices of the other angles. 

The polygons being similar, the homologous angles 
ABO, FGH, are equal, and the sides AB, BC, proportionaJ 
to Fa, QH, that is, 

AB : FG :: BC : QS (d. 1). 
Wlierefore, the triangles ABO, FQR, have an angle in each 
equal, and the adjacent sides proportional: hence, they are 
Bimilar (p. 20) ; consequently, the angle BCA is equal to 
QHF. Taking away these equal angles from the equal 
angles BOD, QHI, and there remains ACD=FHL But 
flince the triangles ABO, FOR, are similar, we have 

AG : FH :: BG : GH; 
and since the polygons are similar, 
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BO : 


OH :: CD : 


HI; 


AC 


: FB ■: CD : 


BL 



lience, 

The angle AOD, we already know, is equal to FHI\. 
hence, the triangles AGD, FHI, are similar (p. 20). In the 
same manner,' it may be shown that all the remaining tri 
anglcis are similar, whatever be the number of sides in thb 
polygons proposed: therefore, two similar polygons may be 
divided into the same number of triangles, similar, and 
similarly placed. 

Scholium. The converse of the proposition ia equally 
tame: If two polygons . are composed of ihe same number of 
■■ similar and similarly situated, the two polygons are 



triangles will give 



For, the similarity of the respectiv 
die angles, 

ABG=FGH, BOA=l?BF, AOD=FHI: 
hence, BGD=GHI, hkewise, CDE=EIK, &c. 
Moreover, we have, 

AB : FG :: BC : QH :: CD : HI : : DE : IK, iia.; 
hence, the two polygons have their angles equal each to each, 
and their aides proportional; consequently, they are similar. 

PEOPOSITION XXVIL THEOEEM. 

The perimeters of similar polygons are to each other as tlievr 
homologous sides : and the poh/goTis are la each other as the 
squares described on these sides. 

Let AEDOB and FKIHQ, be two similar polygons: 



per. AEDOB 
First. Since the 
urea are similar, we 
have 

AB : FO :: BG : 
QH :: CD : HI, &e., 
hence, the sum of the 
antecedents AB+BG+ 



per. FKIHG 
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CD, kc., which makes up the perimeter of the first poly- 
gon, is to the sum of the consequents FG+GII+MJ, &c, 
which makes up the perimeter of the second polygon, aa 
any one antecedent is to its consequent (b. ii., p. 10) ; that 
is, as AB to FG, or as any other two homologous sides. 

Secondly, Since the triangles ABG, FQH, are similar, 
we hare (p. 25), 

ABG : .FGH :: A^ : FE^; 
and from the similar triangles AGD, FHI, 

ACD : FHI :: AG^ : F& \ 

therefore, by reason of the common ratio, AG to FH , we 
have (b. ir., p. 4, c.) 

ABG : FQH : : AGD : FHI. 
By the same reasoning, we should find 

AGD : FHI : : ABE : FIK; 
and so on, if there were more triangles. And from thia 
series of equal ratios, we conclude that the sum of the 
antecedents ABG+AGB+ABF, which makes «p the poly- 
gon AFDGB, is to the sum of the consequents FGH-¥ 
FHI+FIK, wHch makes up the polygon FKIHQ, as one 
antecedent ABG, is to its consequent FGH (b. ii., p. 10), or 
as AB is to FQ (p. 25) ; hence, similar polygons are to 
eadi other as the squares described on their homologous sides. 

Cor. If three similar figures are described on the thre^ 
sides of a right-o/nghd triangle, the figure on the hypoihenuse i$ 
equivalent to the sum of the otiier two. 

Let A, B, C, denote three similar figures described on 
the hypothenuse and sides of a right-angled triangle, and a. 
b, c, the corresponding squares; then, 

A : B : :: a : h : c; 
and, A I B+G :: a : 6 -f c (b. ll., P. 9) : 
but, a is equivalent to & + c (p. 11) ; 

hence, A is equivalent B+G. 
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PEOPOSITION SXVIII. THEOREM. 

y ii.QO (iiords intersect each other in a circle, (he segments are 




IJet the chorda AB and CD intersect at 0: then 
AO : DO :'. Oa : OB. 

Draw AO and BD. In the triangles 
AiiC, DOB, the anglca at are equal, 
being vertical angles (b, i., p. 4) : the angle 
A is equal to the angle D, because both are 
inscribed in the same segment (b. m., p. 18, 
0. 1) ; for the same reason the angle C=B\ 
the triangles are therefore similar (p. 18), i 
sides give the proportion 

AO : BO :: CO : OB 

Cor, Therefore, 

AOxOB'<=^DOxCO: 
hence, the rectangle of the two segments of one chord is 
equivalent to the rectangle of the two segments of the 
other. 



i the homologous 



PEOPOSrriON XXiX. tiieoeem. 

^ from a j)oint without a circle, two secants he dravm termi- 
nating in the concave arc, the whole secants will he recipro- 
caVy proportwiial to their external segments. 

Let the secants OB, 00, be drawn from the point 0: 
then 

OB : 00 :: OD : OA. 
For, drawing AC, BD, the triangles o 

AOG. BOD have the angle common; 
likewise the angle _B= C (b. hi., p. 18, c. 1) ; 
these triangles are therefore similar (p. I8), 
and their homologous sides give the pro- 
portion, 

OB : 00 :: OD : OA. 
Cor. Hence, the rectangle 

OBxOA'<:>OCxOD. 
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IScholium,, Tiiis proposition, it may be observed, bears a 
close analogy to the preceding, and differs from it only as 
the two chords AB, OD, instead of intersecting each other 
within, cut each other without the circle. The following 
proposition may be regarded aa a particular ease of the 
proposition just demonstrated. 



PROPOSITION XXS. THEOBE«. 

ff from a point without a circle, a tangefnt and a secant he 
dravm, the tangent will be a mean proportional between the 
secant and its external segment. 

From the point 0, let the tangent OA, and the secant 
00 be drawn, then 

00 : OA :: OA : OD, 
or, oT=a^OOxOD. 

For, drawing AD and AC, the trian- 
gles DA 0, CA 0, have the angle com- 
mon ; also, the angle OAD, formed by a 
tangent and a chord, is measured by half 
the arc AD {b. III., P. 21) ; and the an- 
gle has the same measure (b. hi., p. 18); 
hence, the angle 0AD= (a. 1) : there- 
fore, the two triangles are similar, and 
we have the proportion 

00 : OA x: OA : OD. 
which gives OA^^oOCxOD. 




PEOPOSITION XXSI. THEOEEM. 

If either angle of a triangle is bisected by a line terminating m 
Sw opposite side, the rectangle of the sides about tJte bisected 
at'igl'S, is equivalent to the square of the bisecting line plus tlie 
rectangU of ihe segments of Sie Siird side. 

In the triangle BAG, let AD bisect the angle A; then, 
ABxA C<:- XD' + BDx DC. 
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: a circle through the three 
points ^,5, G (b.iii.,pbob,13, s.); prolong 
AD till it meets the circumference in E, 
aiid draw CM 

The triangle BAD is similar to the 
triangle BAG; for, by hypothesis, the 
&n^\(i BAD= SAG ; also, the angle S-.E, 
since they are both measured by half the arc J,C (n. iii., r, 
18) ; hence, these triangles are similar, and the homolo- 
gous sides give the proportion 

BA : AE :: AD : AG; 
hence, BAxAOoAExAD; but AE=AD-{-DE, 
and multiplying each of these equals by AD, we have 

AExAD^:>^Id'+ADxDE; 
HOW (p. 28, 0.), ADxDE^^BDxDG; 
hence, finally, BAxACoAD^+BDxDC. 



PROPOSITION XSXII. THEOREM. 
In any Iriungle, the rectangle of any two sides is eguivahnt to the 

rectangle of the diameter of the circumscribed circle, and Ike 

perpendicular let fall fiom the vertex of the included angle on 

the' third side. 

In the triangle BAG, let-^Z* be drawn perpendicular to 
BG; and let EG be the diameter of the circumscribed 
cirele : then will 

ABxAG'C^ADxC 

For, drawing AE, the triangles 
DBA, CAB, are right-angled, the one 
tit D, the other at A : also, the angle 
B=E (b. in., p. 18, c. 1) ; these tri- 
angles are therefore similar, and we 
have 

AB : CE :: AD : AG; 
und hence, ABxA 0^:^ GE X AD. 

Got. If these equal quantities be multiplied by BG, thfii* 
will result 




ABxAOxBO=CExADxBC; 
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now, ADxBO is double the area of the triangle (p. 6); 
therefore, the product of the three sides of a, triangle is equal 
to its area m.uUipUed by twice the diameter of the drcumscribed 
circle. 

The product of three lines iB sometimes represented 
by a solid, for a reason that mil be seen hereafter. Its 
value is easily conceived, by supposing the lines to be 
reduced to numbers, and then multiplying these numbers 
together. 



n.^ It may also he demonstrated, that (he area of 
a triangle is equal to its perimeter •muUiplied hy half the raditts 
of the inscribed circle. 

For, the triangles A OB, B 

BOG, AOG, which have a 
common vertex at 0, have 
for their common altitude the 
radius of the inscribed circle; 
hence, the sum of these tri- 
angles wiH he equal to the 

sum of the bases AB, BC, AC, multiplied by half the 
radius OD; hence, the area of the triangle ABO is equal 
to its perimeter multiplied hy half Hie radius of t/ie iiiscrihed 
circle. 




PEOPOSITION XXXm. THEOEEM. 

In every quadrilateral insmhed in a circle, the rectangle of Ute 
two diagonals is equivalent to the sum of the rectangles of 
the (^posits sides, taken two and two. 

Let ABOD he a quadrilateral inscribed in a circle, and 
AC, BD, its diagonals: then we shall have 

ACxBD^^ABxGD-\-ADxBa 

Take the are CO~AD, and draw 
BO, meeting the diagonal AC in. I. 

The angle ABD^CBI, since the 
one has for its measure half of the arc 
AD (b. III., P. 18), and the other, half 
of CO, equal to AD ; the angle ADB 
= BCI, because they are subtended by 
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tbe same arc ; hence, the triangle 
ABD is similar to the triangle ZBC, 
and we have the proportion 

AD i CI :: BD : BG; 
tmd consequently, 

ADxBO^^CIxBD. 
Again, the triangle ABI ia similar to the triangle BDO; 
tor the are AD being equal to CO, if OD be added to 
each of them, we shall have the arc AO=DC; hence, the 
angle ABZ is equal to DBC; also, the angle B^l/ to BDC, 
because they stand on the same arc; hence, the triangles 
ABI, DBC, are similar, and the homologous sides give the 
proportion 

AB : BD :; AI : CD; 
hence, ABx CD<:^AIy.BD. 

Adding the two results obtained, and observing that 
AIxBD^-0IxBD={AI^Cr)^BD=AO-)(,BD, 
we shall have 

ADy.BG^ABy.CDO'AOy.BD. 



PEOBLEMS 
EELATINO TO THE FOURTH BOOK. 



To divide a given straiglit line into any number of equal parts, 
or into parts proportional to given lines. 

First. Let it be proposed to divide the 
line AB into five equal parts. Through 
the extremity A, draw the indefinite straight 
line AG; take J.C of any length, and 
apply it five times upon AG; join the last 
point of division (?, and the extremity B 
of the given line, by the straight line &B; 
then through O, draw GI parallel to GB: 
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AI will be the fifth part of the line AB ; and by apply- 
ing AI five times upon AB, the line AB will be divided 
into five equal parts. 

For, since CI is parallel to QB, the sides AG, A^ 
are cut proportionallj in C and / (p. 15). But AO is 
the fifth part of AG, hence, AI ia the fifth part of AB. 
Let it be 
to divide the 
line AB iato parts pro- 
portional to the given 
Unes P, Q, R Through Q' — ' 
A, draw the indefinite 
line^C; mske AO=P, 
CD=Q,DE=E\ iomWe 

extremities E and S; and through the points G and D, 
draw CI, DF, parallel to EB : the line AB will be divided 
into parts AI, IF, FB, proportional to the given lines P, Q, R 

For, by reason of the parallels CI, DF, JEB, the parts 
AI, IF, FB, are proportional to the parts AC, CI), DF {p. 
15, c. 2) ; and by construction, these are ei^ual to the given 
hnes P, Q, R 

PEOBLEM II. 

7b Jlnd c fjiirth proportional to three given lines, A, B, 0, 

Draw the two iudefi- p 

nite lines DF, DF, form- 
ing any angle with each 
other. Upon DB take 
DA=A, and DB=B; 
upon DF take DC=0, 
draw AG; and through 
the point B, draw SX parallel to AG; and DX will be 
the fourth proportional required. For, since BJK ia parallel 
to AG, we have the proportion (p, 15, c. 1), 

DA : DB :: DC \ DX; 
now, the first three terms of this proportion are equal to 
the three given lines : consequently, DX is the fourth pro- 
portional required. 
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Cot. a third proportional to two given lines, A, B, may 
be found in the same manner, for it will be. the same as a 
fourth proportional to the three lineSj A, B, B. 



PEOELEM IIL 
To find a mean propoi'tional between two ^ven lines A and B 

XTpon the indefinite line DF, 
take DE^A, and EF=B\ and 
upon the whole line DF, as a 
diameter, describe the semicircum- 
ference DQF; at the point E, 
erect, upon the diameter, the per- 
pendicular EO meeting the semicircumference in (?; EG 
will be the mean proportional required, 

For, the perpendicular EG, let fiili from a point in the 
circumference upon the diameter, is a mean proportional 
between the two segments of the diameter DE, EF (p. 23, 
c.) ; and these segments are equal to the given lines A and B. 




PEOBLEH IV. 

To divide a given line into two such parts, that the greater 
part shall he a mean proportional between the whole Une 
and the otlvir part. 



Let AB be the given line. 

At the extremity iJ, erect the 
perpendicular SC, equal to the 
half of AB ; from the point C, 
as a centre, with the radius CB, 
describe a semicircle; draw J. (7 
cutting the circumference in B; 
and take AF=AD: then F will 
and we shall have. 




the point of divTsion, 



AB 



AF 



For, AB being perpendicular to the radi'ia at its ex- 
tretoity, is a tangent (b. m., P. 9) ; and if AG be piolonged 



lill ic again meets t!ie 
(p. 80), 

AS : 


circmnfejence, m S, we shall have 
AB :: AS : AS; 


hence, by division. 




AS -AS : 


AB : : AS-AS : AD. 


Bat, since the radius is the half of AS, the diameter DS 
is equal to AB, and consequently, AS-AS=AS=AF; 
al»o, beoame AF-AiJ, wo have AB-AS=F£: hence. 


AF : AB 


:: SB : AD, or AF; 


whence, by inversion, 




AB : 


AF :: AF : FS. 



Scholium. This sort of division of tlie line AB, via., so 
that the iuhoh line shall be to the greater part as the greater part 
13 to the less, is called division in extreme and mean ratio. 
It may farther be observed, tbat tbe secant AE is divided 
in extreme and mean ratio at the point D ; for, since AB— 
D7S, we have, 

AB : J)E. :: BE -. AD. 



PEOBLBM V. 

Throtigh d given -point, in a given angle, to draw a line so 
that the segments compre/iended ietween, the point and the 
tvx> sides of the angle, shall he egnal. 

Let BCD be the given angle, and A the given point 

Through the point A, draw AE 
parallel to OD, make BE=CE, and 
through the points B and A, draw 
BAD ; this will be the line required. 

For, AE being parallel to OD, we 
have, 

BE : EC :: BA : AD; 
bat BE=EC; therefor^ BA=AD. 
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f EOBLEM VI. 



To construct a s^ttare that shall he equivalent to a given pared- 



■ to a given triangle. 



Mograi 

Mrst. Let ABCD be 
tlte given parallelogram, 
AB its Taase, and Dj5 
its altitude : between AB 
and DH find a mean 
proportional XT; then " " 

will the square described upon XT be equivalent to the 
parallelogram ABCD. 

For, by construction, 

AB : XT :: XY : BE; 
therefore, XT* oABxBH; 

but ABx DE is the measure of the parallelogram (p. 5), 
and XY that of the square ; consequently, they are equiv- 
alent. 

Secondly. Let BAG 
be the given triangle, 
BO its base, AD its al- 
titude : find a mean pro- 
portional between BO 
and the half of AB, and 
let XY be that mean ; the square described upon XY 
will be equivalent to the triangle ABG. 

For, since 

BO : XY -.'. XY : \AD, 
it follows, that 

hence, the square described upon XY is equivalent to the 
triangle BAO. 

PEOBLEM VII. 

Upon a given line, to construct a rectangle that shall be equiva- 
lent to a given t 




Let AD be the Hue, and ABFG the given rectangle. 
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Find a fourth pro- 
portional to the three 
lines, AI),AB,AO, and 
let AX be that fourth 
riropoTtional ; a rectan- ■*' '^ A f» 

gle constructed with the 
sides AD and AX will be equivalent to the rectangle ABFG. 

For, since 

AD : AB :: AG : AX, 
it foUowa, that AI}xAX=<^ABxAG; 
hence, the rectangle ADEX is equivalent to the rcctaugle 
ABFG. 

PROBLEM VUI. 

7b find two lines whose ratio shall he the same as the ratio of 
two rerMngles contained hy given lines. 

Let AxB, CxD, be the rectangles contained by the, 
given lines A, B, G, and D. 

Find X, a fourth proportional to the 
three lines, B, G, D\ then will the two ^ | ' ' 

lines A and X have the same ratio to 

each other as the rectangles AxB and j.^ i 

GXD. X. . 

For since, 

B : G :: B : X, 
it follows that CX-Oo-SxX; hence, 

AxB : GxB :: AxB : BxX : : A : X 

Qyr. Hence, to obtain the ratio of the squares described 
upon the given lines A and f^ find a third proportional X^ 
to the lines A and (7, so that 





A 


:: 





•■ X; 


win then have 








^XX- 


c^lf, 


or jl'xX 


^ 


Axo' 




A' 


0" :: 


A 


: X 
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FKOBLEM IX. 



7b find a triangh that shall he equivalent to a given 

Let AEDCB be the given polygon. 

First. Draw the diagonal CE 
catting off the triangle CDE; 
through the point D, draw DF 
parallel to CF, meeting AF pro- 
longed, in F; draw OF: the poly- 
gon AFDGB ia equivalent to " ^ *^ "^ 
the polygon AFOB, which has one side less than the 
given polygon. 

For the triangles GDE, OFF, havo the base CE com- 
mon, they have also eqnal altitudes, since their vertices D 
and F, are situated in a line DF parallel to the base: 
these triangles are therefore equivalent (p. 2, o.) Add to 
each of them the figure AFGB, and there will result the 
polygon AEDCB, equivalent to the polygon AFGB. 

The angle B may in like manner be cut off, hj sub- 
stituting for the triangle ABG, the equivalent triangle J. G" C, 
And thus the pentagon AEDGB will be changed into an 
equivalent triangle GCF. 

The same process may be applied to every other figure; 
for, by successively diminishing the number of its sides, 
one being retrenched at each step of the process, the equiv- 
alent triangle will at last be found. 

Scholitim. We have already seen that every triangle may 
be changed into an equivalent square (peob. 6); and thus 
A square may always be found equivalent to a given recti- 
lineal figure, which operation is called squaring the recti- 
lineal figure, or the quadrature of it. 

The problem of the quadrature of the drch consiste in 
finding a square equivalent to a circle whose diameter it 
^ven. 
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PROBLEM X. 

Fu find (lie suh of a square which shall he equivalent lo (/w 
sum or the difference of two given squares. 

Let A and B be tiie sides of the given squares. 

Mrst. If it is required to find 
a. square equivalent to the sum 
of these squares, draw the two 
indefinite lines, in), EF, at right 
angles to each other ; take ED= 
A, and EQ=B\ and draw i»(7: 
thia will be the required side of the square. 

For ^e triangle DEQ being right-angled, the square 
described upon the hypothenuse DG, is equivalent to the 
sum of the squares upon EB and EQ (p. 11). 

Secondly. If it is required to find a square equivalent 
to the difference of the given squares, form, as before, 
the right angle FEH ; take &E equal to the shorter 
of the sides A and B; from the point ff as a centre, with 
a radius GB, equal to the other side, describe an arc 
cutting EH in H: the square described upon EH will be 
equivalent to the difference of the squares described upon 
the lines A and B. 

For, the triangle QEH is right-angled, the hypothenuse 
6H=A, and the side GE=B; hence, the square described 
upon EH, is equivalent to the difference of the squares A 
and B (p. 11, c. 1). 

Scholium. A square may thus be found, equivalent to the 
sum of any number of squares ; for a construction similar 
to that which reduces two of them to one, will reduce 
three of them to two, and these two to one, and so of 
others. It would be the same, if any of the squares were; 
to be subtracted from the sum of the others. 
9 
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7!) find a square which shall he to a given square as otie gi»er 
line is to another given Une, 

Let AC ho the given square, and M and N the givisi 
lines. 

Upon the indefi- 
nite, line EG-, take ^F 
=M,mdFG=N'; up- 
on SG as a diameter 
describe a semicircum 
ference, and at the 
point, F erect the per- 
pendicular FIf. From the point S, draw the chords HO 
ffF, which produce indefinitely : upon the first, take Sfl 
equal to the side AB of the ^ven sqimre, and through the 
point K draw KI parallel to FG ; III will be the side of 
the required square. 

For, by reason of the parallels XI, GF, we have 
HI i HK :: HE : HG ; 
hence, HI^ : MK^ : : BF" : EG"' : 

but in the right-angled triangle GBE, the square of HE 
is to the square of HG as the segment FF is to the seg- 
ment FG (p. 11, C. 3), or as it/" ia to W; hence, 

m^ : HK" :■ M : N. 

But HK=AB ; therefore, the square described upon HI is 
to the square described upon AB as Jf is to iV! 



Upoit a given line^ to construct a polygon similar to a (jivcn 



Let FG bt) the given line, and AEBOB the givt-n 
polygon. 
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In the given poly- 
gon, draw the diago- 
nals AG, AD; at the 
point F make the angle 
OFS=BA 0, and at the 
point ff, the angle FQ-H _ 

=ABO; the lines i^.^ 

Gff will intersect each other in R, and the triangle F&H 
will be similar to ABO {p. 18). In the same manner upon 
FS, homologous to J. (7, construct the triangle FIS similar 
to ABC; and upon FT, homologous to AD, construct the 
triangle FIK similar to ADF. The polygon FQHIK wiU 
be similar to ABODE, as required. 

For, these two polygons are composed of the same 
number of similar triangles, similarly placed (p. 26, s.) 



PEOBLEM XIII. 

TiVQ similar polygons being given, to construct a similar polygon 
which shall be equivalent to their sum or difference. 

Let A and B be homologous sides of the given figures. 

Find a square equivalent 
to the sum or difference of 
the squares described upon A 
and B; let X be the side of 
that square ; then will X be 
that side in the figure required, 
which is homologous to the 
sides A and B in the given figures.' Let the figure itself, 
then, he constructed on the side .Z^ as in the last problem. 
This figure will be equivalent to the sum or difference of 
the figures described on A and B (p. 27, c.) 




PKOBLEM XIV. 

To construct a polygon similar to. a given polygon, and having to 
it the given ratio of M to N. 

Let A he & side of the given polygon, and X the 
homologous side of the required poly'gon. 
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Find the value of X, such, tliat its 
Bquare sIloII be to tlie square of A, as if to 
N (PROB. 11), Tken upon Xdeseribe a fig- 
m-e similar to tiie given figure (prob. 12): 
this will be the figure required. 





PEOBLEM XV. 

2b construct a Jigure similar to Hie jigure P, and equivahnt to 
the Jigure Q. 

Find M, the aide of a 
square equivalent to the fig- 
ure P, and N the side of a 
square equivalent to the figure 
Q (PBOB. 9, s.) Let X be a 
fourth proportional to the 

three given lines, M, N, AB ; upon the side X, homologous 
to AB, describe a figure similar to the figure P ; it will also 
be equivalent to the figure Q. 

For, calling Y the figure constructed, upon the side X, 
we have, 

P : Y :: A^ : X^ ; 
but by construction, 
AB : X :: M : N, or, AB" 
hence, P : Y : : Jif' 

But, by construction also, 

if'^P, and N''-^Q- 
therefore, P : Y :: P : Q; 

consequently, T=c= Q ; hence, the figure Y is similar to 
the figure P, and equivalent to the figure Q. 



: S'. 



N"; 



PEOBLEM XVI. 

To r/mntruet a rectangle equivalent to a given sguare, and hav- 
ing Hie sum of its adjacent sides equal to a given line. 

Let C be the square, and the line AB equal to the 
Bum of the sides of the required rectangle. 



FB 



Upon AB as a diam- 
eter, describe a semicir- 
cumference ; at A, draw 
AD perpendicular to AB, 
and make it ec[ual to the 
side of the square C; 
then draw the line i?^ parallel to the diameter AB\ from the 
point E, where the parallel cuts the circumference, draw 
EF perpendicular to the diameter ; AF and FB will be 
the sides of the required rectangle. 

For, their sum is equal to AB ; and their rectangle 
AF X FB is equivalent to the square of FF, or to the square 
of AD ; hence, this rectangle is equivalent to the givcD 
square G. 

Schalium. The problem is impossible, if the distance AD 
exceeds the radius ; that is, the side of the square G must 
not exceed half the line AB. 



problem: svil 

7b conslrtect a redangh that shall he equivalent to a yiven 
square, and the difference of whose adjacent sides shall le 
eqtial fc> a given line. 

Let denote the given square, and AB the difference 
of the sides of the rectangle. 

Upon the given line AB, as a 
diameter, describe a circumference. 
At the extremity of the diameter, 
draw the tangent AD, and make it 
equal to the side of the square G; 
through the point D and the cen- 
tre draw the secant DOF, inter- 
secting the circmnference in F and 
F ; then will DF and DF be the 
adjacent sides of the required rectangle. 

For, the difference of these lines is equal to the diame- 
ter FF or AB; and the rectangle DE, DF is equivalent to 
AD (p. 30); hence, the rectangle Di^X-O^, is equivalent 
to the given square C 
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PROBLEM XVIII. 
7b find Hie common measure, beliaeen the side and diagonal of 




Let ABOG be any square, and AC \ts diagonal. 

We first apply CB to CA. 
For this purpose !et the semieir- 
oumference DBS be described, from 
tbe centre G, with the radius CB, 
and produce ACto K It is evident 
that OB is contained once in AC, 
with the remainder AD. The result 
of the first operation is, therefore, a 
quotient 1, with the remainder AD. 
This remainder must now be compared with BG, or its 
equal AB. 

Since the angle ABO is a right arigle, AB is a tangent, 
and since AE is a secant drawn from the same point, we 
have (p 30), 

AD : AB '.'. AB : AR 
Hence, in the second operation, where AD is compared 
with AB, the equal ratio of AB to AE may be taken instead ; 
but AB, or its equal OD, is contained twice in AE, with 
the remainder AD ; the result of the second operation is 
therefore a quotient 2 with the remainder AD, and this must 
be again compared with AB. 

Thus, the third operation consists in comparing again 
AD with AB, and may be reduced in the same manner lo 
the comparison of AB or its equal CD with AE; from 
which there will again be obtained a quotient 2, and the 
remainder AD. 

Hence, it is evident that the process will never termi- 
nate, and consequently that no remainder is contained in 
the preceding divisor an exact number of times ; therefore, 
there is no common measure between the side and the diago- 
nal of a square. Tiiis property has already been shown, since 
(p. 11, c. 5). 

AB : AC : : 1 : y/% 
but it acquires a greater (i;gree of clearness by the geo- 
metrical investigation. 
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BOOK V. 

REGTTLAR PCLYGONS— MEASUEKMENT OP THE CTEOLE 
DEFINITION. 

A Eegular Polygon is one wbicli is botli equilatenil 
and equiangular. 

A regular polygon may liave any number of sides. 
The equilateral triajigle is one of three sides; the square, 
is one of four, 

FEOFOSITION I. THEOEEM. 

Regular polyrjons of tfie saine number of sides are similar Jigvres. 

Let ABGDEF, abcedf, be two such polygons. 

Then, either angle, E D 

as A, of the polygon / \ ? 

ABGDEF, is equal to 
twice as many right an- 
gles less four, as the fig- 
ure has sides, divided by 
the number of sides ; and the same is true of either angle 
of the other polygon (b. i., p. 26, c. i) ; hence (a. 1), the 
angles of the polygons are equal. 

Again, since the polygons are regular, the sides- J, j?, BO, 
CD, &c., are equal, and so likewise the sides ah, he, od 
(d.), &c; hence 

AB-. ah i: BO : bo :: OB : cd, kc.; 
therefore, the two polygons have their angles equal, and 
iheir sides taken in the same order proportional ; conse- 
quently, they are similar (b. iv., D. 1). 

Cbr. 1. The perimeters of two regular polygons of the 
same number of sides, are to each other as their homolo- 
gous sides, and their surfaces are to each other aa the 
squares of those sides (b. iv., p. 27). 
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Cor. 2. The angle of a regular polygon, like tlte angle 
of an equiangular polygon, is determined by the number 
of its sides (b. i., p, 26, c. 4). 

TROPOSITION II. THEOREM. 

4 regular polygon may he drcumscrihed by the cirmimjcrejux 
of a circle, and a circle may be inscribed vnthin it. 

Let MGFE, &e., be any regular polygon. 

Through the three points A, B, C, 
describe the circumference of a circle : 
the centre will lie in the line OP, 
drawn perpendicvdar to £G at the 
middle point P (b. III., P. 6, s.) Then 
draw 0£ and OC. 

If the quadrilateral OPOI) be _ 

placed upon the quadrilateral OPBA, ^ 

they will coincide ; for^ the side OP is common ; the angle 
OPC^OPB, each being a right angle; hence, the side 
PO will apply to its equal PB, and the point will 
fall on B : besides, the polygon being regular, the angle 
PCD^PBA (t).); hence, CD will take the direction BA; 
and since CD=BA, the point D will fall on A, and the 
two quadrilaterals will coincide. Hence, OD is equal to 
A ; and consequently, the circumference which passea 
through the three points A, B, 0, will also pass through 
the point D. In the same n^anner it may be shown, that 
the 'circumference which passes through the three points 
B, 0, D, wiU also pass through the point E; and so of all 
the other vertices; hence, the circumference which passea 
through the points A^ B, 0, passes also through the vertices 
of all the angles of the polygon, consequently, the circum- 
ference of the circle circumacribes the polygon (b. III., u. 7). 

Again, in reference to this circle, all the sides AB, BO, 
CD, itc, of the polygon, are equal chords; they are there- 
fore equally distant from the centre (b. III., P. 8) : hence, if 
from the point (3 as a centre, with the radius OP, a cir- 
cumference be described, it will touch the side BO, and all 
the other sides of the polygon, each in its middle point, and 
the circle will be inscribed in the polygon (b. ill., D. 11). 
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iSchoUum. The point 0, the common centra of the in- 
Bcribed and circumscribed circles, may also be regarded as 
the centre of the polygon; and the angle AOB is called 
the angle at the centre, being formed by two lines drawn 
from the centre to the extremities of the same side AB. 
The perpendicular OP, is called the apothem of the polygon. 

Oor. 1. Since all the chords AB, BO, OD, &c., ^re equal, 
all the angles at the centre are likewise equal (b. HI,, v. 4) ; and 
therefore, the value of any angle will be found by dividing 
four right angles by the number of sides of' the polygon. 

Cor. 2. To inscribe a regular 
polygon of any number of sides 
in a given circle, we have only 
to divide the circumference into 
as many equal parts as the poly- 
gon has sides ; for, when the arcs 
are equal, the chords AB, BO, OD, 
ka., are also equal (b. ill., P. 4) ; 

hence, likewise the triangles AOB, BOO, OOD, must be 
equal, because their sides are equal each to each (b. i., p. 10) ; 
therefore, by addition, ali the angles ABC, BCD, ODE, kn., are 
equal (a. 2); hence, the figure ABCDEH, is a regular polygon. 

PKOPOSITION m, PEOBLEM. 
To inscribe a square in a given circle. 

Draw two diameters AC, BD, intersecting each other 
at right angles; join their extremities A, B, G, D, the 
figure ABCD will be a square. 

For, the angles ^05, BOO, &c., 
being equal, the chords AB, BO, 
ka., are also equal (b. hi., r, 4) : 
and the angles ABC, BOD, ka., 
being inscribed in semicircles, are 
right angles (b. hi., p. 18, c. 2). 

Scholium. Since the triangle 
BOO is right-angled and isosceles, 
we have {b. iv., p. 11, c. 5), BO : 
hence, the side of the inscribed square 
square root of two, to unity. 




BO :: V2 : 1 ; 

s to the radi'iSj as the 
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PEorosnioN iv, theoeem. 

If Q r^ular liexagon he inscribed in a circk, ils side will he 
equal to the radius. 

Let ASODMS, be a regular hexagon, inscribed in a 
circle: tiien will its side AB be equal to the radius OA. 

For, tbe angle A OB is equal 
to one-sixth of four right angles, 
(p. 2, 0. 1), or one-third of two 
right angles : hence, the sum 
of the remaining angles OAB, 
OB A, is equal to two-tliirda of 
two right angles (b, i., p. 25). 
But the triangle AOB is isos- 
celes, hence, the angles at the 

baae are equal (b. l, p. 11) : therefore each ia one-third of 
two right angles: henco, the triangle JOB is equiangu- 
lar: hence, AB=AO (b. i., ?. 12). 




PEOPOSITIOK V. PEOBLEM. 



2b inscribe in a given circle, a s 

Let be the centre, and OB the radius of the given 
circle. 

Beginning at any point, as ^ 

B, apply the radius BO, six 
thnes as a chord to the circum- 
ference, and we shall form the 
regular hexagon BODEFA {p. 
4). Hence, to inscribe a regu- 
lar hexagon in a given circle, 
the radius must be applied six 
times as a chord, to the cir- 
cumference; which will bring 
us round to the point of begin- 
ning. 

Cor. 1. If the vertices of the alternate angles be joined 
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by the lines AC, OH, EA, there will be ioscribed in the 
circsle an equilateral triangle ACE, since each of its angles 
will be measured by one-sixth of four right angles, or one- 
third of two (b. I., p. 25, c. 5). 

Oor. 2. If we draw the radii OA, 00, the figure OOBA 
will be a rhombus : for, we have 

0G=0B=BA=AO. 
Hence, the sum of the squares of the diagonals is equiva- 
lent to the sum of the squares of the sides (b. iv., p. 14, c, 2): 

that is, J^V0B^^^4XB^-=o=40S'; 

and by taking away OB , we have, 

J^=o="30£^; hence, 

AO' : OB* : 3 : 1 ; or, 

AC : 05 ; : -v/3 : 1 : 

hence, ih^ side of the inscribed equilateral triangle ts to the 

radius, as the square root of three, to one. 



PBOPOSITION VI, PEOBLEM. 
in a given circle to inscribe a' regular decagon. 

Let be the centre, and OA the radius of the given 
circle. 

Divide the radius OA in 
extreme and mean ratio at 
the poiat M (b. iv., feob. 4) : 
Take OM, the greater seg- 
ment, and lay it off from A 
to ^; the chord AB will 
be the side of the regu- 
lar decagon, and by apply- 
ing it ten times to the cir- 
cumference, the decagon will 
be inscribed in the circle. 

For, drawing MB, we have by construction, 
AG : OM :: OM : AM; 
or, since AB=OM, 

AO : AB :: AB X AM. 
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But since tlie trianglea ABO, 
AMB, have a commori angle 
A, included between propor- 
tional sides, tbey are similar 
(b. IV., P. 20). Now the triangle i^ 
BA being isosceles, AMB 
must he isosceles also, and 
AB=BM; but AB=OM; 
hence, also MB~MO ; hence, 
the triangle BMO is isosceles, 

Again, in the isosceles tri- 
angle BMO, the angle AMB 
being exterior, is double the interior angle (b. I., P, 
25,0.6): but the angle AMB=MAB; hence, the triangla 
OAB is such, that each of the angles OAB or OBA, at its 
base, is double the angle 0, at its vertex ; hence, the three 
angles of the triangle are together equal to five times the an- 
gle 0, which consequently, is the fifth part of two right angles, 
or the tenth part of four; hence, the arc AB is the tenth 
part of the circumference, and the chord AB is the side 
of the regular decagon. 

Gor. 1. By joining the vertices of the alternate anglea 
of the decagon, a tegular pentagon ACE&I wUI be in- 
scribed. 

Gor. 2. Any regular polygon being inscribed, if the ares 
■which the sides subtend be severally bisected, the chorda of 
those semi-arcs will form a new regular polygon of double 
the number of sides : thus it is plain, that the square will 
enable us to inscribe, successively, regular polygons of 8, 
16, 32, &c., sides. And in like manner, by means of the 
hexagon, regular polygons of 12, 2i, 48, &c., sides may be 
inscribed ; and by means of the decagon, polygons of 20, 
40, 80, &e., sides. 

Gor. 3. It is further evident, thai any of the inscribed 
polygons will be less than the inscri'sed polygon of double 
the number of sides, since a part is less than the whole. 
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PKOPOSITION VII. PROBLEM. 

A regular inscribed polygon being given, to circumscribe a airrir 
ilar polygon about ike same circle. 

Let be tKe centre of the circle, and CDEFAB a 
regular inscribed polygon. 

At T, the middle 
point of the arc AB, 
draw a tangent QH, 
and do the same at the 
middle point of each of 
the arcs BO, CD, &c. ; 
these tangents will be 
parallel to the chords 
AB,BO, CD, ka. (B.ra., 
P. 10, c.) ; and will, by 
their intersections, form 
the regular circumscrib- 
ed polygon GHIK &c., similar to the one inscribed. 

For, since T is the middle point of the arc BTA, and 
N the middle point of the equal arc BNO, it follows, that 
BT=BN'; or that the vertex B of the inscribed polygon, 
b at the middle point of the arc NBT. Draw OH. The 
line OH will pass through the point B. 

For, the right-angled triangles OTH, NOH, having the 
common hypothenuse OH, and the side OT—ON, are equal 
(e. I., p. 17), and consequently the angle TOH=HON, where^ 
fore the line OH passes through the middle point B of the 
arc TN (u. lll., p. 16). In the same manner it may bo 
shown that 01 passes through 0; and similarly for the 
other vertices. 

But since OH is parallel to AB, and HI to BO, the 
angle (?Sr=AS(7 (B.I., p.24); in like manner, ^Z^^jSCD; 
and so for the other angles: hence, the angles of the cir- 
cumscribed polygon are equal to those of the inscribed. 
And further, by reasaa of these same parallels, we have 
GH : AB :•. OH : OS, and HI : BO :: OH : OB: 
therefore, QH : AB :: HI : BC. 
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But AB=BC, 
therefore Qff=SI. 
For a like reason, 
HI=IK, &c.; hence, 
the sides of the circum- 
scribed polygon are all 
equal; hence, this poly- 
gon ia regular and simi- 
lar to the inscrilDed 
polygon. 

Oor. 1. Reciprocal- 
ly : if the circnmscribed polygon OHIK &c., be given, and 
the inscribed one ABG &a, be required, it will only be 
necessary to draw froni the vertices of the angles G, H, I, 
&c., of the given polygon, straight lines OG, OH, &:c., meet- 
ing the circumference in the points A, B, C, &c,'; then to 
join these points by the chords AB, BG, &c. ; this will 
form the inscribed polygon. An easier solution of this 
problem would be, simply to join the points of contact T, 
itfj P, &c., by chorda TN, NP, &c., which likewise would 
form an inscribed polygon similar to the circumscribed one. 

Chr. 2. Hence, we may circumscribe about a circle any 
regular polygon similar to au inscribed one, and con- 




(hr. S. It is- plain that NH+HT=HT-\-TG=HG, one 
of the equal sides of the polygon. 

Cor. 4. If through B, A, F, &c., the middle points of 
the arcs NBT, TAS, SFE, &c., we draw tangent lines, we 
shall thus form a new regular circumscribed polygon having 
double the number of sides : and this process may be re- 
peated as often as we please. The new polygon will be 
regular, because it wiU be similar to a new inscribed poly- 
gon which may be formed (f. 6, o. 2) of double the number 
of sides of the first. It is plain, that each new circumscribed 
polygon will be less than the one from which it was derived, 
since a part is less than the whole. 
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FEOFOSITION VIII. TnEOEEM. 
The area of a regular polygon is equal to its perimeter m/uUi- 

plied hy half the radius of the inscribed circle. 
Let there be the regular polygon QHIK, and ON, OT, 
radii of the inscribed circle drawn to the points of tan- 
geney : then will its area be equal to the perimeter mul- 
tiplied by one-half of OT. 

For, the triangle &OII ia 
measured by GEX^OT; the trian- 
gle OBI, by HIX\ON: but 0N= 
OT; hence, the two triangles taken 
together are measured by 

(&S+m)X^OT 
And, by finding the measures of 
the other triangles, it will appear 
that the sum of them all, or the 
whole polygon, is measured by the sum of the bases GB, 
BI, &c.,. or, the perimeter of the polygon, multiplied by 
one-half of OT; that is, the area of the polygon is equal 
to its peruneter multiplied by half the radius of the in- 
Boribed circla 




PROPOSITION IS. THEOESM. 

TJie perimeters of regular polygons, having the same number if 
sides, are to each other as the radii" of the circumscribed 
circles ; and ako, as the radii of the inscribed circhs; and 
their areas are to each other as Ae sguares of those radii. 

Let AB be the side of one polygon, the centre, and 
consequently OA the radius of the circumscribed circle, 
and CD, perpendicnlar to AB, the radius of the inscribed 
circle. Let a&, be a side of the other a t> R 
polygon, the centre, oa and od, the 
radii of the circumscribed and the 
inscribed circles. 

Then, the perimeters of the two 
polygons are to each other &a the 
sides AB and ah (b. IV., P. 27) : but 
the angles A and a are equal, being 
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each half of the angle of the poly- 
gon ; so also are the angles Ji and 
b ; hence, the triangles ABO, abo, 
are similar, as are, likewise, the 
right-angled triangles ADO, ado; 
iherefore, 

AB : ah :: AO : ao :: DO : do; 
hence, the perimeters of the poly- 
gons are to each other as the radii 
A 0, 00, of the circumscribed circles, and also, as the radii 
DO, do, of the inscribed circles. 

The surfaces of these polygons are to each other as the 
squares of the homologous sides A£, ah (b. iv., p, 27) ; they 
are therefore likewise to each other as the squares of AO, 
ao, the radii of the circumscribed circles, or as the squares 
of OD, od, the radii of the inscribed ciidea. 



PROPOSITION X. THEOREM. 

Two regular polygons, of the same number of sides, can always 
be formed, the one circumscribed about a circle, the oilier wi- 
scribed in it, which shaU differ from each other by less tha/n 
any given surface. 

Let Q be the, side of a square less than the given sur- 
face. Bisect AC, & fourth part of the circumference, and 
then bisect the half of this fourth, and proceed in this 
manner, always bisecting one of the arcs formed by the 
last bisection, until an arc is^found whose chord AB is less 
than Q. As this arc will be an exact part of the circum- 
ference, if we apply the chords AB, BO,' CD, &c., each equal 
to AB, the last will terminate at A, and there will be formed 
a regular polygon ABCDE &c., inscribed in the circle. 

Next, describe about the circle a similar polygon abcd^ 
&a (p. 7) : the difference of these two polygons will be 
leaa than the square of Q. 

For, from the points a and I, draw the lines aO, bO, to 
the centre : they will pass thirough the points A and B 
(p. 7). Draw also OK to the point of contact K: it will 



biseut AB in T, and be per- 
pendicular to it {b. III., P. 6, s.) 
Prolong AO io E, and draw 
BM 

Let p represent tlie cir- 
cumscribed polygon, and P the 
inscribed polygon: then since 
the triangles aOh, AOB, are 
lite parts of p and P, we 
have (b. II., P. 11), 

p : P : : aOh : : AOB. 
But, since the triangles are similar (b, iV., p. 25), 

p : P : : V^ : UA^ : : OX^ or oT 
Hence, by division, 

-P :: UT : UT-UP : : OT : 




12". 



P ■ P- 

Multiplying both members of the second couplet by 4, 

p : p~F : : iUJ^ : iJP; 
hence, p : p~P : : aT : IB^ (b. 10, P. 8, Cor.) 
But p is less than the square described on the diameter 
ji£' (p. 7, C.4) ; therefore, p — P'-m less than the square de- 
scribed on AB: that is, less than the given square on Q: 
hence, the difference between the circ\imscribed and inscribed 
polygons may, by increasing the number of sides, always be 
made less than any given surface. 



PSOPOSITION XI. PEOBLEM. 

The surface of a regular inscribed polygon, and that of a rnn- 
ihr circumscribed polygon, icing given ; to find the surfaces 
of the regular ttiscribed and drcwmscribed polygons hojvvwf 
double the numier of sides. 

Let AB be a side of the given inscribed polygon j 

EF, parallel to AB, a side of the circumscribed polygon, 

and C the centre of the circle. If the chord AM and the 

tangents AP, BQ, be drawn, AM will be a side of an in- 

10 
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scribed polygon, having twice tHe mimber of sides, and 
AP+PM=^2PM or PQ, will be a aide of the similar cir- 
cumscribed polygon (p. 7, c. 3). 

Now, as the same constrac- 
tion will take place at each 
angle corresponding to ACM, 
it will be sufficient to consider 
ACM hj itself; for the trian- 
gles connected with it are evi- 
dently to-' each other aa the 
whole polygons of which they 
form part. Let P, then, be 
the surface of the inscribed 
polygon whose side ia AB, p, that of the similar circum- 
scribed polygon; P' the surface of the polygon whose aide 
is AM, p' that of the similar circumscribed polygon : P 
and p are given ; we have to find P and p'. 

First. Now the triangles A 07), ACM, having the com- 
mon vertex ^4, are to each other as their bases CD, CM (b. 
rv., p. 6, c); they are likewise to each other as tlie poly- 
gons P and P\ of which they form part (b. o., p. 11) : hence. 




CI) 



GM. 



Again, the triangles CAAf, CM.E, having the common vertex 
M, are to each other as their bases CM, Cff ; they are like- 
wise to each other as the polygons P' and p of which they 
form part ; hence, 

P' : p :: CA : CE. 
But since AD and MF are parallel, we have, 

CD : CM :■. CA : CE; 
hence, P : P' :: P' \ p; 

hence, the polygon P' is a mean proportional between the 
two given polygons P and p, and consequently, 
P' = ^^P^p. 
Secondly. The altitude Cj)f being common, tlie triangle 
CPM ia to the triangle OPE, as PM h to PE; but since 
OP bisects the angle MCE, we have (b. iv., p. 17), 
PM : P^ :: CM : GE : : CD : CA :; P : P' ; 
hciioe. CPM : CPE : : P : P' \ 
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an--! consequently, 

CPU : CPM+OPS, or CME : : P : P+P'; 
and hence, 20PM, or CMPA : GME : : 2P : P+P'. 
But CMPA is to GME as the polygons p' aad p, of which 
they form part: hence, 

p' : p :\ ^P : P+P'. 
Now as i^' has been already determined; this new propor- 
tion will aerre to determine jj', and give us 



p' ■■ 



2PXp 
'' P+P-' 



and thus by means of the polygons P and ;p it ia easy to 
find the polygons P and p', which have double the num- 
ber of sides. 



PROPOSITION XII. PEOBLEM. 
?b find the approximate area of a circle wJwse radiiis is unity. 

Let the radius of the circle be 1 ; the side of the in- 
scribed square ■will be ^2 (p. 3, s.) ; that of the circum- 
scribed square will be equal to the diameter 2; hence, the 
surface of the inscribed square will be two, and that of the 
circumscribed square will be 4. Hence, -P=2, and J5=4; 
by the last proposition we shall find the 
inscribed octagon P'= \/8= 2.8284271, 
circumscribed octagon p'= nTTTa =3.3137085. 

The inscribed and the circumscribed octagons being thu6 
determined, we shall easily, by means of them, determine 
the polygons having twice the number of sides. We have 
only in this case to put i'=2.828427l, _p=3.3 
sh^l find 

i"= VPxp=B.06U67i, 
,_2Pxp 

P" P+P'' 

These polygons of 16 sides will enable us to find the 
polygons of S2 sides ; and the processes may be continued 
H,.,,,,,,v,uuyn: 
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onlil the differenee between the inscribed and circumscribed 
polygons is less than any given surface {p. 10). Since tte 
circle lies between the polygons, it will differ from either 
polygon by less than the polygons differ from each other : 
and hence, in so far as the iigures which express the areas 
of the two polygons agree, they will be the true figures to 
express the area of the circle. 

We have subjoined the computation of these polygons, 
carried on till they agree as far as the seventh place of 
decimals. 



4 






2.0000000 






4.0000000 


8 






2.8284271 






8.3137086 


16 






8.0614674 






8.1826979 


82 






8.1214461 






8.1617249 


64 






8.1365486 






3.1441184 


m 






3.1408311 






8.1422236 


266 






8.1412772 






8.1417604 


612 






3.1415138 






8.1416321 


1024 






8.1416729 






8.1416026 


2048 






8.1416877 






3.1415951 


4096 






8.1416914 






8.1416933 


8192 
16384 
J2768 






8.1416923 
3.1416926 
3.1415926 






3.1415928 
3.1416927 
3.1416926 



The approximate area of the circle, we infer, therefore, 
is equal to 3.1415926. Some doubt may exist perhaps 
about the last decimal figure, owing to errors proceeding 
from the parts omitted ; bat the calculation has been car- 
ried on with an additional figure, that the final result here 
given might be absolutely correct even to the last decimal 
place. The number generally used, for computation, ifl 
S.1416, a number very near the true area. 

Scholiwm, 1. Since the inscribed polygon has the same 
number of sides aa the circumscribed polygon, and since 
the two polygons are regular, they will be similar (p. 1) : 
and, therefore, when their areas approach to an equality 
with the circle, their perimeters will approach to an equai- 
tty with the circumference. 

H„,,,,„v,uuyn: 
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/Scholium 2. That m^nitude to whiGli a varying mag- 
nitude approaches continually, and which it cannot pass, ia 
called a limit. 

Having shown that the inscribed and circumscribed 
polygons may be made to differ from each other by less 
than any given surface (p. 10), and since, each differs from 
the circle less than from the other polygon, it follows that 
the circle is the limit of aU inscribed and circumscribed 
polygons, formed by continually doubling tbe number of 
eides, and that the circumference is the limit of their peri- 
meters. Hence, no sensible error can arise in supposing 
that what is true of such a polygon is also true of its 
limit, the circle. Indeed, the circle is but a regular poly- 
gon of an infinite number of sides. 



PEOPOSITION XIII. THEOREM. 



The circumfei-efnces of drcks are t 
and the areas are to each other c 



'h oOier as their radii, 
3 squares of their radii. 



Let us designate the circumference of the circle wboae 
radius is CA by drc. GA ; and its area, by area CA: it U 
then to be shown that 

drc. CA : drc. OB :: GA : OB, and that 
area CA : area OB :: CA' : 0B\ 




Inscribe within tbe circles two regular polygons of the 
same number of sides. Then, whatever be tbe number of 
sides, their perimeters will be to each other as the radii 
CA and OB (p. 9). Now, if the arcs subtended by the sides 
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of Ibe polygons l^e contimiaily bisected, and corresponding 
polygons formed, the perimeter of each new polygon will 
approach, the circumference of the circumaeribed circle, and 
at the limit (f. 12, a 2), we sbaU hare 

arc. GA : circ. OB :: CA : OB. 
Again, the areas of the inscribed polygons arc to each 
other as CA to OB {p. 9). But when the Jinmber of 
.sides of the polygons is increased, as before, at the limit 
we sbaU have 



area CA : area OB 



CA' 



0B\ 



Car, 1. It is plain that the limit of any portion of the 
perimeter of an inscribed regular polygon lying between 
the vertices of two angles, is the corresponding arc of the 
circumscribed circle. Thus, the limit of the portion of the 
perimeter intercepted between Q and B is the arc OFK 

Cor. 2. If we multiply the antecedent and consequent 
of the second couplet of the first proportion by 2, and of 
the second by i, we shall have 

drc. CA : circ. OB : : 2CA : 20B- 
and area CA : area OB : : 4GZ* ; iOB^ ; 

that is, the circumferences of circles are to eadi oOier as ihSr 
iiamelerSj and their areas are to each otlmr aa ihe squares of 
{heir diameters. 
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PROPOSITION XIV. THEOKEM. 

Stmihr arcs are to each other as their radii, and similar sec- 
tors are lo each other as tJie squares of thdr '-adii 

Let AB, DE, bo similar arcs, and AGB, DOB, Riniilar 
sectors : then 

A.B : DE :: 
and AGB : DOE 

For, since the arcs are sim- 
ilar, the angle C is equal to 
the angle (b. iv., d. 6). But 
we have (b, in., p. 17), 

angle G : 4 right angles 
and, angle : 4 right angles 
hence (b. II., p. 4, C), 

AB : DE :: arc OA : circ. OD ; 
but these circumferences are as the radii AO, DO (p. 13): 
hence, 

AB : DE :: GA : OD. 
For a like reason, the sectors AGB, DOE, are to each 
other as the whole circles : i\'hich again are as the s(|\iares 
>f their radii (p. 13); therefore, 

sect. A OB : sect. DOE : : G^ : OU'. 




PEOPOSITION XV. TIIEOKEM. 

The area of a circle is equal to the product of half the radius 
hy the circumference. 

Let A ODE be a circle whose cen- 
tre ia aud radius OA : then will 
area OA=\OAxcirc. OA. 

For, inscribe in the circle any regu- 
lar polygon, and draw OF perpendicu- 
lar to one of its sides. The area of 
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the polygon is equal to lOF, mul- 
tiplied by the perimeter (p. 8). Now, 
let the ares which are subtended by 
the sides of the polygon be bisected 
and new polygons formed as before : 
the limit of the perimeter is the cir- 
cumference of the circle ; the limit of 
the apothem is the radius OA, and 
the hmit of the area of the polygon is the area of the 
circle (p. 12, s. 2). Passing to the limit, the expression for 
the area becomes 

area 0A=\OAxcirc. OA ; 
consequently, the area of a circle is equal to the product 
of half the radius by the circumference, 

Chr. The area of a sector is equal to the arc of. the 
aector inultiplied by half the radius. 

!For, we have (b. in., p. 17, s. 4), 

Itect AGS : area OA : : AMB : circ. OA ; 
OT,sect.AGB : area A :: AMBx 

iOA : circ. GAx^OA. 
But, circ. OAx^OA is equal to the 
area CA ; hence, AMBx^CA is equal 
to the area of the sector. 



FEOPOSITIOH XVI. THEOEEM. 

The area of a circle is equal to Hie square of tlie radius mul- 
tiplied hj the ratio of ike diameter to the drcuinference. 

Let the circumference of the circle whose diameter ia 
unity be denoted by * : then, since the diameters of cir- 
cles are to each other as their circumferences (p. IS, 0. 2), «■ 
will denote the ratio of any diameter to its circumferenca 
We shall then have 

1 ■.«■.: 20A : circ. OA: 
therefore, circ. CA=tx^GA. 

Multiplying both members by \0A, we have 
\OAXcirc. CA='^xGT, 
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or (p. Wy area OA=r(X OA^, 
that is, the area of a circle t 
to * into the square of the radius. 

Scholium 1. Let CA=Il, and area 
OA=A: then, A — ■rB\ making 
CA=1; we shall have 

area GA=< D^ 

But we have found the area of the circle whose radius is 
1 to be 8.1415926 (P. 12) : therefore, we have 
*=3.1415926. 
In common calculations, we take «— 3.1416. 

iScholium 2. The problem of the quadrature of the circle, 
as it is called, consists in finding a square equivalent in 
surface to a circle, the radius of which is known. Kow it 
has just been proved, that a circle is eqmvalent to the rect- 
angle contained by its circumference and half its radius 
(p. 15) ; and this rectangle may be changed into an equiv- 
alent square, by finding a mean proportional between its 
length and its breadth (b. iv., peob. 3). To square the 
circle, therefore, is to find the circumference when the 
radius is given ; and for effecting this, it is enough to 
know the ratio of the diameter to the circumference. 

Hitherto the ratio in question has never been determin- 
ed except approximatively ; but the approximation has 
been carried so far, that a knowledge of the exact ratio 
would afford no real advantage whatever beyond that of 
the approximate ratio. Accordingly, this problem, which 
engaged geometers so deeply, when their methods of 
approximation were less perfect, is now degraded to the 
rank of those idle questions, with which no one possessing 
the slightest tincture of geometrical science, will occupy 
any portion of his time. 

Archimedes showed that the ratio of the diameter to the 
circumferenoe is included between 3fg and 3^ ; hence, 3} 
or 't affords at once a pretty accurate approximation to 
the number above designated by ir; and the simplicity 
of this first approximation has brought it into very general 
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use. Melius, for the same quantity, found the imich more 
accurate value jf j. At last, the value of *, developed to 
a certain order of decimals, was found by other calculators 
to be 3.1415926535897932 &e. : and some have had patience 
enough to continue these decimals to the hundred and 
twenty-seventh, or even to the hundred and fortieth place. 
Such an approximation is practically equivalent to perfeut, 
accuracy ; the root of an imperfect power is in no case 
more accurately known. 



PROPOSITION XVII. THEOREM. 



If ilie circumferences of two circles intersect each other, tJis arc 
of the common chord in tlie less cCrck vnll he hnger than 
I arc of the greater.* 



Let A and B he the centres of two circles, A G, BG, 
their radii, G and D the points in which their circumfer- 
ences intersect and GD their common chord : then will the 
arc DEC described with the radius BC, be longer than the 
arc DFG described with the greater radius AG. 

Join the centres A and B, 
and prolong AB to E. Then, 
since AB bisects the chord 
CD at right angles (b. in., p. 11); 
it also bisects the arcs at 
the points F and E (b. in., p. 
6). Draw GE and DE which 
will be equal to each other 
(b. hi., p. 4) ; also GF and DF. 

Bisect the arcs GFJ, ED, 
and also the arcs GF, FD, and 
draw chords subtending the new 
arcs : there will thus be inscribed in the two segments 
DEC, DFG, regular portions of two polygons, having the 
same number of sides in each. 

'Now. since the point F is witliin the triangle DEO, 
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EC plus ED is greater tlian GF plus FD {b. [., P. 8) : 
hence, the half, OE is greater than the half, CF. If now, 
with C aa a centre, and GE as a radius, we describe an 
arc EH, the chord GE being greater than CF, the aie CFH 
will be greater than the arc GF (b. hi., p. 6). If we sup- 
pose the arc CKE to move with the chord CF then, 
when the chord GF becomes the chord GB, the are CKE 
will pass through the points G and H, and wiU have with 
CFH, the common chord GH. 

If, now, we bisect the arc which is eq^ual to OKE, and 
also the are CFH, we know from what has already been 
shown, that the chord of half the outer arc will be greater 
than the chord of half the inner arc CFH, much more will 
it be greater than the chord of CL, which is half the arc 
OF; that is, the chord of the arc GK, one-half of CE, 
will always be greater than the chord of the arc GL^ one- 
half of OF. Hence, the perimeter of that portion of the 
polygon inscribed in the segment GED, wiU be greater than 
the perimeter of the corresponding polygon inscribed in the 
segment OFD. If, then, we continue the operations indefi- 
nitely, the limit of the outer perimeter will be the arc GFD, 
and of the inner, the arc GFD: hence, the arc GED is 
greater than the arc GFD. 

Gar. If equal chords be taken in unequal circles, the 
arc of the chord in the greatest circle will be the shortest; 
for, the circles may always be placed as in the figure. 
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PLANES AND POLYEDKAL ANGLES. 



DEFINITIONS. 

1. A straigbt line is perpendicular to a plane, when it 
is perpendicular to every straight line of the plane 
which passes through its foot : conversely, the plane is 
perpendicular to the line. The point at which the per^ieu- 
dicular meets the plane, is called the /ooi of the perpendic- 
ular. 

2, A line is parallel to a plane, when it, cannot meet 
that plane, to what distance soever both be produced. 
Conversely, the plane is parallel to the line, 

8. Two planes are parallel when they cannot meet, to whai 
distance soever both be produced. 

4. The indefinite space lying between two planes which 
intersect each other, is called a diedral angle : the planes are 
called the faces of the angle, and their line of common inter- 
Bcction, the edge of the angle. 

The measure of a diedral angle is the same as that of the 
plane angle contained between two lines, one drawn in each 
face, and both perpendicular to the common intersection at 
the same point. This angle may be acute, obtuse, or a right 
angle. If it is a right angle, the two /aces are perpendicular 
to each other, 

5. A PoLTEDKAL angle is the indeiinite apace included by 
several plane angles meeting at a common point Each plane 
angle is called uface : the line in which any two faces intersect, 
is called an edge: and the common point of meeting of all the 
plane angles, is called the vertex of the polyedral angle. 

„,.«d,„v,uuyn: 



BOOK VI. 157 

Thus, the polyedral angle wliose ver- g 

teK is (?, is bounded by the fonr faces, yA. 

ASB, BSG, OSD, DSA. Three planes, at yV^ \\ 

least, are necessary to form a polyedral li4^— .7_-jo 

angle. // / 

A polyedral angle bounded by tLree £-- K 

planes, ia ciLlled a trkdral angle. 

POSTULATES. 

1, Let it be granted, that from a given point of a 
plane, a line may be drawn perpendicular to that plane, 

2. Let it be granted, that from a given point without n 
plane, a perpendicular may be let fall on the plane. 

PSOPOSITIOH I. THEOEEM. 

A straight line cannot be partly in a ■plane, and partly out of it. 

For, by the definition of a plane (b. i., d. 9), when a 
straight line has two points common with it, the line liea 
wholly in the plane. 

Scholium. To discover whether a surface is plane, apply 
a straight line in different ways to that surface, and ascer- 
tain if it coincides with the surfiice throughout its whole 
extent. 

PROPOSITION II. THEOREM. 

Two straight lines whicli intersect each other, lie in the same 
plane, and determine its position. 

Let AB, AC, h^ two straight lines 
which intersect each other in A ; a plane 
may be conceived in which the straight 
line j1 B is found ; if this plane be turned 
round AB, until it pass through the point 
C, then the line AO, which has two of its points A and 
0, in this plane, lies wholly in it ; hence, the position of 
the plane ia determined by the single condition of contain- 
ing the two straight lines AB, AC. 
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Cor. 1, Any three points A, B, 
C, not in a straight line, determine 
the position of a plane. Hence, a 
triangle BAG, determines the posi- 
tion of a plane. 

Cor. 2. Hence, also, two paral- 
lels AB, CD, determine the posi- 
tion of a plane ; for, drawing the 
secant EF^ the piano of the two 
straight lines AE, EF, is that of 
the parallels AB, CD. Bnt the lin^ AE, EF, determine 
this plane; therefore, so do the parallels, AB, CD. 
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miersection luill be 




Ifjwo planes meet one another, tlieir c 
a -straight line. 
Let the two planes AB, CD, cut 
one another, and let E and F 
be two points of their common 
section. Draw the straight line 
EF. This line lies wholly in the 
plane ^5, and also, wholly in the 
plane CD (b. i., d. 9) : therefore, 
it is in both planes at once. But 
since a straight line and a point out of it cannot lie in 
two planes at the same time (p. ii., c. 1), EF contains all 
the points common to both' planes, and consequently, is 
their common intersection. 

PBOPOBITIOH IV. THEOEEM. 
ff a straight line be perpendicular to ttoo straight lines at their 
point of intei-section, it will be perpendicular to the plane 
of those lines. 

Let JfiV be the plane of the two lines BB, CO, aud let 
AP be perpendicular to each of them at tlieir point of 
intersection P ; then will AP be perpendicular to every 
line of the plane passing through P, and consequently to 
the plane itself (i>. 1). 
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For, through P draw in the 
plane MN, any straight line as PQ, 
TiiTough any point of this line, as 
Q, draw BQO, so that SQ shall 
be eqnal to QO (b. iv., prob. 5); 
draw AB, AQ, AG. 

The base BG being divided into 
two eq^nal parts at the point Q, the 
triangle BPG gives (b. IV., p. 14). 

The triangle BAG in hke manner gives, 
Aa'-\-AB'o2AQ^+2 Q^. 

Taking the first of these equals from the second, and 
observing that the triangles APG, APB, being right-angled 
at P, give 

AG~~PG'oAP\ and IB^-Pb'^oIP', 
we shall have, 

IP'+AP^ =^2A^'-2Pg'. 

Therefore, by taking the halves of both, we have 
ZP^^0= J^-.P^. or AQ'oAP'+PQ' ; 
hence, the triangle APQ is right-angled at P; hence, AP 
is perpendicular to PQ. 

Scholium. Thus, it is evident, not only that a straight 
line may be perpendicular to all the straight lines which 
pass through its foot, in a plane, but that it always Toxmt 
be so, whenever it is perpendicular to two straight lines 
drawn in the plane : hence, a line and plane may fulfil the 
conditions of the first definition, 

(hr. 1. The perpendicular AP is shorter than any 
oblique line AQ ; therefore, it measures the shortest distance 
from the point A to the plane MNl 

Cor. 2. At a given point P, on a plane, it is impossi- 
ble to erect more than one perpendicular to the plane; for, 
if there could be two perpendiculars at the same point P, 
draw through these two perpendiculars a plane, whose sec- 
tion with the plane MN" is PQ; then these two perpi^n- 
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diculars would be both perpendicular to the line PQ, at 
jjie same point, which is impossible (b, i., p, 14, c.) 

It is also impossible to let fall from a given point, out 
jf a plane, two perpendieulara to that plane ; for, if AP, 
AQ, be two such perpendiculars, the triangle APQ will 
have two right angles APQ, AQP, which is impossible (a. 
L, P. 25, 0. 3). 

PROPOSITION V. THEOREM. 

If, from a point without a plane, a perpertdicular he drawn to 
the plane, and oblique lines he dravm to its different points : 

1st. Tlie oblique lines which meet the plans at points equally 
distant fi-om the foot of ike perpendicular, are equal: 

2d Of two oblique lines which meet die plane at unequal dis- 
tances, the one passing through the remote point is the hnger. 

Let AP be perpendicular to the plane MN"; AB, AG, 
A D, oblique lines intercepting the equal distances PB, PO, 
PD, and AE a line intercepting the larger distance P^: 
then will AB=AC=AI); and AB will be greater than 
AB. 

I'or, the angles APB, APO, APB, 
being right angles, and the distances 
PB, PG, PD, equal to each other, 
the triangles APB, APG, APB, 
have TSQ. each an equal angle con- 
tained by two equal sides : there- 
foie they are equal (b. i., p. 5) ; 
hence, the hypothenuses, or the 
oblique lines AB, AG, AD, are equal 
to each other. 

Again, since the distance PB is greater than PD, or itt 
equal PB, the obliq^ue line AE is greater than AB, or its 
equal AD (b. 1, p. 15). 

Cor. All the equal oblique lines, AB, AG, AD, ka., ter- 
minate in the circumference BCD, described from P, the 
foot of the perpendicular, as a centre ; therefore, a point A 
being given out of a plane, the point P at which the per- 
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liendicular let fell from A ■would meet that plane, may be 
found by marMEg upon tliat plane three points, B, G, D, 
equally distant from the point A, and then finding the 
centre of the circle which passes through these, points ; thia 
centre will be P, the point sought. 

Scholium. The angle ABP is called the inclination of the 
oblique line AB to the plane MN; which inclination is evi- 
dently equal with respect to all such lines AB, AG, AD, aa 
make equal angles with the perpendicular ; for, all the tri- 
angles ABP, AGP, ABPy &o., are equal to each other, 

PEOFOSITION n. THEOREM. 

If from the fool of a perpendicular a line he drawn at right 
angles to any line of a plane, and the point of interseetion 
he joined with any point of the perpendicular, this last line 
will be perpendicular to the line of the plane. 

Let AP be perpendicular to the plaue NM, and PB 
perpendicular to BG; join D with any point of the per- 
pendicular, as A ; then will AD also be perpendicular to 
BG. 

Take DB=DG, and draw PB, 
PG, AB, AG. Now, since DB is 
equal to DG, the oblique line PB 
is equal to PG (b, 1, P. 5) : and 
since PB is equal to PG^ the 
oblique line AB is equal to AG 
(p. 5) ; therefore, the line AD 
has two of its points A and D 
equally distant from the extremi- ^' 

ties B and G; thciefore, AD is a perpendicular to BO^ at 
its middle point D (b. i., p. 16, c.) 

Gor. It is evident, likewise, that BG is perpendicular 
to the plane of the triangle APD, since it is perpendicu- 
lar to the two straight lines AD, PD of that plane {p. 4). 

Sdiolium 1. The two lines AE, BG, afford an instance of 
two lines which are not parallel, and yet do not meet, be- 
ea'ose they are not situated in the same plane. The short- 
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est distance between these lines is 
the straiglit line PD, which is at 
once perpendicular to the line AP 
and to tie line BO. The distance 
PD is the shortest distance between 
them : because, if we join any other 
two points, such as A and B, we 
shall have AB>AD, AD>PD; 
therefore, still more, AB'>PD. 

Scholium 2. The two lines AE, OB, though not situated 
in the same plane, are conceived as forming a right angle 
with each other ; because AE and the line drawn through 
any one of itS points parallel to BG, would make with 
each other a right angle. In the same manner, AB, PD, 
which represent any two straight lines not situated in the 
same plane,- are supposed to form with each other the same 
angle, as would be formed by AB and a straight line 
drawn through any point- of AB, parallel to PD. 



FEOPOSITION VII. THEOREM. 

If (me of two parallel lines ha perpendicular to a plane, (Ko 
other vnll also he perpendicular to the same plan&. 

let ED, AP, be two parallel lines; if AP is perpen- 
dicular to the plane 2fM, then will ED be also perpendio- 
ular to it. 

For, through the parallels 
AP, DE, pass a plane ; its inter- 
section with the plane MN" will M 
be PD ; in the plane MN draw ' 
BD perpendicular to PD, and 
then draw AD. 

Now, BD is perpendicular to 
the plane APDE (p. 6, c.) there- 
ifore, the angle BDE is a right angle ; but the angle EDF 
.13 also a right angle, since AP is perpendicular to PD, 
and DE parallel to AP (b. i., p. 20, c. 1) ; therefore, the line 
DE is perpendicular to the two straight lines DP, DB; 
conseq^uently it is perpendicular to their plane MN (P. 4). 
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Cor, 1. Conversely : if the straigM lines AP, DE, ate 
perpendicular to the same plane MN, they will be parallel 
For, if they be not parallel, draw, through the point D, a 
line parallel to ^jF, this parallel will be perpendicular to 
the plane ifiV, thereiiwe, through the same point D more 
than one perpendicular will be erected to the same plane^ 
which is impossible (p. 4, c. 2). 

Cor, 2. Two hnes A and B, parallel to a third C, are 
parallel to each other ; for, conceive a plane perpendicular 
to the line C; the lines A and -S, being parallel to C, are 
perpendicular to this plane ; therefore, by the preceding 
corollary, they are parallel to each other. 

The three parallels are supposed not to be in the sama 
plane ; otherwise the proposition would be already proved, 
(B. I., V, 22). 

PEOPOSITIOK VIII. THEOEEM. 

If a straight line is parallel to a line of a plane, it is par- 
aUel to t/ie plane. 

Let the straight Une AB be parallel to the line CD Of 
the plane NM; then will it be parallel to the plane NM. 

For, if the line AB, which lies a B 

in the plane ABDG, could meet the / / 

plane MN, it could only be in some M 
point of the line CD, the common 



intersection of the two planes ; but \ c D 

the line AB cannot meet CD, since 

they are parallel (b. I,, D. 16) : hence, 

it will not meet the plane MN; therefore, it is parallel to 

that plane (d. 2). 

PROPOSITION IS. THEOKEM. 

2W plaroes which are perpendicular to the satne straight Une 
are parallel to each other. 

Let the planes MN, PQ, bo perpendicular to the lino 
AB, then will they be parallel. 
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For, if tliey can meet any 
where, let be one of their 
common points, and draw OA, 
OB. Now, the line AB, wliich 
is perpendicular to the plane 
MN^ is perpendicular to the 
straight line OA, dratvn through 
its foot in that plane (d. 1) ; for 
the same reason AB is perpendicular to BO ; therefore, there 
are two perpendiculars, OA and OB, let fall from the same 
point t>, upon the same straight line, which 
(b, I., p. 14) ; therefore, the planes MN, PQ, cannot 
each other ; consequently, they are parallel, 
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:iON S. THEOREM. 

^ a plane cut two jia/rc^hl planes, the lines of inlersection wiU 
be parallel. 

Let the parallel planes N'M, QP, be intersected by the 
plane EH; then will the lines of intersectiou UF, GH, 



For, if the lines EF, GS, 
lying in the same plane, were 
not parallel, they would meet 
each other when prolonged ; and 
then the planes MN, PQ, in which 
those lines lie, would also meet; 
and hence, the planes would not 
be parallel, which is contrary to 
the hypothesis. 
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PEOPOSITION XI. THEOREM, 

Tf two planes are paralM, a- straight line which is perpendicu- 
lar to one, is also perpendicular to tlie oilier. 

Let MN, PQ, be two parallel planes, and let AB be 
perpendicular to the plane NM; then will it also be per- 
pendicular to QP. 
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For, draw any line BO in the 
plane PQ, and tirough tlie Knes 
AB and BO, pass a plane ABO, 
intersecting the plane MN in 
AD; tlie intersection AD is par- 
allel to BG (p. 10). Bnt the line 
AB, being perpendicular to the 
plane MN, is perpendicular to "^ 

the straight line AD (p. 1) ; therefore, also, to its parallel 
BC (b. I., p. 20, C. 1} ; hence, the line AB being perpendicu- 
lar to any line BO, drawn through its foot in the plane 
PQ, is perpendicular to that plane (d. 1). 
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PEOPOSITION Xn. THEOREM. 

All parallels incliided hetween two parallel planes are equal. 

Let MN, PQ, be two parallel planes, and ffF, QE, two 
parallel lines : then will &E=SF. 

For, through the parallels GE, 
HF, draw the plane EGHP, in- 
tersecting the parallel planes in 
EF and GS. The intersections 
EF, QH, are parallel to each other 
(p. 10) ; and since OE, HF are 
parallel, the figure E&RF is 
a parallelogram. ; consequently, 
E&=FB: (b. l, p. 28). 

(hr. Hence, it follows, tliat two parallel planes are even/- 
where equidistant. For, suppose EG to be perpendicular to 
the plane PQ ; then, the parallel FR is also perpendicular 
to it (p. 7), and the two parallels are likewise perpendicjif 
lar to the plane MN (p. 11) ; and being parallel, they are 
equal, as shown by the proposition. 
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PEOFOSmON SIII. THEOREM. 



^ two angles, iwt situated in the same plane, have their sides 
paralUl and lying in the same direction, these angles will be 
equal and their planes will be parallel. 

Let the angles OAE aod DBF, liave the side AO 
parallel to BB, and lying in the same direction ; also, AE 
parallel to BF, and lying in the same direction ; then will 
the angles CAE and DBF be equal, and their planes par- 
allel. 

For, take j1(7 and BD equal to 
each other, and also AJEi=BF; 
and draw CE, DF, AB, CD, EF. 
Since AO is equal and parallel to 
BD, the figure ABDG is a paral- 
lelogram (b. l, p. SO) ; therefore, CD 
is equal and parallel to AB. For 
a similar reason, EF is equal and 
parallel to AB; hence, also, CD 
is equal and parallel to EF (p. 
7, c. 2) ; hence, the figure DFEG 
is a parallelogram, and the side CE is equal and parallel 
to DF ; therefore, the triangles OAF, DBF, have their cor- 
responding aides equal ; consequently, the angle OAE=DBF. 
Again, the plane ACE is parallel to the plane BDF. 
For, if not, suppose a plane to be drawn through the point 
A, parallel to BDF. If this plane be different from AOE, 
it will meet the lines CD, EF, in points diEFerent from G 
and E, for instance in G and H; then, the three lines BA, 
DQ, FH, will be equal (p. 12), and each equal to AB: 
but the lines AB, CD, EF, are already known to be equal ; 
hence, DC=DG, and EF=FE, which is absurd; hence, 
the plane ACE is parallel to BDF. 

Got. If two parallel planes MK, PQ, are met by two 
other planes OABD, EABF, the angles GAF, DBF, formed 
by the intersections of the parallel planes aro equal; for, 
the intersection AO is parallel to BD, and AE to BF 
(p. 10) ; therefore, the angle CAE=DBF. 
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PEoroSITION XIV. THEOKJiM. 



{f Uiree strazghi lines, not situated in the same plane, are equaJ 
and parallel the triangles formed by joining the extremity 
of these lines wUl be equal, and their planes parallel. 

Let AB, CD, ^F, be three equal and parallel lines. 

Since AB is equal and paral- m 
lei to CD, the figure ABBO is 
a parallelogram ; hence, the side 
AO is equal and parallel to BB 
(b. I., P. 30). For a like reason, 
the sides AB, BF, are equal and 
parallel, as also OE, BF; hence, 
the two triangles AC®, BBF, have 
their sides equal, and are therefore 
equal (b. l., P. 10) ; and aa their sides 
are parallel and he in the same 

33, their planes are parallel (p. IS). 




PS0P08ITION XV. THEOEEM. 

If two straight lines he cut hy three parallel planes, they will he 



i the line AB to meet the parallel planes MN, 
PQ, BS, at the points A, E, B ; and the line CB to meet 
the same planes at the points C, F, B: then 
AF ; EB :: CF : FB. 
Draw AB meeting the plane 
PQ in G, and draw AO, BQ, OF, 
BB. Since the parallel planes PQ, 
RS, are cut by the third plane 
BAB, the intersections -Bi3and^(? 
are parallel (p. 10) : and we have 

AB : EB :: AG : GD. 
and the intersections AC, QF, 
being parallel, 

AG : OB :: CF : FD; 
hence (b. ii., p. 4, c), AE : FB 
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PEOPOaiTION SVI. THEOREM. 

If a liTie is perpendicular to a plane, every plane passed 
through the perpendicular, is also perpendicular to the plane. 

Let AP be perpendicular to the plane NM; then wij] 
everj plane passing through AP be perpendicular to HM, 

Let BF be Emy plane passing through 
AP, and BC its intersection with the 
plane MK' Li the plane MN, draw I>P 
perpendicular to SP; then the line AP, y 
being perpendicular to the plane MN, ] 
ia perpendicular to each of the two ' 
straight lines BO, DK Now, since AP 
and BE are both perpendicular to the 
common intersection BG, the angle which 
they form will measure the angle between the planes (d. 4) : 
but the angle APD, or APE, is a right angle : hence, the 
two planes are perpendicular to each other. 

Scholium. When three straight lines, such as AP, BP, 
DP, are perpendicular to each other, any two may be 
regarded as determining a plane, and the three will deter- 
mine three plan^. Now, each line is perpendicular to the 
plane of the other two, and the three planes are perpcn- 
dicuho" to each other. 




PBOPOSITION XVII. THEOSEM. 

If two planes are perpendicular to each other, a line dravm 
in one of (hem perpendicular to their common inlcrseclicn, 
wUl be perpendicular to the other plane. 



Let the plane BA be perpendicular to 
NM; then, if the line AP be perpendic- 
ular to the intersection BO, it will also 
be perpendicular to the plane NM. 

For, in the plane MN, draw PD per- 
pendicular to PB ; then, because the 
planes are perpendicular, the angle APD 
IB a right angle (d. 4) ; therefore, the line 
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AP is perpendicular to the two straight liuea PB, PD, 
passing through its foot ; therefore, it is perpendicular to 
their plane MN (p. 4). 

dor. If the plane BA is perpendicular to the plane MN, 
and if at a point P of the common intersection we erect 
a perpendicular to the plane MN, that perpendicular -will 
be in the plane BA. For, let us suppose it will not, then, 
in the plane BA draw AP perpendicular to PB, the com- 
mon intersection, and this AP at the same time, is per- 
pendicular to the plane MN, by the theorem ; therefore at 
the same point P there are two perpendiculars to the plane 
MN, one out of the plane BA, and one in it, which is im 
ble (P. 4, c. 2). 



I^EOPOSITION XVIII. THEOEEM, 

If txoo iilanes which cut each otlier are perpendicular to a (Jiird 
pkme, their common intersection is also perpendicular to Hunt 
plane. 

Let the planes BA, DA, he perpen- 
dicular to NM; then will their intersec- 
tion AP he perpendicular to NM. 

For, at the point P, erect a perpen- 
dicular to the plane MN; that perpen- 
dicular must be at once in the plane 
AB and in the plane AD (p, 17, c.) ; 
therefore, it is their common intersection 
AP. 

PEOPOSITION XIS. THEOEEM. 

The sum, of either two of the plane angles whidi include a 
triedral angle, is greater than the third. 

The proposition requires demonstration only when the 
plane angle, which is compared with the sum of the two 
others, is greater than either of them. Therefore, suppose the 
triedral angle S to be formed by the three plane angles 
ASB, ASO. BSG, and that the anccle ASB is the greatest; 
we are to show that ASB<AiSC+BBG. 
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GEOMETRY. 



In the plane A&B make the 
angle BSD^BSG, and draw the 
straight line ADB at pleasure ; then 
make SG=SD, and draw AO, BO. 

The two sides BS, SD, are ecLual 
to the two BS, SG, and the aagle 
BSD=BSO; therefore, the triangles 
BSD, BSG, are equal (b. I., r. 6); hence, BD=BG, 
AB<AG+BG; taking £-0 from the oae side, and from the 
other its eqaal BG, there remains j1Z'< J. (?. The two sides 
AS, SD, are equal to the two AS, SG; the third side AD 
is less than the third side AG; therefore, the angle ASB<_ 
ASO {b. I., p. 9, c.) Adding BSD=BSO, we have 
ASn+BSD, or ASB<ASG+BSG. 




PROPOSITION XX. THEOREM. 

The sum of the ^lane angles which include any polyedral angle 
is less than four right angles. 

Let S he the vertex of a poljedral angle bounded by 
the faces BSC, CSD, BSE, ESA, ASB; then wQl the sum 
of the plane angles about S be less than four 1 

For, let the polyedral angle be cut 
by any plane AB, intersecting the edges 
in the points A, B, G, D, B, and the 
faces in the Hues AB, BG, GD, BB, 
MA. From any point of this plane, as 
0, draw the sti-aight lines OA, OB, OG, 
OB, OB. 

We thus form two sets of triangles, 
one set having a common vertex S, 
the other having a common vertex 0, 
and both having the common bases AB, BG, GD, DE, EA. 
Now, in the set which has the common vertex S, the sum 
of all the angles is equal to the sum of all the plane angles 
which comprise the polyedral angle whoae vertex is S, to- 
gether with the sum of all the angles at the bases : viz. ; 
SAB, SBA, SBG, &e, ; and the entire aura is equal to twice as 
many right angles as there are triangles. In the set whose 
H,.,,,,,,v,uuyn: 
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common vertes: is 0, the sum of all the angles is equal 
to the four right angles about 0, together with the inte- 
rior angles of the polygon, and this sum is equal to 
twice as many right angles as there are triangles. Since 
the number of triangles, in each set, ia the same, it fol- 
lows that these sums are equal. But in the triedral 
angle whose vertex is B, ABS-\-SBO>ASG (p. 19), and 
the like may be shown at each of the other vertices, 
(7, D, E, A: hence, the sum of the angles at the bases, in 
the triangles whose common vertex is /S", is greater than 
the sum of the angles at the bases, in the set whose com- 
mon vertex is : therefore, the sum of the vertical angles 
about S is less than the sum of the angles about : that 
is, less than four right angles. 

Scholium. This demonstration is founded on the suppo- 
sition that the polyedral angle is convex, or that the plane 
of no one face produced can ever meet the polyedral angle ; 
if it were otherwise, the sum of the plane angles would no 
longer be limited, and might be ,of any i 



PEOFOSITION SSI. THEOEEM. 

If two triedral angles are included by plane angles which are 
eqval each to each, the 2}l(>'nes of the equal angles are equally 
inclined to each other. 

Let S and T be the vertices of two triedral angles, and 
let the angle ASC-=DTF, the angle ASB-=DTE, and the 
angle BSO=ETF; then will the inclination of the planes 
ASO, ASB, be equal to that of the planes PTF, DTK 

For, having taken SB at 
pleasure, draw BO perpendicu- 
lar to the plane ASG; from the 
point 0, where the perpendicu- 
lar meets the plane, draw OA, 
00, perpendicular to SA, SG; 
draw AB, BO. Next take 
TU^SB; draw HP perpendicular to the plane DTF; from 
the point P draw PP, PF, perpendicular respectively to 
TB, TF\ lastly, draw BE and EF. 
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The triangle SAB, is right- 
angled at A, and the triangle 
TDE at D (p. 6) : and since 
the angle ^^SS^^DTE; we have 
SSA=TMD. Moreover, since 
SB = TE, the triangle SAB is 
equal to the triangle TDE; 
therefore, SA=TD, and AB=DE. 

In like manner, it may be shown, that SO—TF, and 
£C=SF. That' proved, the quadrilateral ASCO is equal 
to the quadrilateral DTFP: for, place the angle ASO upon 
its eqiiai DTF ; because SA=T£>, and SO=TF, the point 
A will fall on D, and the point G on F; and, at the same 
time, AO, which is perpendicular to SA, will fall on DP, 
which is perpeudicular to TD, and, in like manner, 00 on 
PF; wherefore, the point will fall on the point P, and 
hence, ^0 is equal to DP, 

But the triangles A OB, DPE, are right-angled at and 
P; the hypothenuse AB=DE, and the side AO—DP. 
hence, those triangles are equal (b. I., P. IT) ; and, ■ conse- 
quently, the angle OAB=PDF. But the angle GAB mea- 
sures the inclination of the two faces ASB, ASO; and the 
angle PDF measures that of the two faces DTE, DTF; 
hence, those two inclinations are equal to each other. 

Sdiolium 1. It must, however, be observed, that the 
angle A of the right-angled triangle AOB is properly the 
inclination of the two planes ASB, ASC, only when the 
perpendicular BO falls on the same side of SA, with SG; 
for, if it fell on the other side, the angle of the two planes 
would be obtuse, and the obtuse angle together with the 
angle A of the triangle OAB would make two right angles. 
But in the same case, the angle of the two planes 210^, 
TDF, would also be obtuse, and the obtuse angle together 
with the angle D of the triangle DPE, would make two 
right angles ; and the angle A being thus always equal to 
the angle D, it would follow that the inclination of the 
two planes ASB, ASO, must be equal to that of the two 
planes TDE, TDF. 

Scholium 2. If two triedral angles are iiisluded by three 

„,..,.,,,,,^.UUyK 
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plane angles, respectively equal to eacli otter, and if, at 
the same time, the equal or homologous angles are disposed 
in the same order, the two triedral angles will coincide when 
applied the one to the other, and consequently, are equal 
(J. 14). 

For, we have already seen that the quadrilateral SAOG 
may be placed upon its equal TDPF; thus, plaoiug SA upon 
TD, SO falls upon TF, and the point upon the point _P. 
But because the triangles AOB. DPF, are equal, OB, per- 
pendicular to the plane ASC, is equal to PM, perpendicu- 
lar to the plane TDF\ besides, these perpendiculars lie in 
the same direction ; therefore, the point B will fall upon 
the point B, the line SB upon TB, and the two angles will 
wholly coincide. 

Scholium 3. The triedral angles will not be equal, unless 
the equal plane angles are arranged in the same manner. 
For, if they were arranged in an inverse order, or, what is 
the same, if the perpendiculars OB, PE, instead of lying 
in the same direction with regard to the planes ASO, DTF, 
lay in opposite directions, then it would be impossible to 
make these triedrai angles coincide the one with the other. 
The theorem would not, however, on this account, be less 
true, viz. : that the faces contaiiiing the equal angles must 
be equally inclined to each other; so that the two triedral 
angles would be equal in all their constituent parts, with- 
out, however, admitting of superposition. This sort of 
equality, which is not absolute, or such as admits of super- 
position, ought to be distinguished by a particular name: 
we shall call it, equality by symmetry. 

Thus, those two triedral angles, which are formed by 
faces respectively equal to each other, but disposed in an 
inverse ordei", will be called triedral angles equal by symnie- 
try, or simply symmetrical angles. 
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BOOK VII. 

POLYEDEONS. 
DEFINITIONS. 



1. A PoLTEDRON is a volume bounded by polygons. 
The bounding polygons are called faces of the polyedron ; 
and, the straight line in which any two adjacent faces meet 
each other, is called an edge of the polyedron. 



2. A Peism is a polyedron in which two 
of the faces are equal polygons, having their 
homologous sides parallel : all the other faces 
are parallelograms. 



3. The equal and parallel polygons are called hoses of 
the prism — the one the lower, the other the upper base — 
and the parallelograms taken together, make up the lafsraX 
or convex surface of the prism. 

4. The Altitude of a prism is a line drawn from a point 
in one base, perpendicular to the plane of the other. 



6. A right prism is one whose edges 
are perpendicular to the planes of the bases. 
Each edge is then equal to the altitude of the 
prism. In every other case, the prism ia 
oblique^ and each edge is greater than the 
altitude. 
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6. A Teiangulae Prism ia one whose bases are tri 
angles : a quadrangular prism is one whose hases are quad- 
rilaterals: a pentangular prism is one whose, bases are pen- 
tagons: a hexangular prism is one whose bases are hexa- 
gons, &c. 

7. A Paeallelopipedon is a prism whose bases are 
para]lel( 



8. A Eectangular Parallelopipe- 
DON ia one whose faces are all rectangles. 
When the faces are squares, it ia called 
a cube, or regular hexaedron. 




9. A PYEAinD is avolume bounded by 
a polygon, and by triangles meeting at a 
common point, called the vertex. The 
polygon is called the hose of tho pyra- 
mid, and the triangles, taken together, 
the convex, or lateral sur&,ce. The pyra- 
mid, like the prism, takes different names, 
according to the form of its base : thus, 
it may be triangular, quadrangular, pent- 
angular, &c. 

10. The Altitude of a pyramid is the perpendicular 
let fall from the vertex on the plane of the base. 

11. A Eight Pyeamid is one whose base is a regulai 
polygon, and in which the perpendicular let fall from the 
vertex upon the base passes through the centre of the base. 
This perpendicular is then called the aais of the pyramid. 

12. The Slant Height of a right pyramid, is the per- 
pendicular let fall from the vertex to either side of the 
polygon which forms the base. 



13. If a pyramid is cut by a plane 
parallel to its base, forming a second 
base, the part lying between the bases, 
is called a frustum of a pyramid, or trun- 
cated pyramid. 
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GEOMETRY. 



14. The altitude of a frustum is a perpendicular drawn 
from any point of one base to the other ; and the slant height, 
is that portion of the slant height of the pyramid intercepted 
between the bases of the frustum. 

16. A diagonal of a polyedron is a line joining the 
vertices of any two of its angles, not in the samo face. 

16. Similar ^lyedrons are those whose polyedral angles 
are ecLual, each to each, and which are bounded by tho 
same number of similar faces. 

17. Parts which are like placed, in similar polyedrons, 
whether faces, edges, or angles, are called hoTnohgous. 

18. A regular polyedron is one whose faces are equal 
and regular polygons. Its polyedral iingles are equal. 



PEOPOSITION L THEOKEM. 

The convex surface of a right prism is equal to the 
of either hose multiplied hy its altitude. 

Let ABQD3-K be a right prism : then will ita convex 
surface he equal to 

{AB-\-BG+CD^-I>]>]-\-]i]A)xAF. 

For, the convex surface is equal to , 

the sum of all the rectangles AG, BH, ,,-'''T\. 

CI, DK, EF, which compose it. Kow, 
the altitudes AF, BG, OH, &e., of the 
rectangles, are equal to the altitude of 
the prism, and the area of each rect- ...-P 

angle ia equal to its hase multiplied by 
its altitude (b. rv., p. 5). Hence, the sum 
of these rectangles, or the convex sur- 
fece of the prism, is equal to 

{AB +_BC+ GB^-BF+FA)-kAF ; 
that ia, to the perimeter of the base of the prism multi- 
phed by the altitude. 

Cor. If two right prisms have the same altitude, their 
convex surfaces are to each other as the perimeters of 
their bases. 



B 



:i...db,. Google 




PEOPOSITION II. THEOEEM, 

Tn svery prism, Hie sections formed hy parallel planes, aire 
equal polygons. 

Let the prism AH be intersected by the parallel planes 
NP, SY; then are the polygons NOPQR, STVXY, equal. 

For, the sides ST, NO, are parallel, ^ 

being the intersections of two parallel 
planeti with p, third plane ABGF; these 
same sidea, S2\ NO, are included be- 
tween the parallels NS, OT, which are 
edges of the prism : hence, NO is 
equal to ST. For like reasons, the 
sides OP, PQ, QR, he, of the section 
NOPQR, are equal to the sides TV, 
VX, XY, &c., of the section STVXY, 
each to each ; and since the equal 
sides are at the same time parallel, it 
follows that the angles NOP, OPQ, &c., of the first section, 
are equal to the angles STV, TYX, &c., of the second, each 
to each (b. vi., P. 13). Hence, the two sections NOPQR, 
STVXY, are equal polygons. 

Cot. Every section of a prism, parallel to the bases, is 
equal to either base. 



PEOPOaiTIOK III. THEOEEM. 

If a pyramid he cut by a plane parallel to its base: 

IsL 2'lie edges and ike aHilmle will he divid-xl proportionally: 

2d. The section tcill be a polygon similar to the base. 

Let the pyramid SABCDE, of which SO is the altitude 
be cut by the plane ahcde; then will 

Sa : SA :: So : SO, 
and the same for the other edges ; and the polygon abode, 
will be similar to the base ABODE. 
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First. Since the planes ABC, abc, are 
parallel, their intersections AB, ab, by the 
third plane SAB, are also parallel (b. VI,, 
p. 10) ; hence, the triangles SAB, Sai, are 
similar (b. IV., p. 21), and we have 

SA : Sa :: SB : Sb; 
for a like reason, we have 

SB : Sb : : SO : So; 
and so on. Hence, the edges SA, SB, SO, 
&C., axe cut proportionally in a, h, a, &c. 
The altitude SO is likewise cut in the same proportion, at 
the point o ; for BO and bo are parallel, therefore, we have 
SO : So :: SB : Sh. 

Secondly. Since ah is parallel to AB, be to BO, cd to CD, 
&c., the angle aic is equal to ABC, the angle bed to BOD, 
and so on (b. vi., p. 13). Also, by leason of the similar 
triangles SAB, Sab, we have 

AB : ab :: SB : Sb; 
and by reason of the similar triangles SBO, She, we have 
he; 



SB : Si : 


: BO 


hence, AS : tib : 


: BO 


we might likewise have 




BO : be : 


OS 



cd, 

and so on. Hence, the polygons ABGBS, abcde have their 
angles equal, each to each, and their sides, taken in the 
same order, proportional ; hence, they are similar (b. IV., D. 1). 

Oyr. 1. Let S-ABODB, s 

S-XTZ, be two pyramids, 
having a common vertex 
and their bases in the same 
plane ; if these pyramids are 
cut by a plane parallel to 
the plane of their bases, Uie 
<xc(ions, aicde, xyz, will be to 
each other as Ote bases ABODE, 
XYZ. 
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For, the polygons ABGDB, ahcde, being similar, their 
Burfaees are as the squares of the homologous sides AB, 
(lb ; that is, B. IV., p. 27), 

ABODE : ahcch 



AB : 
SA : Sa; 
sT : 



but, AB : 

hence, ABGDB : abode 

For a like reason, 

XYZ : xyz :: SX^ : ^\ 
But since abc and xyz are in one plane, we have likewise 
(b. VI., P. 15), 

SA : Sa 1.1 SX : Sx; 
hence, ABODE : abcde : : XYZ : xyz ; 
therefore, the sections abcde, xyz, are to each other as the 
bases ABODE. XYZ. 

Cor. 2. If the bases ABODE, XYZ, are equivalent, any 
sections ahcde, xyz, made at equal distances from the bases, 
are also equivalent. 



PROPOSITION IV. THEOREM. 



The convex surface of a right pyramid is equal to 

of its base multiplied by half the slant height 

Let S be the vertex, ABCDE the base, and SF the slant 
height of a right pyramid ; then the convex surface is equal 
to iSFx{AB + BO+CD + DE+EA). ^ 

For, since the pyramid is right, the 
point 0, in which the axis meets the 
base, is the centre of the polygon 
A BODE (D. 11) ; hence, the lines OA, 
OB, 00, &c,, drawn to the vertices of 
the base, are equal. 

In the right-angled triangles SAO, 
SBO, the bases and perpendiculars are 
equal : hence, the hypothenuses are 
equal: and it may be proved in the 
same way, that all the edges of the right pyramid are 
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equal The triangles, therefore, wtich 
form the convex surfaee of the prism 
are all equal to each other. But the 
area of either of these triangles, as ESA, 
is equal to its base EA, multiplied by 
half the perpendicular SF, which is the 
slant height of the pyramid : hence, the 
area of all the triangles, or the convex 
surface of the pyramid, is equal to the 
perimeter of the base multiplied by half 
the slant height. 

Cor. The convex mrface of the frustum of a right pyramvi 
is eqval to half the sum of &ie perimeters of its vpper and 
lower bases midtiplied hy its slant height. 

For, since the section abode is similar to the base (p. S), 
and since the base ABODE is a regular polygon (». 11), it 
follows that the sides ea, ob, be, cd, and de, are all equal to 
eaeh other. Hence, the convex surface of the frustum 
ABCDE-d is corapcraed of the equal trapezoids MAae, ABha, 
&o., and the perpendicular distance between the parallel 
sides of either of these trapezoids is equal to Ff, the slant 
height of the frustum. But the area of either of the trap- 
ezoids, aa AEea, is equal to \ {EA + ea)xFf (b. iv., f. 7) : 
hence, the area of all of them, or the convex surface of 
the frustum, is equal to half the sum of the perimeters of 
the upper and lower. bases multiplied by the slant height 

PEOPOSITION v. THEOEEM, 

If the three faces which inckide a triedral angle of a p-ism an 
equal to the three faces which include a triedral angle of a 
second prism, each to each, and are like placed, the two 



Let B and b be the vertices of two triedral angles in- 
cluded by faces respectively equal to each other, and 
similarly placed ; then will the prism ABCDE-K be equal 
to the prism ahcde-h. 

For, place the base alcde upon the equi^ base ABODE; 




then, since tte triedral angles at h and B are equal, the 
parallelogram hh will coincide with BE, and the parallelo- 
gram bf with BF.. But the two upper bases being equal 
to their corresponding lower bases, are equal to each other, 
and consequently, will coincide : hence, M will coincide 
with HI, ih with IK, hf with KF; and therefore, the 
lateral faces of the prisms will coincide : hence, the two 
prisms coinciding throughout, are equal (a. 14). 

Oor. Two right prisms, which have eqval bases and equal 
altitudes, are equal For, since the side AB is equal to n5, 
and the altitude B& to bg, the rectangle ABGF is equal to 
ahgf; so also, the rectangle BOHO is equal to bghc; and 
thus the three faces, which include the triedral angle B, 
are equal to the three which include the triedral angle 6, 
each to each. Hence, the two prisma are equal. 



PEOrOSITION VI. THEOEEM. 



opposite faces are equal aiid 



In every 



Let ABQD be a parallelopipedon, then will its opposite 
faces be equal and parallel. 

For, the bases ABQB, EFQH, are E H 

equal parallelograms, and have their 
planes parallel {d. 7). It remains only 
to show, that the same is true of any 
two opposite lateral faces, such as 
B€<}F, ADHF. 
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Now, BO ia equal and parallel to E 



AD, because the base ABCD is a par- /\,,---'''''''\ 

fcllelograin ; and since the lateral faces 
are also parallelograms, BF is equal and 
parallel to AE, and the like may be 
shown for the sides FO and EH, CO- and ^ ^ 

DH; lience, the angle CBF is equal to the angle DAE, and 
tke planes DAE, CBF, are parallel (b. vr., p. 13) ; and the 
parallelogram BCQF, is equal to the parallelogram ADHE. 
In the same way, it may he shown that the opposite paral- 
lelograms ABFE, DCQH, are equal wid parallel. 

Cor. 1, Since the parallelopipedon ia a volume bounded 
by six faces, of which any two lying opposite to each 
other, are equal and parallel, it follows that any face and 
the one opposite to it, may be assumed as the bases of the 
parallelopipedon. 

(hr. % The diagonals of a parallelopipedon bisect each otiisr. 
For, suppose two diagonals BIT, DE, to he drawn through 
opposite vertices. Draw also BD, FH. Then, since BF ia 
equal and parallel to DH, the figure BDHF ia a parallelo- 
gram ; hence, the diagonals BH, DF, 
mutually hiaeet each other at E (b. i., p. 
81). In like .manner, it may be 
showo that the diagonal BH and any 
other diagonal bisect each other ; hence, 
the four diagonals mutually bisect each 
other, in a common point. If the six 
feces are equal to each other, this point may be regarded 
as the centre of the parallelopipedon. 

Scholium. If three straight lines AB, AE, AD, passing 
through the same point A, and making given angles with 
each other, are known, a parallelopipedon may be formed 
on these lines. For this purpose, conceive a plane to be 
passed through the extremity of each line, and parallel to 
flie plane of the other two, that is, through the point B 
pass a plane parallel to DAE, through D a plane parallel 
to BAE, and through E a plane parallel to BAD. The 
mutual intersections of these planes will form the edges of 
the parallelopipedon required. 
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If a plane be passed through the opposite diagonal edges of a 
paral(ehpipedo)i it will diinde Hie pajaUelopipedon into two 
equivalent triangular prisms. 

Let the parallelopipedon ABOD-S be divided by the 
plfine BDHF, passing through the opposite edges BF, DHi 
then will the triangular prism ABB-S, be equivalent to 
the triangular prism BOBS. 

For, through the vertices B and F, g; 

pass the planes Bcda, FgJie, at right 
angles to the edge BF, the fonner cut- 
ting the three other edges of the par- 
allelopipedon prolonged in the points 
R, d, a, the latter in the points p, ft, e. 

Now, the sections Beda, Fghe, are -^/f^ /-M\ 
equal paraiJlelograms. For, the cutting ^sC 

planes being perpendicular to the same ^^:^rr^- ^c 

straight line BF, are parallel (b. vi., P. S 

9) : hence, . the sections are equal (p. 2) ; and they are par- 
allelograms because Ba, cd, two opposite sides of the same 
section, are formed by the meeting of a plane aBcd, with 
two parallel planes ABFE, DCGH (b. vi., p. 10). For a 
similar reason Be and ad are parallel ; hence, the figures 
are equal parallelograms. 

For a like reason the figure aBFe is a parallelogram; 
so also, are BcgF, cghd, adhe, the other lateral faces of the 
volume aBcd-h; hence, that volume is a prism (d. 2), and 
that prism is right, since the edge BF is perpendicular to its 
bases. 

But the right prism aBcd-h is divided by the plane BH 
into two equal right prisms aBd-h, Bcd-h; for, the bases 
aBd, Bed, are equal, being halves of the same parallelo- 
gram, and since the prisms have the common altitude BF, 
they are equal (p. 5, o.) 

It is now to be proved that the oblique triangular 
prism ABD-H is equivalent to the right triangular pnsm 
aBd-h. Skice these prisma have a common part ABBJi, it 
will only be neces-sary to prove that the remaining parts, 
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namely, the volumes a5ii-Z), eFh-H, are ^H 

equivalent. Since ABFE, aBFe, are t?,,^'''/^' 
parallelograms, the sides AE, ae, are ^— — 7/f\ \/ 
each equal to BF; hence, they are PA /^f^j, 

equal to each other; and taking away I ci^'Jd i 

the common part Ae, there remains I ^J""^/^ I 
Aa=Ee. In the same manner it may iC-f'-Ty^V 
be proved that Dd=IIh. \i.\ /'C-''^l^ 

To bring about the superposition of ^^^- ^ 

the two volumes, eFh-H, aBd-J), let the 
base eFh be placed on the equal base aBd — the point « 
falling on a, the point h on. d: the edges eF, hH, will then 
coincide with aA, dD, since all the edges are perpendiviular 
to the same plane aBcd. Hence, the two sohds will coin- 
cide exactly with each other; consequently, the ohhque 
prism ABD-H is equivalent to the right prism aBdh. In 
the same manner, it may be shown that the oblique prism 
BCD-H is equivalent to the right prism Bcd-h. But the 
two right prisms have been proved equal: hence, the two 
triangular prisms ABD-H, BCD-H, being equivalent to 
equal right prisms, are equivalent to each other. 

Cot. Every triangular prism ABDH is half the paral- 
lelopipedon AQ, having the same triedral ange! A, and the 
same edges AB, AD, AK 

PEOPOSITIOH VIII. THEOKEM. 

]^ two parallehpipedons have a common lower lose, and their 
upper hoses in the same plane and between t/ie same paral- 
lels, Uiey are equivalent. 

Let the parallelopipedons AG, AL, have the common 
base ABCD, and their upper bases FG, IL, in the same 
plane, and between the same parallels FK, HL; then will 
they be equivalent. 

There may be three cases, according as EI is greater 
than, equal to, or less than EF; but the demonstration, for 
each case, is the same. 

We will show, in the first place, that the triangular 
prisms AIE-H, BKF-G are equal. Since EF and IK aro 
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each equal to AB (r i., 
p. 28), they are equal to 
each other. Add FI to 
each, and we have 
m=FK: 
and since the angle AFF 
is equal to BFK (b, i., 
P. 20, C. 3) ; the triangle "*- ^ 

AM 13 equal to the triangle BFK (b. l, p. 5). Again, 
eince El is equal to FK, and Ffl equal and parallel to 
FGf, the parallelogram FM is equal to the parallelogram 
FL (b. I., p. 28, c. 2) : also, the parallelogram All is equal 
to the parallelogram CF (p. 6) : hence, the three faces 
which include the polyedral angle at F are reppecfcively 
equal to the three which include the polyedral angk at F, 
and heing like placed, the triangular prism AlE-H is equal 
to the triangular prism BKF-G (p. 6). 

But, if the triangular prism AlE-ll be taken away 
from the solid AL, there will remain the parallelopipedon 
ABCB-M; and if the equal triangular prism BKF-G be 
taken away from the same solid, there will remain the 
parailelopipedon ABCD-H ; hence, the two parallelopipedons 
ABCl)-M, ABCD-ll, are equivalent. 

pKoPOsrrtON ix. theoeem, 

Two paralUhpipedons, having their lower bases equal, and e^ual 
altitudes, are equivalent 

Let the parallelopipedons AG, AL, have the common 
base ABCD, and equal altitudes; then will their upper 
bases, EFQH, IKLM, be in the same plane ; and the two 
parallelopipedons will be equivalent. 

For, let the edges FE, GH, be prolonged, as also, KL 
and IM, till, by their intersections, they form the paral- 
lelogram NOPQ, in the plane of the upper bases : this 
parallelogram will be equal to either of the bases IL, EG. 
For, the upper bases IL, EG, being each equal to the 
common base AO, are equal to each other. But OP 
which is equal to FG, is also equal to KL, and ON is , 
H,..,.,,i,,v,uOglc 
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equal to Kly being be 
tween the same paral- 
lels : hence, the paral- 
lelogram NP is equal 
to IL or EQ- (b. I., P. 
28, c. 2). 

Kow, if a third par- 
allelopipedon be con- 
ceived, having for its 
lower base the paral- 
lelogram ABCD, and for 
its upper base NOPQ, 
this third parallelopipedon will be equivalent to the paral- 
lelopipedon AG, since they have the same lower base, and 
their upper bases He in the same plane and between the 
same parallels, QG, NF (p. 8). For a like reason, this third 
parallelopipedon wiU also be equivalent to the parallelo- 
pipedon AL\ hence, the two parallel opipedons AG, AL, 
which have equal bases and equal altitudes, are equivalent. 




PKOPOSITION X. THEOREM. 



Any 



lent rectangular pai 
% equivalent hose. 



may be transformed into an equiva- 
■allehpipedon having an equal altitude and 



Let ABGD-H be any parallelopipedon. 

From the vertices A, 
B, C D, draw AI, SK, 
CL, DM, perpendicular to 
the plane of the lower 
base, and equal to the 
altitude oiAG: there will 
thus be formed the paral- 
lelopipedon All equiva- 
lent to AG (p. 9), and 
having its lateral faces 
AE^, BL, &e., rectangles. 
Now, if the base ABCD 
is a rectangle, AL wiU be 
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equivalent to Aff, and consequently, the parallelopipedou 
required. 

But if ABOD is not a rectangle, draw 
AO aud BiV perpendicular to DC, and 
OQ and NP perpendicular to the base; 
we shall then hare, a rectangular paral- 
lelopipedon ABNO- Q : for, by construc- 
tion, the bases ABNO, and IKPQ, are 
rectangles; so also, 'are the lateral fiiees, 
the edges AI, OQ, &c., being perpendicu- 
lar to the plane of the base ; hence, the 
volume >4P is a rectangular parallel lopipedon. But the two 
paral lelopipedons AP, AL, may be conceived as having the 
same base ABKI, and the same altitude AO: hence, the 
parallelopipedon AQ-, which was at first changed into an 
equivalent parallelopipedon AL, is now changed into an 
equivalent rectangular parallelopipedon AP, having the 
eame altitude AI, and a base ABNO equivalent to the base 
ABOD. 



PROPOSITION XI. THEOREM. 



Tioo rectangular parallelopipedons, which have equal bases, are 
to each other as their altitudes. 

Let the parallelopipedons AQ, AL, Have the common 
base BD, then will they be to each other as their altitudes 
AB, AI. 

First. Suppose tte altitudes AB, AI, to p_ p 

be to each other as two whole numbers, 
as 15 is to 8, for example. Divide AB 
into 15 equal parte, whereof AI will con- 
tain 8 ; and through x, y, z, kc, the points 
of division, pass planes parallel to the 
common base. These planes will divide 
the solid AO- into 15 parallelopipedons, all 
equal to each other, because they have 
equal bases and equal altitudes— -equal 
bases, since every section KLMI, parallel 
U) the base ABOD, is equal to that 1 
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tudes, because the altitudes are the equal 
divisions, Ax, xy, yz, ka. But ot those 15 
equal parallelopipedons, 8 are contained 
in AL; hence, the volume J. G is to the 
volume 4i/ as 15 ia to 8, or generally, as 
the altitude AE is to the altitude AL 

Second. If the ratio of AE to AI 
cannot be expressed exactly in numbers, 
it may still be shown, that we shall 
have 

vol AG : volAL :: AE i AI. 
For, if this proportion is not correct, suppose we have, 

vol. AQ : vol. AL : : AE : AO greater than AI, 

Divide AE into equal parts, such that each shall be less 
than 01] there will be at least one point of division m, 
between and L Let P denote the paraUelopipedon, 
whose base is- ABOD, and altitude Am; since the altitudes 
AE, Am, are to each other as two whole numbers, we 
have 

vol AG : P :: AE : Am. 
But by hypothesis, we have 

vol AG : vol AL :: AE : AO ; 
therefore (b. ii., p. 4), 

volAL : -P : : AO : Am. 

But j4 is greater than Am ; hence, if the proportion is 
coiTcct, the volume AL must be greater than P. On the 
contrary, however, it is less ; therefore, AO cannot be 
greater than AL By the same mode of reasoning, it may- 
be shown that the fourth term cannot be less than AI; 
therefore, it is equal to AI: hence, rectangular parallelo- 
pipedons having equal bases, are to each other as thcii 
altitudes. 
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PEOPOSITIOK Zll. THEOEEM. 



lino rectangular paralhhpipedons, having egual altitudes, are to 
each other as their hoses. 



Let the paraUelopipedous AO, AK, have the same alti- 
tude AS; then will they he to each other aa their bases 
AC, AN-. 

For, having placed the 
two volumea bj the side of 
each other, as the figure 
represents, prolong the plane 
NKLO till it meets the plane 
BOGff in PQ; we thus 
have a third parallelopipe- 
don AQ, which may be 
compared with each of the 
parallelopipedons AG, AIC. 
The two volumes AG, AQ, 
having the same base ADHEl 
are to each other as their 
altitudes AB. AO: in like 
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manner, the two volumes AQ, AK, having the same base 
AOLE, are to each other as their altitudes AD, AM. 
Hence, we have 

vol. AG : vol AQ : : AB \ AO; 
also, vol. AQ -. vol AK : : AB : AM. 

Multiplying together the corresponding terms of these pro- 
portions, and omitting, in the result, the common multi- 
plier wZ. AQ; we shall have 

vol AG : vol AK : i ABxAD : AOxAM. 
But ABxAB represents the area of the base ABCD; and 
AOxAM represents the area of the base AMNO; henc^ 
two rectangular parallelopipedons having equal altitudes, 
are to each other as their- bases. 
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PROPOSITION XIII. THEOEEM. 
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i to each other as the 
products of their hoses by their altitudes; that is, as the 
products of their three dimensions. 

Having placed the two 
volumes AG, AZ, so that 
tlieir faces have the com- 
mon angle BAE, produce 
the planes necessary for 
completing the third par- 
allelopipedon AK, which 
will have an equal altitude 
with the parallelopipedon 
AG. By the last proposi- 
tion, we have 

vol AG : vol AK : : 
ABOD : AMNO. 
But the two parallelopipe- 
dons AK, AZ, having the same hase NA, are to each other 
as their altitudes AE, AX; hence, we have, 

vol. AK : vol AZ :: AE : AX. 
Multiplying together the corresponding terms of these pro- 
portions, and omitting in the result the common multiplier 
vol AK; we shall have, 

volAQ- : volAZ :: ABODxAE : AMNOxAX. 
Instead of the bases ABGD and AMNO, put ABxAD and 
AOxAM, and we shall have, 

vol AG : vol AZ :: ABxAExAE : AOxAMxAX; 
hence, any two rectangular parallelopipedons are to each 
other, as the products of their three dimensions. 

Scholium 1. The magnitude of a volume, when measured, ia 
called its contents ; and this word is exclusively employed to 
designate the measure of a volume : thus, we say the con- 
tents of a rectangular parallelopipedon are equal to the 
product of its base by its altitude, or to the product of its 
three dimensions 
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In order to comprehend the nature of this measTirement, 
it is necessary to consider, that the number of linear units 
in one dimension of the base multiplied by the number of 
linear units in the other dimension of the base, will give 
the number of superficial units in the base of the jiarallel- 
opipedon (b. iv., P.4,s.) For each unit in height, there are 
evidently, as many units of volume as there are superficial 
units in the base. Therefore, the number of superficial units 
in the altitude, gives the number of units of volume in the 
parallelopipedon. 

If then, we assume as the unit of measure, the cube 
whose edge is equal to the linear unit, the contents will be 
expressed numerically, by the number of times which the 
volume contaias its unit of measure. 

Scholium 2. As the three dimensions of the cube are equal, 
if the edge is 1, the contents are denoted by IXlXl— 1 : if 
theedgeis2,by2x2xa=8; if the edge is 3,, by 3X3X3=27; 
and so on. Hence, if the edges of a series of cubes are to 
each other as the numbers 1, 2, 3, &c., the cubes them- 
selves, or their contents, are as the numbers I, 8, 37, &c. 
Hence it is, that in arithmetic, the cube of a number is 
the name given to a product which results from three equal 
factors. 

If it were proposed to find a cube, double of a given 
cube, we should have 1 to the cube root of 2, as the edge 
of the given cube to the edge of the required cube. Now, 
by a geometrical construction, it is easy to find the square 
root of 2 ; but the cube root of it cannot be found, by the 
operations of elementary geometry, which are limited to the 
employment of the straight line and circle. 

Owing to the difficulty of this solution, the problem 
of the duplication of the cube became celebrated among the 
ancient geometers, as well as that of the triseclion of an 
imgle, which is a problem nearly of the same species. The 
solutions of these problems have, however, long since been 
discovered ; and though less simple than the constructions 
of elementary geometry, they are not, on that account, less 
rigorous or leas satisfactory. 
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rEOPOSITION SIV. TIIEOREM- 



Tke contents of a paralMo^pedon, and generally of any prisia, 
are equal to the product of its base by its altitude. 

Mrst. Any parfillelopipedon is equivalent to a rectan- 
gular parallelopipedon, having an equal altitude and an 
equivalent base (p. 10). But, the contents of a rectangular 
parallelopipedon are equal to ite base multiplied by its 
height ; hence, the contents of any parallelopipedon are equal 
to the product of its base by its altitude. 

Second. Any tiiangular prism is half a parallelopipedon 
so constructed as to have an equal altitude and a double 
base (p. 7). But the contents of the parallelopipedon are 
squa! to its base multipliod by its altitude; .hence, that of 
the triangular prism is also equal to the product of its base, 
which is half that of the paralielopipedon, multiplied into 
its altitude. 

Third. Any prism may be divided into as many trian- 
gular prbms of. the same altitude, as there aie tiiingles 
formed by drawing diagonals fr^m a common ^eitev m 
the polygon which constitutes itb bise But the contents 
of each triangular prism are equal to its base multiplied by 
its altitude ; and since the altitudes are equal, it follows 
that the sum of all the triangular pnsms must be equal to 
the sum of all the triangles which constitute iheir bases, 
multiplied by the common altitude 

Hence, the contents of any polygonal prism, ai« equal to 
the product of its base by its altitude. 

Cor. Since any two prisms are to each other as the 
products of their bases and altitudes, if the altitudes be 
equal, they will be to each other as their bases simply; 
hence, two prisms of the same altitude are to each oilier as 
Uvnr hoses. For a like reason, two prisms having equivalent 
bases are io eacft other as their altitudes. 
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Tkvo triangulaT pyramids, having equivalent hoses and equal 
altitudes, are equivalent, or equal in volume. 

Let S-ASO, S-abc, be two such pyramids; let their 
equivalent bases AB€, ahc, be situated in the same plane, 
and let AT he their common altitude: then will they be 
equivalent. 





Eor, if these pyramids are not equivalent, let Saic be 
the smaller; and suppose Aa to be the altitude of a prism 
which, having ABC for its base, ia equal to their differ- 
ence. 

Divide the altitude AT into, equal parts Ax, xy, yz, &o., 
each less than Aa, and let k denote one of those parts; 
through the points of division pass planes parallel to the 
planes of the bases ; the corresponding sections formed by 
these planes in the two pyramids are respectively equivar 
lent, namely, DEF to def, 6HI to ghi, &c. (p. 3, c. 2). 

This being done, upon the triangles ABO, DEF, GET, 
&c., taken as bases, construct exterior prisms having for 
edges the parts AD, DQ, OIC, &c., of the edge SA ; in like 
manner, on bases def, ghi, Mm, &e., in the second pyramidl, 
const]Tict interior prisms, having for edges the correspond- 
13 
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Ing parfs of Sa. It is plain, that the sum of all the exte- 
rior prisma of the pyramid S-ABG is greater than this 
pyramid ; and also, that the sum of all the interior prisma 
of the pyramid S-abe is less than this pyramid. Hence, 
the difference, hetween the sum of all the exterior prisms 
of one pyramid, and the sum of all the interior prisms of 
the other, is greater than the difference between the two 
pyramids themselves. 

Now, beginning with the bases, the second exterior prism 
EFD-Q-, is equivalent to the first interior prlam efd-a, 
because they have the same altitude h, and their bases 
EFD, .efd, are equivalent ; for a like reason, the third exte- 
rior prism HIO-K, and the second interior prism hig-d are 
equivalent; the fourth exterior and the third interior; and 
so on, to the last in each series. Hence, all the exterior 
prisms of the pyramid S-ABC, excepting the first prism 
BCA-D, have equivalent corresponding ones in the interior 
prisms of the pyramid S-ohc : hence; the prism BGA-J), is 
the difference between the sum of all the exterior prisma 
of the pyramid S-ABG, and the sum of the interior prisms 
of the pyramid S-abc. But the difference hetween these 
two sets of prisms has already been proved to be greater 
than that between the two pyramids ; which latter difference 
be equal to the prism BCA-a : hence, the 
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prism BOA-D, should be greater than the prism BOA-a. 
"But in reality it is leas ; for they have the same base 
ABO, and the altitude Ax of the first is less than the 
altitude Aa of the second. Hence, the supposed inequahty 
between the two pyramids cannot exist ; therefore, the two 
pyramids S-ABO, S-abc, having equal altitudes and equiva- 
lent bases, are themselves equivalent. 

PKOPOSITION SVI. TnEOEEM. 

Any triangular pTism may he divided into three equivalent 




Let ABC-DEF be a triangular prism ; then may it I 
divided into three equivalent triangular pyramids. 

Cut ofe the pyramid F-ABG 
from the prism, by the plane 
FAO\ there will remain the 
solid F-AODE, which may be 
considered as a quadrangular 
pyramid, whose vertex is F, 
and whose base is the parallel- 
ogram A ODE. Draw the diag- 
onal CE\ and pass the plane 
FCE, which will cut the quad- 
rangular pyramid into two 
triangular pyramids F-AGE, " 

F-GDE. These two triangular pyramids have for their 
common altitude the perpendicular let fall from F, on the 
plane ACDE; they have equal bases; for the triangles 
ACE, ODE, are halves of the same parallelogram ; hence, the 
,wo pyramids F-ACE, F~CDE, are equivalent (p. 15). But 
;he pyramid F-CDE, and the pyramid F-ABG, have equal 
bases ABG, DEF ; they have also the same altitude, namely, 
;he distance between the parallel planes ABG, DEF; hence, 
;ho two pyramids are equivalent. Kow, the pyramid F- CDE, 
has already been proved equivalent to F-AOE ; hence, the 
,hree pyramids iJ^- J ^(7, F-ODE, F-ACE, which compose the 
[)rism, are all equivalent. 

Cbr. 1. Every triangular pyraipid is a third part of a 
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triangular prism, wliich has an equivalent base and an 
equal altitude. 

Cor. 2. The volume of a triangular pyramid is equal 
to a third part of the product of its base by its altitude, 

PliOPOSITION XVn. TnEOEEM. 

The contents of every pyramid are equal io a third part of the 
product of its base by its altitude. 

Let S-ABGDE be a pyramid : then will ita contents be 
equal to one-third of the product of the base ABODE by 
the altitude SO. 

Pass the planea SEB, SEO, through 8 

the vertex iS, and the diagonals EB, EO; 
the polygonal pyramid S- ABODE will 
then be divided into several triangular 
pyramids, aU having the same altitude 
SO. But each of these pyramids is mea- / 

Bured by the product of ita base ABE, I, 
BOE, ODE, by a third part of its alti- aC^ 
tude SO (p. 16, c. 2) ; hence, the sum of 
these triangular pyramids, or the polyg- ■" 

onal pyramid SABODE is measured by the sum of the 
triangles ABE, BOE, ODE, or the polygon ABODE, mul- 
tiplied by one-third of SO; hence, every pyramid is mea- 
sured by a third part of the product of its base by its 
altitude. 

(k>r. 1. Every pyramid is the third part of a prism 
which has the same base and the same altitude. 

Cor. 2. Two pyramids having the same altitude are to 
each other as their bases. 

Cor. S, Two pyramids having equivalent bases are to 
each other as their altitudes. 

Cffr. 4. Pyramids are to each other as the products of 
their bases by their altitudes. 

Scholium. The contents of any polyedron may be 
computed, by dividing it into pyramids ; and thia 
„,..,.,„,,v,uuyi^- 
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division may be accomplished in varioim ways. One of 
the simplest is to pass all the planes of division through 
the vertex of the same polyedral angle ; in that case, there 
win be formed as many pyramids as the polyedroii has 
faces, less those faces which bound the polyedral angle 
whence the planes of division ] 



PEOPOSITION SVIII. THEOSEM. 

The contents of the frustum of a pyramid are equal io that of 
three pyramids having for their common altitude t/ie alti- 
tude of the frustum, ami for bases tlie lower base of tha 
frustum, the upper base, and a mean p^-oportional between 
the two bases. 

Let ABCDE-e be the frustum of ,a pyramid : then will 
its contents be equal to that of three pyramids having the 
common altitude of the frustum, and for bases the poly- 
gons ABODE, abcde, and a mean proportional between 
them. Let T-FGH be a triangular pyramid having the 
same altitude, and an equivalent base with the pyramid 
S-ABCDK These two pyramids are equivalent (p. 17, c, j 

Now, if we regard their 
bases as situated in the 
same plane ; the plane of 
the section abed, will form 
in the triangular pyramid a 
section fgh, at the same 
distance above the common 
plane of the bases ; and, 
therefore, the section fgh 

will be to the section abcde, as the base FGH is to the t 
ABODE (p. 3, c. 1) : and since the bases are equivalent, 
the sections will also be equivalent. Hence, the pyramids 
S-abcde, T-fgh will be equivalent (p. 17, c. 3). If these bo^ 
taken from the entire pyramids S-ABCDE, T-FGH, the 
frustums ABCDE-e, FQH-h which remain, will be equiva- 
lent: hence, if the proposition is true, in the single case of 
the frustum of a triangular pyramid, it is true in every 
other. 
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Let FQH-h be the irustum of a 
triang'jlar pyramid. Through the 
three points, F, g, H, pass the plaae 
FgH\ it cuts oft from the frustum 
the triangular pyramid g-FGH. This 
pyramid has for its base the lower 
base FOH of the frustum ; its alti- 
tude is equal to that of the frua- 
tiim, because the vertex g Kes in the 
plane of the upper base fgh, G" 

This pyramid being cut off, there remains the quadran- 
gular pyramid g-fliHF, whose vertex is g, and base fkHF. 
Pass the plaae gfS through the three points f, g, H; it 
divides the quadrangular pyramid into two triangular 
pyramids g-fFH, g-fkH. The latter has for its base the 
upper base gfh of the frustum ; and for its altitude, the 
altitude of the frustum, because its vertex H lies in the 
lower base. Thus we already know two of the three pyra- 
mids which compose the frustum. 

It remains to examine the third pyramid g-F/H. Now, 
if gK be drawn parallel to fF, and if we conceive a new 
pyramid K-JFH, having K for its vertex and fFH for ita 
l^se, these two pyramids have the same base BJF; they 
also have the same altitude, because their vertices g and 
K lie in the line gK, parallel to Ff, and consequently, 
parallel to the plane of the base; hence, these pyramids 
are equivalent (p. 17, C. S). But the pyramid K-fFH may 
be regarded as having FKH for its bass, and its vertex 
ftt/: its altitude is then the same as that of the frustmn. 
We are now to show that the base FKH. is a mean pro- 
portional between the bases FQU and fgh. The triangles 
FSK, fgh, have the angle F=f; hence {b. iV., p. 24), 

FHK : fgh :: FKxFH : fgXfh;' 
but because of the parallels, FK~fg, 

FHK : fgh : : FH : fh. 
We have also, 

FHG : FHK :: FG : FK. oi fg 
But the similar triangles FGH, fgh, give 
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m : Jg :: Fff : fh; 
hence, FGH : FHK i : FEK : fgh; 

that is, the base FHK is a mean proportional between the 
two bases FQH, fgh. "Hence, the contents of tbe frustum 
of a triangular pyramid are equal to that of three pyramids 
whose common altitude is that of the frustum, and whose 
bases are the lower base of the frustumj the upper base, 
and a mean proportional between the two bases. 

PROPOSITION XI2. THEOREM. 

Himilar tnangular prisms are to each other as tJie cubes of 

their homologous edges. 

Let CBD-P, chd-p, be two eimilar triangular prisms, and 
BO, be, two homologous edges : then will the prism CBD-P 
be to the prism chd-p, as BO to he . 

For, since the prisms are p 
similar, the homologoua 
angles B and h are ec[ual, 
and tbe faces which bound 
them are similar (d. 16). 
Hence, if these triedral angles 
be applied, the one to the 
other, the angles cbd will 
coincide with OBD, the edge ha with BA, and the prism 
d}d-p will take the position Bcd-p. Prom A draw AH per- 
pendicular to the common base of the prisms : then will 
the plane BAH be perpendicular to the ■ plane of the com- 
mon base (b. vi., p. 16). Through a, in the plane BAH, 
draw ah perpendicular to BH: then will ah also be per- 
pendicular to the base BBO (b. vi., p. 17); and AR, ah will 
be the altitudes of the two prisms. 

Since the bases OBJ), chd, are similar, we have (b. iv., p. 25), 
hose OBD : lase cbd : : CB' : Tt. 
Now, because of the similar triangles ABH, aBh, and of 
the similar j^&rallelograms AO, ac, we have 

AH : ah : : AB : ah : : OB : ch ; 
hence, multiplying together the corresponding terms, we have 

?>ase OBDxAH : hose cbd Xah ;: GB^ : ^. 
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But the solidity of a prism is equal to the base multiplied 
by the altitude (f. 14) ; hence, 

prism BGD-P : ^mm hcd-f : : BG : Ic , 
or as the cubes of any other of their homologous edges. 

Cor, Whatever be the bases of similar prisms, the 
prisms are to each other as the cubes of their homologous 
edges. 

J'or, since the prisms are similar, their bases are simi- 
lar polygons (d. 16); and these similar polygons may each 
be divided into the same number of similar tmngles, sim- 
ilarly placed (b. iv., P. 26); therefore, each prnm may be 
divided into the same number of triangular pnsms, having 
their faces similar and lite placed ; hence, their polyedral 
angles are equal (u. VI., P. 21, s. 2) ; and consequently, the 
triangular prisms are similar (d. 16). But these triangular 
prisms are to each other as the cubes of thou homolo- 
gous edges, and being like parts of the polygonal prisms, 
tiieir sums, that is, the polygonal prisms, are to each other 
m the cubes of their homologous edges. 



PEOPOalTION XX. THEOEEM. 
Tioo similar pyramids are to each other as the cubes of their 



For, since the pyramids are similar, the homologous 
polyedral angles at the vertices are equal (d. 16), Hence, 
the polyedral angles at the vertices may be made to coin- 
cide, or the two pyramids may be so placed as to have 
the polyedral angle S common. 

In that position the bases ABODE, 
fibcde, are parallel ; for, the homologous 
fhces being similar, the angle Sab is equal 
to iSAB, and Sic to SBO; hence, the plane 
ABO, is parallel to the plane ahc (b. vi., 
p. 13). This being proved, let SO be 
drawn from the vertex S, perpendicu- 
Ieu" to the plane ABC, and let o, be the 
point where this perpendicular pierces the 
plane ahc : from what has already been 
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flhowD, we have (p. 3), 

SO : So :: SA ': Sa :: AB . ab; 
and consequently, 

^^^0 : ^So :: AB : ah. 
But the bases ABODE, ahcde, being similar figures, we 
have (b. iv., p. 27), 

ABODE : abode :: AB^ : ^ ; 
multiply the corresponding terms of these two proportions, 
there results, 

ABCDEX\S0 : abcdex\So . : : AB^ : ab\ 
Now, ABODEx^SO measures the solidity of the pyramid 
S-ABCDE, and abcdeX^So measures that of the pyramid 
S-abcde {p. 17) ; hence, two similar pyramids are to each 
other as the cubes of their homologous edges, 

GEHERAL SCHOLIUMS. 

1. The chief propositions of this Book relating to the 
Volumes of polyedrons, may be expressed in algebraical 
tenns, and so recapitulated in the briefest manner possibla 

2. Let B represent the base of aprism, H ilsaltitude, and 
V the vohime or contents; then, 

Y^BXH. 

3. Let B represent the base of a pyramid, R its altitude, 
and V the volume or contents ; then, 

V=BXW- 

4. Let H represent the altitude of the frustum of a ■pyra- 
mid, having the parallel bases A and B; a/ A X B is the 
mean proportional between those bases; then, 

V=^HiA^B + ^fXx~B') 

5. In fine, let P and p represent the contents, of two similar 
prisms or pyramids; A and a, two homologous edges; 
then, 

P : p : : A' ■: a\ 
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THE THREE ROUND BODIES 



DEFINITIONS. 



vH 



^:^^^"t 



1. A Cylinder is a volume which may be generated by 
the revolution of a rectangle ABCD, turning about tlie 
immovable side AB. 

In this movement, the sides AD, BG, p 

continuing always perpendicular to AB, 
describe the equal circles DHP, OGQ, 
whicli are called the hases of the cylinder; 
the side CD, describing, at the same 
time, the convex surface. 

The immovable line AB is called 
the axis of the cylinder. 

Every section MNKL, made in the 
cylinder, by a plane, at right angles to tlie axis, is a circle 
equal to either of the bases. For, whilst the rectangle 
ABCD turns about AB, the line KI, perpendicular to AB, 
describes a circle, equal to the base, and this circle ia 
nothing else than tlie section made by a plane, perpendic- 
ular to the axis at the point I. 

Every section QPHQ, made by a plane passing through 
the axis, is a rectangle doubje the generating rectangle 
ABCD. 

2. Similar Ctlindehs are those whose axes are pro- 
portional to the radii of their bases : hence, they are gen- 
erated by similar rectangles (b. IV., d. 1). 
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S. If; in the circle ABODE, -nrliicli 
forms tlie base of a cylinder, a polygon 
ABODE be inscribed, and a right prism, 
constructed on this base, and equal 
in altitude to the cylinder ; then, the 
prism is said to be inscribed in tlie cylin- 
der, and the cylinder to be eircumsmbed 
about the prism. 

The edges AF, BG, OM, &c., of the 
prism, being perpendicular to the plane 
of the base, are contained in the convex 
surface of the cylinder ; hence, the 
prism and the cylinder touch one another along these 
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4. In like manner, if ABOD is a 
polygon, circumscribed about the base 
of a cylinder, a right prism constructed 
on this base, and equal in altitude to 
the cylinder, is said to be circumscribed 
about the cylinder, and the cylinder to be 
inscribed in ifie prism. 

Let M, N, kc, be the points of eon- 
tact in the sides AB, BO, &c. ; and 
through .the points M, iV| &;c., let MX, 
NY, &Q,., be drawn perpendicular to the 
plane of the base; these perpendiculars will then he both 
in the surface of the cylinder, and in that of the circum- 
Bcribed prism ; hence, they will be their lines of contact. 

6. A Cone is a volume which may be generated by the 
revolution of a right-angled triangle SAB, turning about 
the immovable side SA. g 

In this movement, the side AB des- 
cribes a circle BDCE, called the base of 
the cone ; the hypothenuae SB describes 
the convex surface of the cone. 

The point S is called the vertex of 
(he cone, SA the aas>, or the altitude, and 
SB the slant height. 

Every section HKFI, made by a 
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plane, at right angles to the axis, ia 
a circle. Every section JSDS, made 
by a plane passing through the axis, 
ia an isosceles triangle, double the 
generating triangle SAB. 

6. If, from tbe cone S-CDB, the 
cone S-FKH be cut off by a plane 
parallel to the base, tbe remaining 
part CFHB is called a truncated cone, 
or the frustum of a cone, 

Tbe frustum may be generated by tbe revolution of the 
trapezoid ABRG, turning about the side AG: The im- 
movable line AG is called the axis, or altitude of tlie fiiistum, 
the circles BDC, HFK, are its bases, and BH its slanl lieighL 

7. Similar Cones are those whose axes are proper 
tjonal to the radii of their bases : bence, they art 
generated by similar right-angled triangles (b. IV., d. 1). 

8. If, in the circle ABODE, which g 
forms the base of a cone, any poly- 
gon ABODE is inscribed, and from 
tbe vertices A, B, C, D, E, lines are 
drawn to >S; the vertex of the cone, 
these lines may be regarded as the 
edges of a pyramid whose base is 
tbe polygon ABODE and vertex S. 
Tbe edges of this pyramid are in the 
convex surface of the cone, and tbe 

pyramid is said to be itiscrihed in the cone. The cone ia 
also said to be circumsci-ibed about the pyramid. 

9. The SPHEEEisavolttme 
terminated by a curved sur- 
face, all tbe points of which 
are equally distant from a 
point within, called the centre. 

The sphere may be gen- 
erated by the revolution of 
a semicircle DAE, about its 
diameter BE : for, the surface 
this movement, 
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by the seinicirctimfereiice DAIS, will have all its points 
cqiialSy distant from its centre C. 

10. Whilst the eemicircle DAS, revolving round its 
diameter DE, describes the sphere, any circular sector, as 
DCF, or ii'tM, describes a volume, called a spherical sector. 

11. The radius of a sphere is a straight line drawn frora 
the centre to aiiy point of the surface ; the diameter or axis 
is a line passing through the centre, and terminated, on 
both sides, by the surface. 

All the radii of a sphere are equal ; all the diametera 
are equal, and each is double the radius. 

12. It will be shown (f. 7,) that every section of a 
sphere, made by a plane, is a circle: this granted, a great 
circle is a section which passes through the centre ; a smaU 
circk, is one which does not pass through the centre. 

13. A plane is tangent to a sphere, when it has but one 
point in common with the surface. 

14. A zone is the portion of the surface of the sphere in- 
cluded between the circumferences of two parallel circles, which 
form its bases. If the plane of one of these circles \ 

t to the sphere, the zone will have only a single b 



15. A spherical segment is the portion of the solid sphere, 
included between two parallel circles which form its bases. 
If the plane of one of these circles becomes tangent to the 
sphere, the segment will have only a single base. 

16. The altitude of a zone, ot of a segment, is the distance 
between the planes of the two parallel circles, which form 
the bases of the zone or segment. 

17. The Cylinder, the Cone, and the Sphere, are the 
(tree round bodies treated of in the Elements of Geometry. 
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PEOPOSITION I. THEOREM. 

Tlie convex surface of a cylinder is equal to lite circum/eraice 
of its base multiplied by its altitude. 

Let GA be the radius of the base of a cylinder, and 
H its altitude ; denote the cireumfereEce whose radius ia 
GA bj' circ. GA : then will the convex surface of the cylin- 
der be equal to drc. GAxS. 

Inscribe in the base of the 
cylinder any regular polygon, 
ABFDEM, and construct on 
this polygon a right prism 
having its altitude equal to 
. H, the altitude of the cylin- 
der; this prism will be in- 
scribed in the cylinder. The 
convex surface of the prism 
is equal to the perimeter of 
the polygon, multiplied by the altitude H (is. vii., P. \). 
Let now the arcs which are subtended by the aides of the 
polygon be continually bisected, and the number of aides 
of the polygon continually doubled; the limit of the perime- 
ter of the polygon is drc. GA (b. 5, p. 12, s. 2), and the limit 
of the convex surface of the prism is the convex surfece 
of the cylinder. But the convex surface of the prism is 
always equal to the perimeter of its base multiplied bj 
ff; hence, (lie convex surface of Hie a/Under is equal to the 
circumfere-rtce of its base multiplied hy its altitude. 




PROPOSITION II. THEOREM. 
The contents of a cylinderare equal to the product of its hose by 



Let OA be the radius of the base of the cylinder, and 
S the altitude. Let the circle whose radius is GA be 
denoted liy ar^a GA : then will the solidity of the cylinder 
be equal to area GAxH. 
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For, inscribe in the base 
of tlie cylinder any regular 
polygon ABDEM, and con- 
struct on this polygon a right 
prism having its altitude equal 
to Z^ the altitude of the 
cylinder : this prism will be 
inscribed in the cylinder. The 
solidity of this prism will be 
equal to the area of the poly- 
gon multiplied by the altitude H (b. vii., p. 14). 

Let now the number of sides of the polygon be con- 
tinually increased, as before described ; the solidity of 
each -a&\f prism will still be equal to its base multiplied 
by its altitude : tho limit of the polygon is the area OA, 
and the limit of the prisms, the circumscribed cylinder. 
But the solidity of each new prism is equal to the base 
multiplied by the altitude: therefore, Hie contents of tJie cylin- 
der are equal to the product of its base by its altitude. 

Cor. 1. Cylinders of equal altitudes are to each other as 
their bases ; and cylinders of equal bases are to each other 
as their altitudes. 

Cor. 2. Similar cylinders are to each other as the cubes 
of their altitudes, or as the cubes of the radii of their 
bases. For, the bases are as the squares of their radii 
(b. v., p. 13) ; and the cylinders being similar, the radii of 
.their bases are to each other as their altitudes (d. 2) ; 
hence, the bases are as the squares of the altitudes; there- 
fore, the bases multiplied by the altitudes, or the cylinders 
themselves, ajc as the cubes of the altitudes. 

Scholium. Let E denote the radius of a cylinder's base, 
and 3 the altitude ; then we shall have, 

surface of base=*xi2 , 
convex 3urface=:2irX-R XS, 
contents=irX Rx 3. 
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PEOPOSITION in. THEOEIU. 

The convex surface of a cone is equal to Ike circumference of 
its base, multiplied by half the slant height. 

Let the circle ABCDBhe the base of a cone, S the 
vertex, SO the altitude, and iSA the slant height: then 
will the convex surface he'ecLual to circ. OAx^SA. 

For, inscribe in the base 
of the cone any regular poly- 1 

gonJ.jSC7)-£',andonthis poly- //l\\ 

gon as abase conceive aright / / m\\ 

pyramid to be constructed, /^^^"^^TnAA 

having S for its vertex : this /v^^ / lrv\^ 

pyramid will be inscribed in a^--- -— i-tol \ A 

tie cone. \\ / \^^^ 

From -S; draw /SO perpen- ^b'''^^^ 

dieular to one of the sides 

of the polygon. The convex surface of the inscribed pyra- 
mid is eq^ual to the perimeter of the polygon which forms 
ita base, multiplied by half the slant height SG (b. vir., p. 4), 
Let now the number of sides of the inscribed polygon be 
continually increased, as before described : the limit of 
the perimeters of the polygons is circ. OA ; the limit of the 
slant height of the pyramids is the slant height of the eone, 
and the limit of their surfaces, is the convex surface of 
the circumseribed eone. But the convex surface of each 
new pyramid is equal to the perimeter of the base multi- 
plied by half the slant height (b. Vli,, p. 4) ; hence. Hie 
convex surface of the cone is equal to the circumference of its 
base multiplied hy half its slant height. 

Scholium. Let L denote the slant height, and R the 
radius of the base : then, 

convex surface— 2irX-fiXai=irXi2X-S. 
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PROPOSITION IV. THEOREM. 

rhe convex imface of the frmtum of a cc/ne is equal to Hi 
slant height, multiplied by half the sum of the circumferences 
of its hoses. 

Let BIA-DE be a frustum of a cone ; tlieii will, 
convex s\xd3ic&=ADx^{circ. OA+drc. CD.) 

For, inscribe in the bases of 
the frustum two regular poly- 
gons of the same number of 
sides, and having their sides 
parallel, each to each. The lines 
joining the vertices of the corres- 
ponding angles may be regarded 
as the edges of the frustum of a 
right pyramid inscribed in the 
frustum of the cone. The convex surface of the frustum 
of the pyramid is equal to half the sum of the perimeters 
of its bases multiplied by the slant height fk (b. vil., 
p. 4, c.) Let the number of sides of the inscribed polygons 
be continually increased as before described : the limits 
of the perimeters of the polygons are aire, OA and circ. 
CD ; the limit of the slant height is the slant height of 
the frustum, and the limit of the convex surface, the con- 
vex surface of the frustum ; hence, the convex surface of the 
frustum of a cone is equal to its slant height -multiplied by half 
the sum of the circumferences of its bases. 

Cor. Through I, the middle point of AD, draw IKL 
parallel to AD, also U, Dd, parallel to GO. Then, since Al, 
W, are equal, Ai, id, are also equal (b, iv., p. 15, c. 2): 
hence, Kl is equal to ^{OA-\-CD). But since the circum- 
ferences of cirdes are to each other as their radii (b. v., 



circ. Kl=\{circ. OA+drc. CD); 
therefore, the convex surface of the frustum of a cone is equai 
to its slant height multiplied by the circumference of a sectiort 
at equal distances from the two bases. 
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.Scholium 1. If from the mid- 
dle point I and the two extrem- 
ities A and D, of a line AD, 
lying wholly on one side of the 
Hue OQ, the perpendiculars DO, 
IK, and A 0, be drawii, and then 
the line AD be revolved around 
OG, we shall have 

surf, described by AD—ADx\{ctrc. OA+circ. CD) 
that is, =ADXcirc. Kl. 

For, it is evident that the surface described by AD ia that 
of the frustum of a cone, having OA and CD for the 
radii of its bases. 

Scholium 2. The measure found above applies equally 
to the case when the point D falls at C, and the surfaee 
becomes that of a cone ; and to the case in which AD 
becomes parallel to OG, and the surface becomes that of ,a 
cylinder. In the first case, OD is nothipg:, in the second, 
it is equal to OA. 

PKOFOBITIOH V. THEOSEM. 



The contents of a coneareegmd 



base multiplied hj a t/drd 
of its aUitude. 

Let SO be the altitude of a cone, OA the radius of its 
base, and let the area of the base be designated by arm 
OA ; then wiU, 

contents=area 0^4 X ^5*0. 

Inscribe in the base of the 
cone any regular polygon iLBCBi', 
and join the vertices A, B, G, &c., 
with the vertex S of the cone : 
then will there be inscribed in 
the cone a right pyramid having 
the same vertex aa the cone, and 
having for its base the polygon 
ABODE. The contents of this 
pyramid will be equal to its base multiplied by one-third 
of its altitude {b. Vli., P. 17V 
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Let the arcs be bisected and the number of sida 
of the polygon be continually increased : the limit of tht 
polygons will be the area OA, and the limit of the pyra 
raids wiU be the cone whose vertex is S: hence, the con 
tents of the cone are equal to its base multiplied hy a third of tit 
aliitude. 

Cor. 1. A cone is the third of a cylinder having the same 
base and the same altitude ; whence it follows, 

1. That cones of equal altitudes are to each other as their 



2. That cones of equal bases are to each other as their 
altitudes ; 

3. That similar cones are aa the cubes of the diameters 
of their bases, or as the cubes of their altitudes. 

Cor. 2. The contents of a cone are equal to the contents 
of a pyramid having an equivalent base and the same 
altitude. 

Scholium. Let R denote the radius of a cone's base, 3 
its altitude, and V the contents ; then, 
y = 1* X ^' X a 



PROPOSITION VI. theorem:. 

The contents of the frmiurn of a cone is equal to the sum 
of the contents of three cones whose common altitude is tkt 
altitude of the frustum, and whose bases «re, the lower base 
of Oie frustum, the u^er base of the frustum, and a mean 
proportional between them. 

Let AEB-CD be the frustum of a cone, and OP its 
altitude ; then will its contents be 
equivalent to 
^xOPx{OB'-^PC''^OBxPO). 

For, inscribe in the lower and 
upper bases two regular polygons 
Laving the same number of sides, 
and having their sides parallel, 
each to each. Join tlie vertices of 
the corresponding angles, and there 
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iriU then be inscribed in tbe 
frustum of the cone, the frus- 
tum of a regular pyramid. The 
contents of the frustum of thia 
pyramid will be equivalent to 
three pyramids having the com- 
mon altitude of the frustum, and 
for bases, the lower base of the 
frustum, the upper base of the 
frustum, and a mean proportional 
between them (b. vii., p. 18). 

Let the number of sides of the inscribed polygons be 
continually doubled by the methods before described : tha 
limits of the polygons will be, area OB and area PG; and 
the limit of the frustums of the pyramids will be the frustum 
of the cone: the espression for thecontentswill then become: 

of the first pyramid, ^Ofx GB^Xt, 
of the second ^OPxPO^Xir, 

of the third ^OPxOBxPCX'r. 

hence, the contents of tbe frustum of the cone are equivalent to 
^*X OP X {OB%PG% OB X PC.) 



PEOPOSITION VIL THEOREM. 



Every section of a sphere, made I 



ifb. 



I circle. 



Let AMB be any section made by a plane,, in the 
sphere whose centre is Gi then will it be a circle. 

For, from the point C, draw 
CO perpendicular to the plane 
AMB; and different lines CM, 
CM, to different points of the 
curve AMB, which terminates 
the section. 

The oblique lines CM, CM, 
CA, are equal, being radii of the 
Bphere ; hence, they pierce the 
plane AMB at equal distances from the perpendicular GO 
(b. tl, p. 5, 0.) ; therefore, all the lines OM, OM, OB, aro 




equal ; consequently, the section AMB is a circle, whose 
centre is 0. 

Cor. 1, If the section pass through the centre of the 
sphere, ita radius will be the radius of the sphere ; hence, 
all great circles are equal. 

Cor. 2. Two great circles always bisect e-ach other ; for 
their common intersection, passing through the centre, is & 
diameter. 

Cor. 3, Every great circle divides the sphere and its 
surface into two equal parts : for, if the two parts were 
separated and afterwards placed on the common ba^e, 
with their convexities turned the same way, the two sur- 
faces would exactly coincide, no point of the one being 
nearer the centre than any point of the other. 

Cor. 4. The centre of a small circle, and that of tho 
sphere, are in the same straight line, perpendicular to the 
plane of the small circle. 

Cor. 5. The radius of any small circle is less than the 
radius of the sphere ; and the further its centre is remov- 
ed from the centre of the sphere, the less is its radius . 
for, the greater CO is, the less is the chord AB, the diam- 
eter of the small circle AMB, 

Chr. 6. An arc of a great circle may always be made 
to pass through any two given points of the surface of the 
sphere : for, the two given points, and the centre of the 
sphere make three points, which determine the position of 
a plane. But if the two given points were at the extremi- 
ties of a diameter, these two points and the centre would 
then lie in one straight line, and an infinite number of 
great circles might be made to pass through the two given 
points. 

Cor. 7. The distance between any two points <m the surface of 
a sphere is less when measured on the are of a great circle 
(ftan when measured on the arc of a small circle. 

For, let A and B be any two points on the surface of 
a sphere, let ABB be the arc of a great circle, and AMB 
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the arc of a amall circle passing through them, and AB 
the common chord. Then, since the radius GA is greater 
than the radius OA, the arc ABB ia lesa than the arc 
AMB (b. v., p. 17). 



PEoposrnoH vm. theorem. 

Ev^ plane perprndicuhr to a radim at its extremity is tar^ 
gent to the sphere. 

Let FAG be a plane perpendicular to the radiua 
OA, at its extremity A : then will it be tangent to the 
epheie. 

For, assuming any other point 
M in this plane, draw OA, OM: 
then the angle 0AM is a right 
angle, and hence, the distance OM 
is greater than OA : therefore, the 
point M lies without the sphere; 
hence, the plane FAQ, can have 
no point but A- common to it 
and the surface of the sphere; 
consequently, it is a tangent plane (d. 13). 

Scholium. In the same way it may be shown, that two 
spheres are tangent the one to the other, when the dis- 
tance between their centres is equal to the sum or the 
difference of their radii ; in which case, the centres and 
the point of contact he in the same straight line. 

PKOP03ITION IX. LEMMA. 

Jf a regular senvi-polygon, he revolved about a line passing 
through the centre and the vertices of two opposite angles, 
the surface described by its perimeter will be equal to the 
axis multiplied by the circumference of the inscribed circle. 

Let the regular semi-polygon ABCDEF, be revolved 
about the line AF as an axis: then will the surface dea- 
cribed by its perimeter be equal to AF multiphed by the 
(arcumference of the inscribed circle. 
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For, from E and D, the extremities 
of one of the equal sides, let fall the 
perpendiculars EE, DI, on the axis AF; 
and from the centre 0, draw 0^ per- 
pendicular to the side DE: ON will he 
the radius of the inscribed circle (b. t., 
p. 2). Now, the surface described in the 
revolution, by any one side of the reg- 
ular polygon, as DE, has been shown 
to be equal to DUXcirc NM (p. 4, s. 1). 
But since the triangles HBK, OMM, are 
eirailar (b. iv., p. 21), 
ED : EK ov HI : : 
bence, EBxa 



ON : circ. NM; 



ON : NM : 
re. NM=SIXcirc. ON; 
and since the like may be shown for each of the other 
sides, it is plain that the surface described by the entire 
perimeter is equal to 

{Fff+m+rP+PQ+QA)Xcirc. ON=AFxcirc. ON. 

(hr. The surface described by any portion of the peri- 
meter, as EDO, is equal to the distance between the two 
perpendiculars let fall from its extremities on the axis, 
multiplied by the circumference of the inscribed circle. 

For, the surface described by DE is equal to Rlxdjrc 
ON, and the surface described by DC? is equal to IPxcirc 
ON: hence, the surface described by ED+DO, is equal to 
{HI+IP)Xcirc. ON, or equal to BPXcirc. ON. 



PKOPOSITIOK X. THEOEEM. 



The surface of a sphere is equal to the product of its 
hy the circumference of a great drch. 



Let ABODE be a semicircle. Inscribe in it a regu- 
lar semi-polygon, and from the centre draw OF perpen- 
dicular to one of the sides. 

Let the semicircle and the semi-polygon be revolved 
about the common axis J.^ : the semiciTCumference jlSCflS 
will describe the surface of a sphere (d. 9) ; and the peri- 
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meter of the semi-polygon will describe 
a surface which has for its measure 
AE X circ. OF (p. 9), and this -will he 
true whatever be the number of sides of 
the semi-polygon. 

If now, the ares be continually bisected, 
the limit of the perimeters of the semi- 
polygons will he the seiiiicircumference 
ABODE; the limit of the area described 
by the perimeter will he surface of the 
sphere, and the limit of the perpendicular OF will be the 
radius OEt hence, the surface of the sphere is equal to 
AEKcirc. OK 

Chr 1. Since the area of a great circle is equal to the 
product of its circumference by half the radius, or one- 
fourth of the diameter (b. v., p. 15), it follows that t/ie sur- 
face of a sphere w equal to four of its great ciTcles : that is, 
equal to 4irX OA^ (b. t., p. 16). 

Oor. 2. The surface of a zone is equal to lis alHiude mul- 
tiplied by the circumference of a great circle. 

For, the surface described by any por- 
tion of the perimeter of the inscribed 
polygon, 33 BG+OD, is equal to EHx 
circ. OF (p. 9, c.) : and when we pass to 
the limit, we have the surface of the zone 
equal to EHXcirc. OA. 

Cor. 3. When the zone has but one 
base, as the zone described by the arc 
ABOD, its surface will still be equal to 
the altitude AE multiplied by the circum- 
ference of a great circle. 

Cor. 4. Two zones, taken in the same sphere or in 
equal spheres, are to each other as their ■ altitudes ; and 
any zone is to the surface of the sphere as the altitude of 
the zone is to the diameter of the sphere. 
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PROPOSITION XI. LEMMA. 

If a triangle and a rectangle, having ike same base and the 
same altitude, revolve together about the common base, the 
volume generated by the triangle is a third part of the cylinder 
generated by die rectangle. 

Let BAO "be a triangle, BFEC a rectangle, having tke 
common base BC, about which they are to be revolved. 

On the axis, let fall the per- ^ _ _^ 

pendicular AD : then, the cone 
generated by the triangle BAD is 
a third part of the cylinder gen- 
erated by the rectangle BFAD (p. 
v., C. 1) : also, the cone generated 
by the triangle DAO is a third 

part of the cylinder . generated by the rectangle DAEO; 
hence, the sum of the two conea, or the solid generated 
by BAC, is a third part of the sum of the cylinders gen- 
erated by the two rectangles, or a third part of the cylinder 
generated by the rectangle BFEO. 

Ji the perpendicular AD falls 
without the triangle ; the solid 
generated by CBA is, in that 
case, the difference of the two 
cones generated by BAD and 
CAD ; but at the same time, the cylinder generated by 
BFEG, is the difference of the two cylinders generated 
by BFAD and CEAD. Hence, the sohd, generated by the 
revolution of the triangle, is still a third part of the cylin- 
der generated by the revolution of the rectangle having 
the same base and the same altitude. 

Scholium. The circle of which AD is the radius, haa 
for its measure ifXAlf ; hence, -fXAD XBO measures the 
cylinder generated by BFEO, and ^-rxAD XBC measiirea 
the aolid generated by the triangle BAG. 



I 
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PROPOSITION XII. LEMMA. 

The volume generated hy the "tvoluHon of a triangle revolving 

about a line in the same plane, and passing through the vertex 

. of one of the angles, is measured by the surface described by the 

opposite side multiplied by one-third of the perpendicular drawn 

from the vertex of the angle to the 

1. Let OAB be a triangle, and 

CQ perpendicular to the side J,S; 

and let this triangle be revolved 

about the base CB: theu, 

Vol. CAB=^-ari. ABX^CG* 
Draw AD perpendicular to CB\ then (f. xi.) 
Vol. GAB=:^'KXA]Tx OI)+i'<txAlPxI>B=^xAJ)'x OB. 
Since OG ia perpendicular to AB, we shall have, 

ABxCB^OGxAB, 
for each product is equal to double the area of the triangle 
(b. IV., P. 6) : Substituting CGxAB for ABx CB, we have. 

Vol. OAB=itADxOGxAB=^CGX'^XAl)xAB. 
But ifXABxAB is the measure of the convex surface of a 
cone described by AB (p, S., sch.) : hence, 
Vol. CAB= Surf. ABx^OG. 
3. Let us now suppose that 
the triangle CAB revolves around 
a right line CB passing through 
the vertex 0. Prolong AB till 
it intersects the axis at B, and 
draw CG perpendicular to AB. 
We shall then have, 

Vol. OAB= Vol. OiZ'-VoI. CBB. But, 
Vol. CAI)= Surf. ABX^OG; and 
Vol. CBB= Surf. BBx^CG; hence, 

• Note. — By Vol. CAB, we mean the volume generated by the triangle ; 
by Suif AB, the surface generated by the line AS. 
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Vol. CAB^iSarl AD-Sml BD)x^OG, 

= Surf. ABxlCG. 

S. In the preceding demonstration, 
the side AB was supposed to meet the 
axis CD: let us examine the case 
when it is parallel to it. 

Draw AE and BD perpendicular c 
to the axis CD, and C& perpendicular 
to the base AB, produced. We shall then have, 

Vol. OAB=Y<A. GAS+Yo], ABBE-Yol GBD. 
But, Vol. CAE=\-^ X £E^x GE 

Vol. ABDE^-fXlE^XED 
Yol. CBD=^'<:xJ^XGI). 

Adding the two first equalities, member to member, and then 
subtracting the third, we have. 

Vol. OAB=^J:^(^GE+EI)~iOJ7), 

and as CZ)= GE+EB, we shall have, 

Vol. 0AB=«A^xl^xEP=iAEx2'^XAExED 

=Surf. ABxiOG ; 

which corresponds with the eunciation. 

Cm: If the triangle is isosceles, the volume is measured by 
two-thirds of f into the square of the perpendicular let fall on Hie 
base into the distance between the two ferpe^idiculars let fall from 
ike extremities of the base on the axis. 

For, when the triangle 13 
isosceles, the perpendicular 
will pass through I, the mid- 
dle point of the base, and we 
shall have. 

Vol CMj5=surf. ABx^CL 

But (p. IV., sc. 1), Surf. J..B=J..BXcirc. IK\ and 
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circ. IK=2«IK{^. v., p. 16); hence, 

Vol. CAB=ABx'i-'IK-K^CI=l^ABxIK-KCL 

Having drawn BO parallel, and AM, BN, perpendicular U 
the base, the triangles AOB, OKI, are similar {b. iv., p. 21)-, 

benee, AB : BO or M^ : : CI : IK, 

which gives, ABXIK=MNX GI 

Substituting for ABy,IK, we have, 

Vol. OAB=1'«OI^XMN. 



PEOPOSITIOir XIII. LEMMA. 

^a regular semi-polygon he revolved about a line passing through 
its cenlre and the vertices of two opposite angks, (he volume 
generated will he measured hy the surface described iy the 
perimeter into one-third of &ie apothem. 

Let GDBF be a regular semi- polygon, and 01 the apo- 
them ; then, if this semi-polygon be revolved about GF, the 
volume generated will have for its nieasure, 

Surf. QDBFx\OI. 

For, since the polygon is regular, 
the triangles, OFA, OA B, OBC, &c., are 
isosceles and equal ; then, every per- 
pendicular let fall from on a 
will be equal to the apothem 01. 

Now, we have the following 
Bures for the volumes generated by 
triangles (p. 12); viz.. 

Vol. OFA=^ml AFxlOI, 

Vol. OAB=^wl ABx\OI, 

Vol OBC=^^vL BOX^OI, 

&c. &c. &c. 

Hence the entire volume generated by the semi-polygon, is 
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by tlie sum of all tLe surfaces generated by the 
multiplied by 3O/: that is, 



Vol. (?i?£i^=Surf. GDBFxlOl 



PEOPOSITION XIV. THEOREM. 



The eontenU of a sphere are eqval to its surface 
third of its radius. 

Let be the centre of a sphere, and OA its radius : then 
its volume is equal to its surface into one-third of OA ; that 
is, 

Vol. Bphere=Surf. sphere X J OA 

For, inscribe in the semi-circle 
ABODE a regular semi-polygon, hav- 
ing any number of sides, and let 01 
be the apothem of the polygon. 

If the semi-circle and semi-polygon 
be revolved about UA, the semi-circle 
will generate a sphere, and the semi- 
polygon a volume, which has for its mea- 
sure (f. 13), 

Surf. ABO-DEx^OI; 

and this is true whatever be the number 
of sides of the semi-polygon. But if the number of sides 
of the polygon be continually doubled, the limit of the sur- 
faces of the polygons will be the surface of the sphere, and 
the limit of the volume of the polygons will be the volume 
of the sphere, and the apothem 01 will become the radius 
OA. Hence, the expression, 

Vol. ABCDE=^ml ABCDEx^OI, becomes 
Vol. sphere=Surf XJO^. 

Scholium 1. The conlents of every spherical sector are equal 
to the zone which forms its base, multiplied by a Viird of the 
radius. 

H,.«„„v,uuyii: 
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For, the volume generated^ by acy 
portion of the regular polygon, as the 
isosceles triangle OAB, is measured by 
^xOl^XAF {y. 12, c); and when we 
pass to the limit which is the spherical 
sector, the expression for this measure 
becomes ^t^xAuXAF, which is equal 
to H'^xAOxAFxHO. But 2«xA0 
is the circumference of a great circle 
of the sphere (b. v., p, 16), which being 
multiplied by AF gives the surface -^ 

of the zone which forms the base of the sector (p. x, 
c. 2) I and the proof is equally applicable to the spherical 
sector described by the circular sector BOO: hence, the 
contents of the spherical sector are equal to the zone which forms 
its base, muUiplied by a third of (he radius. 

Scholium, 2. Since the surface of a sphere whose radius 
is R, is expressed by 4* X^ (p. s,, c. 1), it follows that 
the surfaces of spheres are to each other as the squares of 
their radii; and since their volume^ are as their surfaces 
multiplied by their radii, it follows that the vohimes of sph-eres 
are to each other as the oAes of their radii, or as Hie cubes of 
their c 



Scholium 3. Let B be the radius of a sphere ; its sur- 
fiice will be expressed by 45rX-S", and its volume hy 
iffXirx^S, or 4*XjR . If the diameter be denoted by D, 
we shall have R=^D, and B —\D : hence, the volume of 
the sphere may be expressed by 

A*Xii)'-i*X-D^ 



PE0P08ITI0N XV. THEOREM. 

The surface of a sphere is to the whoh surface of the circum- 
scribed ajlinder, including its bases, as 2 is io $: and the 
volumes of these two bodies are to each oAer in the same 

Let MPNQ be a great circle of the sphere; A BCD the 
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ciroumscribed square; if the semi- 
oircle PMQ and the half square 
PADQ are at the same time made 
to revolve about the diameter PQ, 
the semicircle will generate the 
sphere, while the half square will 
generate the cylinder circumscribed 
about that sphere. 

The altitude AD of the cylinder 
is equal to the diameter PQ ; the 

base of the cylinder is equal to a great circle, since its 
diameter AB is egnal to MN; hence, the convex surface 
of the cylinder is equal to the circumference of the great 
circle multiplied by ite diameter (p. 1). This measure is 
the same as that of the surface of the sphere (p. 10) ; 
hence, ike surface of the sphere is eqval to the convex surface 
of the drcimscrihed cylinder. 

But the surface of the sphere is equal to four great 
circles ; hence, the convex surface of the cylinder is also 
equal to four great circles ; and adding the two bases, each 
equal to a great circle, the total surface of the circumscrib- 
ed cylinder is equal to six great circles ; hence, the surface 
of the sphere is to the total surface of the < 
cylinder, aa 4 ia to 6, or as 2 is to 3 ; which 
branch of the proposition. 

In the next place, since the base of the circumscribed 
cylinder is equal to a great circle of the sphere, and its 
altitude to the diameter, the volume of the cylinder is 
equal to a great circle multiplied by its diameter (p. 2). 
But the volume of the sphere is equal to four great circles 
multiplied by a third of the radius {p. 14) ; in other terms, 
to one great circle multiplied by $ of the radius, or by | 
of the diameter; hence, the sphere is to the circumscribed 
cylinder as 2 to 3, and consequently, the volumes of these 
two bodies are as their e 



the first 



Scholium 1. Conceive a polyedron, all of whose faces 
touch the sphere; this polyedron may be considered aa 
composed of pyramids, each pyramid having for its vertex 
the centre of the sphere, and for its base one of the poly- 

H,.«.i„v,uogle 
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edron'a faces. Now, it is evident that all these pyramids 
have the radius of the sphere for their common alti- 
tude : so that the volume of each pyramid will be equal to 
one face of the polyedron multiplied by a third of the 
radius : hence, the volume of the whole polyedron is equal 
to its surface multiplied by a third of the radius of the 
inscribed sphere. 

It is therefore manifest, that the volumes of polye- 
drons circumscribed about the sphere, are to each other 
as their surfaces. Thus, the property, which we have 
shown to be true with regard to the circumscribed cylin- 
der, is also true with regard to an infinite number of 
other volumes. 

We might likewise have observed, that the surfaces of 
polygons, circumscribed about a circle, are to each other 
as their t 



PEOFOSITION XVL THEOEEM. 

y a circular segment is revolved about a diameter exterior to 
it, tJie volume generated is measured by one-sixtli. of * into 
(he square of (lie chord, into the distance between two ;per- 
pendiculars let fall from the extremities of (he arc on the 
axis. 

Let DMB be a circular segment, and AG the axis 
about which it is revofved. 

On the axis, let fall the perpendic- A 

ulars BE, DF; from the centre 0, 
draw CI perpendicular to the chord 
BD ; also draw the radii OB, CD. 

The volume generated by the sector 
CDMB is measured by %'«xCB'xEF 
(p. 14, s. 1). The volume generated by 
the isosceles triangle GDB has for 
its measure ^^xCl^xEF (p. 12, c.) ; hence, the volume g 
erated by the segment DMB, is measured by 
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ii!XJEFx{CB'-Gf). 
But ill the right-angled ti'iangle CBT, ive Iiave (b. iv. p. 8,c.), 

OB'^- Gl''-=Bf=\B& : 
lience,thevolumegeneratcd by the segmeat DMB, haa for 
its measui'o 

%-*XEFx\Blf=yxBTfxEF. 
SchoUum. Tli'e volume generated by the segment BMD ia 
to the sphere which haa BI) for a diameter, 

as \-^xBffxJEF is to ^■^XBlf, or as FJF to BB. 

PIOPUSITIDN Wll THEOREM 

Evert/ segment of a spheie is eqiaialtnt to half the sum of t(? 
h(wes mulhphed hy its aUtiude, plua the wnttnts of a '!jjhei4 
whose ilmtnetei w this same altttide 

Let DMB be the arc of a chcle, and DF, BE, per- 
pendiculars let fall on the radius OA : then, if the area 
FDMBB he revolved about the radius OA it will generate 
a spherical segment. It is required to iind the measure of 
this segment. 

The volume generated by the circular ^ 

segment BMB is measured by (p. 16) 

^s-^^XBlfxEF: 
the fnistimi of the cone described by 
the trapezoid FDBE is measured by 
(F- 6) _ 

\-<txEFx{BE''-\-DF+BExDF) : 
hence, the segment of the sphere, which is the sum of 
these two volumes, is measured by 

^^xBFxi^BE'^+'i.DF'+tBExDF+B^. 
Hut 'bj drawing BO parallel to EF, we have, 

D0=1)F-BE and D<f=DF'-%DFxBE+BE'; 
and, BB'=B0'+B(f=EF^+I)F^-2DFxBE+BE\ 
Substituting this value for Bff in the expression for the 
contents of the segment, we have, 
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equal to ^^xSFx{SBE^+3IJf''+eT') ; 

an exprossion which may be written in two parts, viz, 

JUFxi^^^'^"^) and J-xJP", 
and these parts correspond with the enunciation. 

Cor. If the radius of either base is zero, the seg- 
mMit becomes a spherical segment with a single base ; 
hence, any spherical segment, with a single base, is equivalent 
to half the cylinder having the same base and the same altitude, 
plus the sphere of tvhicJi this altitude is the diameter. 

GENERAL SCHOLIUMS, 

1. Let S be the radius of a cylinder's base, H its altitude, and 

Fthe measure of the volume : the contents of the cylinder are 

2. Let i? be the radius of a cone's base, ff its alti- 
tude: the contents of the cone are 

F-= ff X -ffi.* X i /f= 1 .^ X -ffi" X a 

3. Let A and S be the radii of the bases of a frustum 
of a cone, // its altitude : the contents of the frustum ai'e 

4. Let a he the radius of a sphere; its contents are 

F=*-orxV. 

5. Let R be the radius of a spherical sector, H th« 
altitude of a zone, which forms its base: the contents of 
the sector are 

V='i^xE\ff. 

6. Let P and Q be the two bases of a spherical seg- 
ment, // ita altitude: the contents of the segment are 

P-\-0 
r=^^Xff+^^xH\ 

7. If the spherical segment has but one base, its 
contCDts are V—lPxH^+^'^xS. 
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SPHERICAL GEOMETRY. 



DEFINITIONS. 

1. A Spherical Tsianglb is a portion of tlie surface 
of a sphere, bounded by arcs of three great circles. 

These arcs are named the sides of the triangle, and 
each is leas than a semicircumference. The angles which 
the planes of the circles make with each other, are the 
angles of the triangle, 

2. A spherical triangle takes the name of right-angled^ 
isosceles, equilateral, in the same cases as a rectilineal tri- 
angle. 

3. A Spherical Polygon is a portion of the surface 
of a sphere bounded by arcs of three or more great circles. 

4. A LuNE is a portion of the surface of a sphere in 
eluded between two eemi-circumferences of great circles. 

5. A Sphsrigal Wedge, or Ukgdla, is that portion of a 
sphere, included between two semi-circles passing through 
the centre. 

6. A Sphkbical Pyramid is a portion of the sphere, 
included between three or more planes passing through the 
centre. The hose of the pyramid is the portion of the sur- 
face of the sphere intercepted by the planes. 

7. The Pole of a Circle is a point on the surface of 
the sphere, equally distant from every point of the circum- 
ference. 
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PEOPOSITION I. THEOKEM. 

In every sphervial iriaTigle, any side is less than the sitm of Hie 
two other sides. 

Let be the centre of tlie sphere, and ACB % spheri- 
cal triangle ; then will any side be less than the siim of 
the two other sides. 

For, draw the radii OA, OB, 00. 
Conceive the planes AOB, AOG, COB, 
to be drawn ; these planes bound a 
polyedral angle whose vertex ia at 
the centre ; and the plane angles 
AOB, AOG, GOB, are measured by 
AB, AC, BC, the sides of the spheri- 
cal triangle. But each of the three 
plane angles which bound a polyedr-al 
angle is less than the sum of the two other angles (b. vi,, 
P. 19) ; hence, aJiy side of a spherical triangle is less than 
the sum of the two other sides. 




PKOPOSITION II. TIIEOEEM. 

The sum of all the sides of any spherical polygrm is I 
the circumference of a great circled 

Let ABODE be any spherical polygon, and t 
tre of the sphere. 

Conceive to be the vertex 
of a polyedral angle bounded 
by the plane angles AOB, BOG, 
COB, kc: Now, the sum of the 
plane angles which include apoly- 
edral angle is less than four 
right angles (b. VI., P. 20) ; hence, 
the sum of the sides of any 
spherical polygon ia less than the circumference. 

Cor. The sum of the three sides of any spherical tri- 
angle is less than the circumference ; for, the triangle is & 
polygon of three sides. 




PROPOSITION III. THEOREM. 

The poles of a great circle of a sphere are the extrefinities rf 
that diame^ of the sphere which is perpendicular to the 
circle; and these extremities are also Ute poles of all snudi 
circles pnrallel to it. 

Let EB be perpendiciilar to the great circle AMB ; then 
will E and D be its poles ; and they will also be the poles 
of every parallel small circle FNG-. 

For, DO being perpea- 
dicular to the plane AMB, 
is perpendicular to all the 
straight lines OA, CM, CB, 
&e., drawn through its foot 
in this plane (b. VI., d. 1) ; 
hence, all the arcs DA, 
DM, DB, &c,, are (quarters 
of the circumference. So 
likewise are aU the arcs 
EA, EM, EB, &c. ; there- 
fore, the points D and E 
are each equally distant from all the points of the circum- 
ference AMB ; hence, they are the poles of that circum- 
ference (d. 7). 

Again, the radius DC, perpendicular to the ]>\a,Qe AMB, 
is perpendicular to the parallel FN'Q ; hence, it passes 
thiough 0, the centre of the circle FNG (b. viii., p. 7, c. 4); 
hence, if the chords DF, DN, DO-, be drawn, these oblique 
lines will cut off equal distances measured from 0; hence, 
they wiU be equal (b. VI., P. 5). But, the chords being 
equal, the arcs are equal; hence, the point D is the pole 
of the small circle FNG ; and for like reasons, the point 
E is the other pole. 

Oor. If through the pole D and any point M, in the aio 
of a great circle AMB, an arc of another great circle MD be 
drawn, the arc MD is a quarter of the circumference, and is 
called a quadrant. This quadrant makes a right angle with 
the arc AM. For, the line DO being perpendicular to the 
plane AMC, every plane DME, passing through the line DOia 
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perpendicular to the plane 
AMC (b VI., P. 16); ience, 
tlie angle of these planes, 
or the angle AMD is a 
right angle. 

(hr. 2. Conversely : If 
the distance of the point 
D from each of the points 
A and M, in the circum- 
ference of a great circle, 
is equal to a quadrant, the 
point D is the pole of the 
oic AM, 

For, let G be the centre of the sphere, and draw the 
radii CD, GA, CM. Since the angles AGD, MOD, arc right 
angles, the line CD ia perpendicular to the two straight 
lines CA, CM; hencs, it is perpendicular to their plane 
(b. VI., p. 4) ; hence, the point D is the pole of the arc AM. 

Scholium. The properties of these poles enable us to 
describe arcs of a circle on the surface of a sphere, with 
the same facility as on a plane surface. It is evident, for 
instance, that by turning the arc DF, or any other line 
extending to the same distance, round the point D, the 
extremity F will describe the small circle FNO ; and by 
turning the quadrant DFA round the point D, its extrem- 
ity A will describe the are of a great circle AMB. 



PROPOSITION IV. THEOEEM. 

The angle formed by two arcs of great drcles, is equal to the 
angle formed by the tangents to these arcs at t/ieir point 
of intersection. The angle is raeasured hy the arc of a 
great circle described frma the vertex as a pole, and limited 
hy the sides, produced if necessary. 

Let the angle BAG he formed by the two arcs AB, 
AC; then will it be equal to the angle FAO formed by 
the tangents AF, AG, and be measured by the arc DB of 
a great circle, describod about j4 as a pole. 
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For, tbe tangent AF, drawn in the 
plane of the arc AB, is perpendicular to 
the radius AO; and the tangent AO, 
drawn in the plane of the arc A (7, is 
perpendicular to the same radius AO. 
Heuce, the angle FAG is equal to the 
angle contained by the '^[iiaesABDH, 
ACSff (b. VI., D. 4); which is that of 
the arcs AB, AO, and is called the angle 
BAO. 

Again, if the arcs AD and AE are 
both quadrants, the lines OD, OB, are perpendicular to OA, 
and the angle DOB is equal to the angle of the planee 
ABI)R, ACER; hence, the arc BE is the measure of the 
angle contained by these planes, or of the angle CAB. 

Oor. 1. The angles of spherical triangles may be com- 
pared together, by means of the arcs of great circles des- 
cribed from their vertices aa poles and included betiveon 
their sides: hence, it is easy to make an angle of tMa 
kind equal to a given angle. 

(hr. 2. Vertical angles, such 
fia ACQ and BON are equal ; for 
either of them is still the angle 
Ibrmed by the two planes ACB^ 
OGN. 

It is further evident, that, when 
two arcs A OB, OON, intersect, 
the two adjacent angles ACO, 
OCB, taken together, are equal 
to two right angles. 




PROPOSITION V. THEOKEM. 

If from the vertices of the three angles of a spherical triangle, 
as poles, arcs be described forming a spherical triangle; 
then, the vertices of the angles of this second triangle, will 
be respectively poles of the sides of ilie first. 

From the vertices A, B, C, as poles, let the arcs EF, 
FD, ED, be described, forming on the surface of the sphere, 
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the triangle DFE; then will the vertices D, HJ, and F, be 
respectively poles of the sides BO, AC, AB. 

For, the point A being 
the pole of the arc :^F, the 
distance AS is a quadrant ; 
the point being the pole 
of the arc I}^ the distance 
GF is likewise a quadrant; 
hence, the point JS! is re- 
moved the length of a quad- 
rant from each of the points 
A and C; hence, it is the 

pole of the arc AG (p. 3, c. 2). It may be shown by simi- 
lar reasoning, that /> is the pole of the arc BC, and F 
that of the arc AB. 

SckoUum. Hence, the triangle ABC ra&j be described 
by means of DFF, as DEF is described by means of ABC. 
Triangles so described, are called polar tnangks, or supple- 
tnental triangles. 

PROPOSITION VI. THEOKEM. 




The some supposition continuing as in the last 
each angle in one of the triangles, will be 
semidrcwrnference, minus the side lying opposite to ii 
other triangle. 

For, produce the sides -^ 

AB, AC, if necessary, till 
they meet EF, in (7 and R. 
The point A being the pole 
of the arc GH, the angle 
A is measured by that arc 
(p. 4). But, since F is the 
pole of AH, the arc EH is 
a quadrant; and since F is 
tile pole of AG, FQ is a 
quadrant: hence, Eff+QFia equal to a aemicircumference. 
Bnt, ES+QF=EF+GE; hence the are Off, which niear 
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onres the aiigle A, is equal to a Beraicireumfereiice minus 
the Bide EF. In like manner, the angle B is measured 
by \drc.-DF: the angle G, hy \drc.-DR 

This property is reciprocal in the two triangles, siBce 
each of them is described in a similar manner by means 
of the other. Thus the angle D, for example, of the tri- 
angle SDF, is measured by the arc MI; but MI-^BC= 
'MO+BI~^circ.; hence, the are MI, the meaavre t>i D, is 
equal to \ciTc.~BG: the angle E is measured by \rkc.—A 0, 
and the angle F by ^drc-AB. 

Scholium. It must further be ob- 
ierved, that besides the triangle DEF, 
three others might be formed by the 
intersection of the three arcs DE, 
EF, DF. But the proposition is ap- 
plicable only to the central triangle, 
which is distinguished from the other 
three by the circumstance, that the two angles A and D 
He on the same side of BG, the two B and E on the same 
aide of A G and the two and F on the same side of AB. 



PROPOSITION VII. THEOKEM. . 

If armmd Hie v^ticee of any tvu angles of a given .i]jhericai 
irmngk, as poles, the drcumferences of two dreks be dei- 
erihed which shall pass tiirough the vertex of tfie third an- 
gle of the tnangh: if then, tlirough ike other point in which 
these drcumferences intersect and ike vertices of Uie first two 
angles of the triangle, two arcs of great circles be drau-n, 
tlie triangle thus formed will have all its parts equal to 
those of the given triangle, each to each, 

Ln ABC be the given triangle, GED, DEC, the area 
described about A and B as poles ; then will the triangles 
ABG, ADB have all their parts equal each to each. 

For, by construction, the side AD=AC, DB=BC, and 
AB is common ; hence, these two triangles have their sides 
equal, each to each. "We are now to show, that the angles 
opposite these equal sides are also equal, each to each, 
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1 angles forming the 



If the centre of the sphere is 
at 0, a triedral angle may be con- 
ceived as formed at by the three 
plane angles AOB, AOO, BOG; 
likewise another triedral angle may 
be conceived as formed by the 
three plane angles AOB, AOB, 
BOB. And, because the aides of 
the triangle ABO are equal to 
those of the triangle ADB, the plai 

one of these triedral angles, are equal to the plane angle 
forming the other, each to each : hence, the planes are 
equally inclined to each other (b. vi., p. 21) ; and all the 
angles of the spherical triangle BAB, are respectively 
equal to tliose of the triangle OAB, namely, DAB=BA<j, 
DBA=ABC, and ABB=AOB; consequently, the sides and 
the angles of the triangle ADB, are equal to the sides and 
the angles of the triangle ACB, each to each. 

Scholium. The equality of these triangles is not, how- 
ever, an absolute equality, or one of superposition : for, it 
would bo impossible to apply them to each other, unless 
they were isosceles. The equality meant here is what we 
have already named an equality by symmetry (b. VI., 21, S. 3} ; 
therefore, we shall call the triangles AOB, ADB, symmetri- 



cal 



PROPOSITION Vra. THEOEEM. 



Ttm triangles on the same sphere, or on equal spheres, are 
equal in all their parts, when two sides and the included 
angle of the one are equal to two sides and the included 
angle of the other, each to each. 

Let ABC, EFG, be two trian- 
gles having the side AB=-EF, 
the side AO=EG, and the angle 
BAC^FEQ; then will the two 
triangles be equal in all their 
parts. 

For, the triangle EFG may 
placed on the triangle ABC, or on 
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ABD symmetrical with ABO, just as tvro rectilineal trian- 
gles are placed upon each other, when they have an equal 
angle included between equal sides. Hence, all the parts 
of the triangle EFG are equal to all the parts of the tri- 
angle ABO; that is, heaidea the three parts equal by 
hypothesis, we have the side BG=FQ, the angle ABO— 
EFG, and the angle ACB=EGF. 



I'KOPOSITION IS. TIIEOKEM. 

Two triangles on the same sphere or on equal spheres, are equai 
in all their parts, lolien two angles and tlie included side 
of the one are equal to two angles and the included side of 
the other, mc/i to each. 

For, one of these triangles, or the triangle symmetrical 
ffith it, may be placed on the other, as is done in the 
Borresponding case of rectilineal triangles (b. I., P. 6). 



J'EOI'OSITION X. THEOREM. 

^ two triangles on the same sphere, or on equal spheres, have 
all their sides equal, eacli (o each, their angles loill likewise 
be equal, each to eadi, tJie equal angles lying opposite the 
equal sides. 

The truth of this proposition is evi- 
dent from Prop. VII., where it* was 
shown, that with three given sides AB, 
AC, BO, only two triangles AOB, ABB, 
can be constructed, and that these tri- 
angles will have all their parts equal 
each to each. Hence, the two trian- 
gles, having all their sides respectively 
equal, must either be absolutely equal, 
or symmetrically eqtial ; in either of which cases, their cor 
iding angles are equal, and lie opposite to equaJ 




PEOFOSITION XI. THEOREM. 




In every isosa;ks spherical triangle, t/te angles opposite t!ie e/jual 
sides are equal; and cimversely, if two angles of a spherirrl 
triangle are equal, the triangle is isosceles. 

Mrst. Suppose the side AB^AC; we shall have th-' 
angle 0=B. 

For, if the arc AD te drawn from A 

the vertex A to the middle point B of 
the base, the two triangles ABD, ACT), 
will have all the sides of the one res- 
pectively equal to the corresponding sides 
of the other, viz., AD common, BD=DG, 
s.nA AB=AC' : hence, by the last propo- ^ 

sition, their angles will be equal; therefore, B = C. 

Secondly, Suppose the angle B = 0; we shall have thff 
side AO=AB. 

For, if not, let AB be the greater of the two ; take 
£0=AC, and draw 00. Then, in the two triangles BOG, 
BAO, the two sides BO, BO, are equal to the two AG, BO; 
the angle OBO, contained by the first two is equal to AGB 
contained by the second two. Hence, the two tiiangles 
BOO, AGB, have all their other parts equal (p. 8); hence, 
the angle OOB=ABp: but, by hypothesis, the angle 
ABO=AGB; hence, we have 0OB=AGB, which is absurd 
(a. 8); therefore, an absurdity follows if we suppose A3 
different from AO; hence the sides AB, AC, opposite ia 
the equal angles B and G, are equal. 

&holium. Since, the triangles BAD, DAG, are equal in 
all their parts (p. 10), the angle BAD=DAC, and BDA= 
ADG: consequently, ADB and ADG, are right angles: 
henee, the arc drawn from the vertex of an isosceles spherKui 
triangle to the middle of the base, is at right angles to the hast 
(md bisects the vertical angle. 
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PROPOSITION Sn. THEOREM. 



fn any spherical triangh, iJie greater aide is op^site the grealer 
angle; and conversely, Hie greater angle is opposite the 




Let tlie angle A he greater than the angle -S, then will 
BO be greater than AO; and conversely, if BO is greater 
than AG, then will the angle A be greater than B. 

First. Suppose the angle 
A>B\ make the angle BM) 
=B ; tbea we shall have 
AD=DB (p. 11) ; but ^^+ 
Dt7 13 greatcrthanjiC; hence, 
putting DB in place of AD, ^ 

we shall have DB+DC>AC, ot BO>AO. 

/Secondly. If we suppose BO>AO, the angle BAO VfiU 
be greater than ABO. For, if BAO were equal to ABO, 
we should have BO^AO; if BAO were less than ABC, 
we should then, as has just been shown, find BC<,AC. 
Either of these conditions is contrary to the supposition : 
hence, the angle BAO is greater than ABC 



PROPOSITION XIII. THEOREM. 

J^ two triangles on the same sphere, or on equal spheres, are 
mutually equiangular, they are also itiutiially equilateral. 

Iiet A and B be the two given triangles ; P and Q 
their polar triangles. 

Since the angles are eq^ual, each to each, 
in the triangles A and B, the sides are equal 
each to each, in their polar triangles P and Q 
(p. 6) : but, since the triangles P and Q are 
mutually equilateral, they must also be mutu- 
ally equiangular (p. 10); and lastly, the an- 
gles being equal, each to each, in the triangles 
P and Q, it follows that the sides are equal 
each to each, in their polar triangles A and B. 
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Hence, tho mutually equiangular triangles A and B are at 
the same time, mutually equilateral. 

Scholium. This proposition is not applicable to recti- 
lineal triangles; in which equality among the angles indi- 
cates only proportionality among the sides. Nor ia it diffi- 
cult to account for the diiference, in this respect, between 
spherical and rectilineal triangles. In the proposition now 
before UB, as well as in the preceding ones, which treat 
of the comparison of triangles, it is expressly required that 
the arcs be traced on the same sphere, or on equal spheres. 
Now, similar arcs are to each'other as their radii; hence, 
on equal spheres, two triangles cannot be similar without 
being equal. Therefore, it is not strange that equality 
among the angles should produce equality among the 
sides. 

The case would be different, if the triangles were drawn 
upon unequal spheres ; there, the angles being equal, the 
triangles would be similar, and the homologoas sides would 
be to each other as the radii of their spheres. 



PEOPOSITIOS XIV. TltEOEEM. 

The sum of all the angles, in any spliencal triangU, is less than 
six right angles and greater than two. 

For, in the first place, every angle of a spherical trian- 
gle is less than two right angles : hence, the sum of the 
three is less than six right angles. 

Secondly, the measure of each angle of a spherical trian- 
gle is equal to the semicircumference minus the correspond- 
ing side of the polar triangle (p. 6) ; hence, the sum of 
the three, ia measured by the three semicireumferences, 
laintis the sum of the sides of the polar triangle. Now, 
this latter sum is less than a circumference (P, 2, c.) .; there- 
fore, taking it away from three semicireumferences, the 
remainder is greater than one semicircumference, which 
ia the measure of two right angles ; hence, the sum of the 
three angles of a spherical triangle is greater than two 
riglit angles. 
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Cor. 1. The sum of the three angles of a spherical tri- 
angle is not constant, like that of the angles of a recti- 
lineal triangle, but varies between two right angles and 
aix, without ever reaching either of these limits. Two 
given angles therefore do not serve to determine the third. 

Cor. 2. A spherical triangle may have two, or even 
three of its angles right angles ; also two, or even three 
of its angles obtuse. 

Cor. 3. If the triangle ABG is bi-rectan- 
gular, in other words, has two right angles 
B and C, the vertex A is the pole of the 
base B0\ and the sides AB^ AG, are quad- 
rants (p. 3, c. 2). 

If the angle ^d is also a right angle, the 
triangle ABG is tri-redanguiar ; each of its an; 
angle, and ite sides are quadrants. Two tri-rectangular tri- 
angles make half a hemisphere, fonr make a hemisphere, 
and eight the entire smface of a sphere. 



I is a right 



PKOPOSITIOM XV. THfiOEEM. 

flie surface of a lune is ta the surface of (lie sphar, as tJie 
angh of the lune, to four right angles ; or, as the are 
which measures that angle, to the circumference. 

Let AMBN be a lune, and NGM the angle included 
between its two great circles : then will its surface be to the 
surface of the sphere as the angle NQM to four right angles, 
or as the are NM to the circumference of a great cirdo. 

For, suppose the arc MN to be 
to the circumference MNPQ, as some 
one integer number to another, as 
5 to 48, for example. Divide the 
circumference MNPQ, into 48 equal 
parts, MK will contain 5 of them , 
and if the pole A were joined with 
the several points of division, by as 
many quadrants, we should in the " 

hemisphere AJ/iVPQ,- have 48 triangles, all equal, because 
all the corresponding parts are equal. The whole sphere 
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would contain 96 of these triangles, and the lune AMBNA, 
10 of them ; hence, the lune ia to the sphere as 10 is to 
96, or as 5 to 48 ; in other words, as the arc MN ia to 
the circumference. 

If the arc MN is not commensurable with the circum- 
ference, it may still be shown, that the lune is to the 
sphere as MN^ to the circumference (a. ni., P. 17). 

Gov, 1. Two lunea on the same or on equal spheres, 
are to each other as their respective angles. 

■Cor. 2. It was shown above, that the whole surface of 
the sphere is equal to eight tri-rectaiigular triangles (p. 14, 
c. S) ; hence, if the area of one sucH triangle be represent- 
ed by T, the surface of the whole sphere will be express- 
ed by 81'. This granted, if the right angle .be assumed 
equal to 1, the surface of the lune whose angle is A, will 
be expressed by 2AxT. For, 

4 : A :: 8T : 2AxT, 
in which expression, A represents such a part of unity, as 
the angle of the lune is of one right angle. 

Scholium. The spherical nngula, bounded by the planes 
AMB, ANB, is to the whole solid sphere, as the angle A 
is to four right angles. For, the lunes being equal, the 
spherical ungulas are also equal; heuce, two spherical 
ungulaa are to each other, as the angles formed by the 
planes which bound them. 

PROPOSITION XVI. TIIEOEEM. 

Two symmetrical spherical triangles are equivalent. 

Let ABO, BEF, be two symmetrical triangles, that is 
to say, two triangles having their sides AB=DE, AG—BF, 
GB=SF, and yet incapable of superposition; we are to 
show that the surface ABO is equal to the surface BEF. 

Let P be the pole of the small circle passing through 
the three points A, B, C;* from this point draw the equal 

" Tlia rardo wMch passes tbrougly tliB three pointa A, B, 0, or wliicli cirouni- 
BCrlbcB tlio triangle A£C, eon only bij u eiiiiill circle of the sphere; for if it were 
u greut eircle, tha three aides, AB] BC, AG, would lie in. one piano, and the tri- 
myilu ABO ■woi»ld bo reduced to one of its aidea. 
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arcs PA, PS, PC {i: 3) ; at the 
point F make (he angle DFQ~ 
ACP, the arc FQ= GP ; and draw 
DQ, EQ. 

The sides DF, FQ, are equal 
to the sides AC, CP ; the angle 
nFQ=ACP; hence, the two tri- 
ftiigles DFQ, ACP, are equal in '^ ^ 

all their parts (p. 8) ; consequently, the side DQ—AP, 
and the angle DQF=APC. 

In the triMigles DFE, ABO, the angles VFE, ACB, 
opposite to the cqusd sides PJ^, AB, are equal (p. 10). If 
the angles F>FQ, ACP, which arc equal bj constraetion, 
be taken away from them, there will remain the angle 
QFE, equal to PCS. The sides QF, FE, are equal to the 
sides PC, CB; hence, the two triangles FQE, GPB, are 
equal in all their parts (p. 8) ', hence, the side QE=PB, 
and the angle FQE=-CPB. 

Now, the triangles DFQ, ACP, which have their sides 
respectively equal, are at the same time isosceles, and capa- 
ble of coinciding, when applied the one to the other. 
For, having pli\ced AG on its equal DF, the equal sides 
will fall the one on the other, and thus the two triangles 
will exactly coincide : hence, they are equal ; and the sur- 
face PQF=APC. For a like reason, the surface FQE = 
QPB, and the surfao DQF=APB; hence we have, 

DQF+FQE-DQEoAPC+CPB-APB, 
or, DFEoABG; 

hence, the two symmetrical triangles ABO, DEF, are equiil 
iu surface. 

Scholium. The poles P and Q might lie within triangleH 
ABC, DEF: in which case it would be requisite to add 
the three triangles DQF, FQE, DQE, together, in order to 
make up the triangle DEF; and in like manner, to add 
the three triangles APO, CPB, APB, together, in order to 
make up the triangle ABC: in all other respects, the 
dem.onstratioii and the result would be the same. 
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PEOPOSiTJON XVII. THEOKKM. 




IJ ike circumferences of two great circles intersect each other on 
tJie surface of a /temisphsre, the sum of the opposite triaii- 
gles thus formed, is equivalent to Hie surface of a 'Mne 
whose angle is equal to the angle formed hy the circles. 

Let the circumferences A OB, COD, intersect on the sur- 
face of a hemisphere ; then will the opposite triangles 
AOG, BOD, be equivalent to the lune whose angle is BOD. 

For, produce the arcs OB, OB, on 
the other hemisphere, tCl they meet 
in N. Now, since AOB and OBN 
are semicircumferoncea, if we take 
away the common part OB, we shall 
have BN=AO. For a like reason, 
we hare BN=CO, and BD=AO. 
Hence, the two triangles AOC, BDN, ^ 

have their three sides respectively equal : they are there- 
fore symraetricai ; hence, they are equal in surface (p. 16). 
But the sum of -the triangles BDN, BOD, is equivalent to 
the lune OBNDO, whoso angle is BOD : henoe, AOO+BOD 
ts equivalent to the lune whose angle is BOD, 

Scholium. It is likewise evident, that the two spherical 
pyramids, which have the triangles AOC, BOD, for bases, 
are together equivalent to the spherical imgnla whose angle 
ie BOD. 

N THE EE 

The f a ti le eq k ex es f te 

n f is ee a gh ho x> g 
by n-recta g la a g 

Let ABO be any sphencal tiiangle. then wiW its bur 
face be equal to 

{A+B + 0-'^)xT. 

For, produce its sides till they meet the great circle 
DEFG, drawn at pleasure, without the triangle. By the 
last theorem, the two trianglrs ADE, AQH, are together 
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eqtUTalent to tlie lune whose angle is 

A, and wliich is measured by 2AxT 

(p. 15, c, 2). Hence, we have ADE-¥ 

A&If=2AxT; and, for a like reason, 

BGF+BIB^WXT, and OIH-^-CFB 

^^iCxT. But the sum of these six 

triangles exceeds the hemisphere by 

twice the triangle ABO, and the hemisphere is represented 

by 4:T: therefore, twice the triangle ABC, is equivalent to 

2AxT+2BxT+2CxT-4:T; 
and, consequently, 

ABCo{A+B+0-2)xT; 
hence, every spherical triangle is measured by the sum of 
its three angles minus two right angles, multiplied by the 
tri-reotangular triangle, 

iSchoUuTn 1. When we speak of the spherical angles, w* 
regard the right angle as unity, and compare the sum of 
the three angles with this standard. Hence, however 
many right angles there may be in the sum of the th];ee 
angles minus two right angles, just so many tri-rectangular 
triangles, will the proposed triangle contain. If the angles, 
for example, are each equal to 4 of a right angle, the 
sum of the three angles is equal to 4 right angles; 
and this sum, minus two right angles, is represented 
by 4—2, or 2 ; therefore, the surface of the triangle is 
equal to two tri-rectangular triangles, or to the fourth 
part of the surface of the entire sphere. 

Scholium 2. The same proportion which exists between 
the spherical triangle ABO, and the tri-rectangular triangle, 
exists also between the spherical pyramid which has ABO 
for its base, and the tri-rectangular pyramid. The triedral 
angle of the pyramid is to the triedral angle of the tri- 
rectangular pyramid, as the triangle ABO to the tri-rectan- 
gular triangle. From these relations, the following conse- 
quences are deduced. 

Mrst. Two triangular spherical pyramids are to each 
other as their bases : and since a polygonal pyramid may 
al-nays be divided into a certain number of triangujar 
pyramids, it follows that any two spherical pyramids are to 
each other, aa the polygons wliich form their bases. 
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Second. The poJyedral angles at the verticea of these 
pyramids, are also as their bases ; hence, for comparing 
any two polyedral angles, we have merely to place their 
vertices at the centres of two equal spheres ; the angles are 
to each other as the spherical polygons intercepted between 
liieir feces. 

The vertical angle of the tri-rectangular pyramid is 
formed by three planes at right angles to each other:' this 
angle, which may be called a right ■polye.dral angle, will 
serve as a very natural unit of measure for all other poly- 
edral angles. If, for example, the area of the triangle is 
J of the tri-rectangular triangle, the corresponding trie- 
dral angle is also J of the right polyedral angle. 

PEOPOSITION SIS. THEOEEM. 

The surface of a spherical polygon is equal to the excess of the 
sum of all its angles, over two right angles taken as many 
tiines as there are sides in the polygon less two, multiplied 
h/ the tri-rectangular triangle. 

Let ABODE be a spherical polygon. ^ 

From one of the vertices A, let 
diagonals AG, AD, be drawn to the 
other vertices ; the polygon ABODE 
will be divided into as many tri- 
angles less two, as it has sides. 

Now, the surface of each triangle ^ 

is equal to the sum of all its angles less two right angles, 
into the tri-rectangular triangle. The sum of the angles 
of all the triangles is the same as that of all the angles of 
the polygon ; hence, the surface of the polygon is equal to 
the sum of all its. angles, diminished by twice as many 
right angles aa it has sides less two, into the tri-rectangu- 
lar triangle. 

Scholium. Let s be the sum of all the angles of a spheri- 
cal polygon, n the number of its sides, and T the tri-reot- 
Rngnlar triangle ; the right angle being taken as unity, the 
surface of the polygon will be equal to 

L-2 {n~-2.)]xT={s-2n+i)xT. 
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APPENDIX. 

NOTE A.— Pao« 22. 



A Demonstration ie a train of logical argumentB 
brought to" a conclusion. The bases or premises of a 
demonsti'ation, are definitions, axioms, propositions pre- 
viously established, and hypotheses. The arguments are 
the links which connect the premises, logically, ■with the 
conclusion or ultimate truth to be proved. 

In Geometry we employ two kinds of demonstration — 
the Direct, and the Indirect or the method involving the 
JEleductio ad absurdum. 

These are also called Positive and Negative Demonstra- 
tions. , In the direct method, the premises are definitions, 
axioms, and previous propositions ; and by a process of 
logical argumentation, the magnitudes of which something 
is to be proved, are shown to bear the mark by which 
that may always be inferred, or, in other words, are shown 
to fall under some definition, axiom, or proposition, pre- 
viously laid down. The direct demonstration may be 
divided into two classes: 

1st. Where the argument depends on superposition-— 
that is, on the coincidence of magnitudes when applied the 
one to the other: and 

2dly. Where it depends on addition and subtraction, 
or immediately on principles previously laid down. 

The indirect method rests on a hypothesis. This hypo- 
thesis is combined in a process of logical argumentation, 
with definitions, axioms, and previous propositions, until 
a conclusion is obtained, which agrees or disagrees with 
some known truth. Kow, if the conclusion so deduced, is 
excluded from the truths previously established, that is, if 
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it is opposed to auy of them, then it follows that the hy- 
pothesis, leading to a result contradictory to such truth, 
must be false. In the indirect demonstration, therefore, the 
conclvswn is compared with the traths known antecedently 
to the proposition in question ; if it disagrees with any of 
them, the hypothesis is false. 

We have examples of the first class of the direct demon- 
stration in the reasoning which establishes Propositions V- 
and VI. — and of the second class in that which establisliea 
Propositions I. and IV. We have also examples of the 
indirect method in the demonstrations of Propositions IL 
and in. 

It is often supposed, though erroneously, that the indi- 
rect demonstration is less conclusive and satisfactory than 
the direct. This impression is simply the result of a want 
of proper analysis. For example : in the demonstration 
of Proposition IL we propose to prove " that two straight 
lines having two points in common coincide throughout 
their whole extent." Now, it is evident that they either 
coincide or separate. If they separate, they must separate 
at some point, as G. But the supposition or hypothesis of 
their separating at this point, involves the conclusion, that 
a part is equal to the wlwle, which is contrary to Axiom 8, 
and therefore untrue: Hence, they do not separate, and 
therefore, they coincide. Similar remarks apply to all indi- 
rect demonstrations. 

In both kinds of demonstrations the premises and con- 
clusion agree : that is, they are both true or both false, 
the reasoning or argument in both being supposed strictly 
logical. 

For a more full discussion of this subject, see Daviea' 
Logic of Mathematics. 
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THE REGULAR POLYEDRONS. 

A Eegular Polyedkon" is one whose faces are all 
equal regular polygons, and whose polyedra] angleja are all 
equal to each other. 

1. The TetraedroN, or regular jyyramid^ia a vohiine 
bounded by four equal equilateral triangles. 

2. The Hexaedron, or Oid)e, is a volume bounded by 
six equal squares. 

8. The OcTAEDBON,is avolume bounded by eight equal 
©juilateral triangles. 

4. The DoDECAEDRON, is a volume bounded by twelve 
equal and regular pentagons. 

5. The loosAEDRON is a volume bounded by twenty 
equal equilateral triangles. 

First If the faces are equilateral triangles, polyedronn 
may be constructed bounded by such triangles aJid wiU 
have polyedral angles contained either by three, four or 
five of them : hence arise three regular polyedral bodies, 
via : the tetraedron, the octaedron, and the icosaedron, and no 
others can be constructed with equilateral triangles. For, 
each angle of an equilateral triangle being equal to a third 
part of two right, six such angles about the vertex of a. 
polyedral angle would be equal to four right angles, which 
is impoBBible (b. vi., p. 20, 

Secondly. If the faces are squares, tlieir angles may be 
arranged by threes : hence, results the hexaedron, or eufe. 
Four angles of a square are equal to four right angles, 
and cannot form a polyedral angle. 

Thirdly. In line, if the faces are regular pentagons, 
their angles likewise may be arranged by threes : the 
regular dodecaedron will result. 

We can proceed no farther : three angles of a regular 
hexagon are equal to four right angles ; tliree of a liepta- 
gon are greater. 
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Hence, there can only be five regular polyedrona ; three 
formed with equilateral triangles, one with sq^uares, and 
one with pentagons. 



CONSTEUCTION OF THE rBTBAEDEON". 

Let ABO he the equilateral triangle which is to form 
one face of the tetracdron. At the point 0, the centre of 
this triangle, erect OS perpendicular to the plane ABC; 
terminate this perpendicular in S, so that AS=AB; draw 
SB, SO ; the pyramid S-ABG is the tetraedron required. 

For, by reason of the equal distan- 
063 OA, OB, 00, the oblique hnes SA, 
SB, SO, cut off equal distances esti- 
mated from the foot of the perpendic- 
ular SO, and consequently are equal 
(8. VI., P. 6). One of them SA=AB; 
hence, the four faces of the pjTamid 
S-ABO, are triangles, equal to the 
given triangle ABO. The triedral angles of this pyramid 
are all equal, because each of them is bounded by three 
equal plane angles (b. VI., P. 21, s. 2) ; hence, this pyramid 
ie a regular tetraedron. 




CONSTEUCTION OF THE HEXAEDEON, 
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Let ABOB he a given square. On the 
base ABGD, construct a right prism whose 
altitude AE shall be equal to the side 
AB. The faces of this prism will evident- 
ly be equal squares ; and its triedral an- 
gles all equal, each being formed with 
three equal faces: herce, this prisrn is a 
regular hexaedron or liube. 

The following propositions can be easily proved. 

1. Any regular polyedron may be divided into as many 
right pyramids as the polyedron has faces ; the common 
vertex of these pyramids will be the centre of the polyo- 
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(iron; and at the same time, that of an inscribed and of 
a circumscribed sphere. 

2. The sohdity of a regular polyedron is equal to its 
surface multiphed by a third part of the radius of the 
inscribed sphere, 

3. Two. regular polyedrons of the same name, are two 
similar solids, and their homologous dimensions are pro- 
portional ; hence, the radii of the inscribed or the circum- 
BCfibed spheres are to each other as the edges of. the poly- 
edrons. 

4. If a regular polyedron be inscribed in a sphere, the 
planes drawn from the centre, through the different edges, 
will divide the surface of the sphere into as many spheri- 
cal polygons, all equal and similar, as the polyedron has 
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SOLUTION OF GEOMETRICAL PROBLEMS. 

A Peoblbm is a question which requires a solution. 
A geometrical problem is one, in which certain parts of a 
geometrical figure are given or known, from which it is 
required to determine certain other parts. 

When it is proposed to solve a geometrical problem by 
means of Algebra, the given parts are represented by the 
first letters of the alphabet, and the required parts by the 
final letters. The geometrical relations which subsist be- 
tween the known and required parts furnish the equations 
of the problem. The solution of these equations, when so 
formed, gives the solution of the problem. 

No general rule can be given for forming the equations. 
The equations must be independent of each other, and 
their number equal to that of the unknown quantities in- 
troduced (Alg,, Art. 103). Experience, and a careful exami- 
nation of all the conditions, whether explicit or implicit 
(Alg,, Art. 94), will serve as guides in stating the questions; 
to which may be added the following general directions. 

H„,,„„v,uuyn: 



250 APPENDIX. 

1st. Draw a figure wbich shall represent all the given 
parts, and all the required parts. Then, draw such other 
linea as will enable ns to establish the necessary relations 
between them. If an angle is given, it is generally beat to 
let fall a perpendiculai- that shall lie opposite to It ; and 
this perpendicular, if possible, should be drawn from tiie 
extremity of a given side, 

2d. When two lines or quantities are connected in the 
same way with other parts of the figure or problem, it is 
in general, not best to use either of them separately ; but 
to use their sum, their difference, their product, their quo- 
tient, or perhaps another line of the figure with which 
they are alike connected. 

3d. When the area, or perimeter of a figure, is given, 
it is sometimes best to assume another figure similar to that 
proposed, having one of its sides equal to unity, or some 
other known quantity. A comparison of the two figures 
will often give a required part. We will add the follow- 
ing problems.* 



In a right-angled triangle BAG, having given the base BA, 
and tJie sum of the hypothenuse and perpendicular, it U 
required to jind ihe hypoihenuse and perpendicular. 

Put BA = c = Z, B0= X, A0= y, and the sum of the 
bypothenuse and perpendicular equal to t 

Then, a; + J/ = s = 9, 

and (b. IV., P. ll)j a? = y" + t?. 

From 1st equ ■. x = s — y, 

and x' = ^ — 2sy + y''. 

By subtracting, = s'- 



hence, 
Therefore, 





* The following problemB aro selectod from Hutton's Application of Algabra U 



Ueometrj; ai>^ Uio cramplts in Menauratioa, froca his traatisB on that Bubjeot 
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PKOBLEM II. 



In a r^ht-angled triangle, having given the hypotlienuse, and 
the sum of the bctse and pei-j>endicular, to find these two 



Put £0 =^ a ~ 5, BA = x, AG ~ y, and the sum of 
the base and perpendicular = s =1. 

Then, 0^ + ^ = 5= 7, ^ 

and 3? -\- 'if = a^. 

From first equation, x = s ~ y, 
or, a? = ^ — 23y + y' ; 

Hence, jr = a* — 5^ + 2sy — y^, 



or, y ~ sy~ — i--~. 

By completing the aq^uare 3/^ ~ sy -f ^s^ = |«- — Js^, 



or, J/ = ^s ± V|a* - \s^ := 4 or 3. 

Hence, x = ^s :^ Vja^ — \s' = 8 or 4. 



PROBLEM in. 



Tn a rectangle, having given the diagonal ami perimeter, to J. 



Let ABCD he the proposed rectangle. 
Put AC = d = 10, the perimeter =2re = 
or AB -{-BO = a = 14 : also put AB 
and BG = y. 

Then, :^ ■\- f = d\ 

and X + y = a. 

From which equations we obtain, 



la ± VU^ ~ ia« = 




x = ^^ ^^ - W = 6 '^f„^||,.„GoOQlc 



Saving given the bass and perpendicular of a triangle, to find 
the side of an inseriied square. 

Let ABG be lie triangle, and 
HEFQ the inscribed square. Put 
AB =b, CD = a, and HE or OH 
= ec : tben 01 = a — x. 

We have by similar triangles 

AB : CD :: GF \ 
or, h : a :: X : a — X. 

Henc^ ah — hx = ax, 

or, X ~ — r^ — the side of the inscribed square: 

which, therefore, depends only on the base and altitude of 
the triangle. 




PSOBLIM V. 

frt an equilateral triangle, having given the lengths of the t/M-ee 
perpendiculars draion from a point toitliin, on the three 
sides : to determine the sides of the triangle. 

Let ABO be an equilateral trian- 
gle : BG, I)H and BF the given per 
pendiculars let fall from B on the 
sides. Draw BA, BB, BO, to the 
vertices of the angles, and let fall the 
perpendicular Off on the base. Let 
DG= a, BF^l, and BF = c : put 
one of the equal sides AB = 2x ; hence, AH = a;, and 



€H= -^AG-- Am=-\/k>?-^= ^f^^ = x ^f%. 

Now, since the area of a triangle is equal to half its 

base into the altitude, (b. iv., p. 6), 

\AB X CH= XXX V3'= a? Vs'= triangle AOB, 
^AB XDG = XX a = ax = triangle ABB, 
^BO X BE= XX b ^bx = triangle BOB, 
^AO X BF= X X c =c£, = triangle AOD 




H G " 
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But the last three triangles make up, and are conse- 
qaijutly equal to, the first; 

hcace, a? VW= ax + bx + ex =^ a: {a + b + c) ; 
or, X Vf= a + b + c: 

a + b + c 



therefore, 



Vs 



Remark. Since the perpendicular CII is ertual to xVB, 
it is consequently equal a + b + c : that is, the perpendic- 
ular let fall from either angle of an equilateral triangle qh 
the opposite side, is' equal to the sum of the three perpen- 
dieulars let fall from any point within the triangle on the 
sides respectively. 

Problem VI. — In a right-angled triangle, having given 
the base and the difference between the hypothenuse and 
perpendicular, to lind the aides. 

Problem VII.— In a right-angled triangle, having given 
the hypothenuse, and the difference between the base and 
perpendicular, to determine the triangle. 

Problem VIIL — Having given the area of a rectangle 
inscribed iu a given triangle ; to determine the sides of 
the rectangle. 

Problem IX,— In a triangle,' having given the ratio of 
the two sides, together with both the segments of the base 
made by a pei-pendieular from the vertical angle : to de- 
termine the triangle. 

Problem X. — In a triangle, having given the base, the 
Bum of the two other sides, and the length of a line 
drawn from the vertical angle to the middle of the base; 
to find the sides of the triangle. 

Problem XI. — In a triangle, having, given the two 
sides about the vertical angle, together with the line bisect- 
ing that angle and terminating in the basp ■ to find the 
base. 

Problem XII. — To determine a light-angled triangle, 
having given the lengths of two lines drawn, from the 
aetite angles to the middle of the opposite sidea. 

„,.„,,iA',oogle 
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Problem XIII.~-To determine a right-angled triangle, 
having given the perimeter and the radius of the inscribed 
circle. 

Problem XIY. — To determine a triangle, having given 
the base, the perpendicular, and the ratio of the two sides. 

Problem SV. — To determine a right-angled triangle, 
having given the hypothenuse, and the aide of the inscribed 
square. 

Problem XVI, — To determine the radii of three equal 
circles, described witbin and tangent to, a given circle, and 
also tangent to each other. 

Problem SVII.— In a right-angle triangle, having given 
the perimeter and the perpendicular let fall from the right 
angle on the hypothenuse, to determine the triangle. 

Problem XVIII. — To determine a right-angled triangle, 
having given the hypothenuse and the difference of two 
lines drawn from the two acute angles to the centre of the 
inscribed circle. 

Problem XIX.— To determine a triangle, having given 
the base, the perpendicular, and the difference of the two 
other sides. 

Problem XX.— To determine a triangle, having given 
the base, the perpendicidar, and the rectangle of the two 
Bides. 

Peoblem XXI. — To determine a triangle, having given 
the lengths of three lines drawn from the three angles to 
the middle of the opposite sides. 

Problem XXII. — In a triangle, having given the three 
sides, to find the radius of the inscribed circle. 

Problem XXIII. — To determine a right-angled triangle, 
having given the side of the inscribed square, and the 
radius of the inscribed circle. 

Problem XX].V. — To determine a right-angled triangle, 
having given the hypothenuse and radius of the inscribed 
circle. 

Problem XXV. — To determine a triangh, bavmg given 
the base, the line bisecting the vertical angle, and the diam- 
eter of the circumscribing circle. 



INTRODUCTION. 



PLANE TRIGONOMETBY. 



OF tOGASITHMS. 

1. The logarithm of a number is t!ie exponent of the power to 
which it is necessary to raise a fixed number, in order to product 
the first numher. 

This fixed number is called the hose of the system, and may be 
any number except 1 : in the common system, 10 is assumed as 
the base. 



2. If we form those powers of 10, which are denoted by enliM 
exponents, we shall have, 

100^1, iO> ^ 10, 10^ = 1000, 

10= = 100, lO-i = 10000, &c., &C. 

From the above table, it is plain, that 0, 1, 2, 3, 4, &c., are 
respectively the logarithms of 1, 10, 100, 1000, 10000, &c. ; we 
also see, that the logarithm of any number between 1 and 10, is 
greater than 0, and less than 1 : thus, 

log 2 =r 0.301030. 

The logarithm of any number greater than 10, and less than 100, 
is greater than 1, and less than 2 : thus, 

log 60 = 1.698970. 

The logarithm of any numher greater than 100, and less than 
1000, is greater than 2, and less than 3 : thus, 
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If Ihe above principles be extended to other numbers, it \ti\\ 
appear, tbat the logarithm of any Dumber, not an exact, power of 
ten, is made up of two parts, an entire and a decimal part. The 
entire part is called the characteristic of the logarrithm, and is always 
one kss than the number of places of figures in the given number. 



3. The principal use of logarithms, is to abridge numerical com- 
putations. 

Let jlf denote any number, and let its logarithm be denoted by wi, 
also let .fl'^ denote a second number whose logarithm is n ; then, from 
the definition, we shall have, 

IQ-^^M . . . (1). 10° = ^^. . . (2). 

Multiplying equations (1) and (2), member by member, we have, 

10"+" =z M X N; OT, m -\- n = lag {M y. N) ; hence, 

Tlie sum of the logaritkms of any two numbers, is equal to the 
logarithm of their product. 



4. Dividing equation (1) by equation (2), member by member, 
10"""" ■= -^% or, m — » ^ loe -^i= % hence, 

Tke logarithm of the quotient of two numbers, is equal to the loga- 
rithm of the dividend diminished by the logarithm of the divisor. 



5. Since the logarithm of 10 is 1, tke logarithm of the product of 
ang number by 10, will be greater by 1 than the logarithm of that 
number (Art. 3) ; also, the logarithm of the quotient of any number 
divided bg 10, will be less by 1 than the logarithm of that number 
(Art. 4). 

Similarly, it may be shown that if any number be multiplied by 
one hundred, the logarithm of the product will be greater by 3 than 
the logarithm of that number; and if any number be divided by one 
hundred, the logarithm of the quotient will be less by 2 than the 
logarithm of that number, and so on. 
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log 32.7 
3.27 



2.514548 
L5 14548 
0.514548 
1.514548 
2.514548 



Prom the above examples, we see, that in a mixed number, that 
is, one composed of an entire and decimal part, we may chauge ths 
place of the decimal point without ehiiiigmg the decimal part of the 
logarithm ! but the ckaraclenstie is diminished hf 1 for evert/ plan 
that the decimal point is removed to the kft. 

The choracteristic in the logarithm of a decimal, is negative, and 
is, numcHoally, 1 greater than the number of ciphers immediately 
after the decimal point. The negative sign extends only to the 
chara el eristic, and is written over it, as in the examples given 



TABLE OF 



6 A tible of kg^nlhms is ■» tabic m which aie written the 
logarithms ot all numbers between 1 and some gnen numbei The 
logarithms of ill numbers between 1 and 10,000 ire given m tha 
annexed t-ible Smce rules ha\e been given for deteimmmg tha 
eharacteii sties of loganthme by simple inspection it has not bceo 
deemed neoeasary to write the characteristics m the tibk lliu 
deumal pait only being given The chaiacteridfic, howe\cr, is 
given for all numbeis le'i than 100 

Ihe left hand column of eadi page of the fable is the column of 
iiumbtt-., and is deoignited by the letter N ; the logarithms of these 
numbers are placed opposite them on the same horizontal line. The 
last column on each page, heided D, shows the difference between 
the logaiithms of two con';ecutiye numbers. This difference is found 
by sulitracting the loganthra under the column headed 4, from the 
oni' 111 the column headed 5, m the same horizontal line, and is nearly 
a mean of the differences of any two consecutive logarithms on this 



line. 
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To jlnd, from the Table, the Logarithm of any Numier. 

7. If the number is less than 100, look on the first page of 
table, in the column of numbers under N, until the number is fou 
the number opposite is the logarithm sought ; fjius, 

log 9 = 0.954243. 



When the Numher is greater than 100, and less than 10,000. 

8. Find, in the column of numbers, the fir=t three figures of the 
given number. Then pass across the page along a horiEontal line 
until you come into the column under the fourth figure of the given 
number : at this place, there are four figures of the required loga- 
rithm, to which, two figures Ijiken from the column marked 0, are to 
be prefixed. 

If the four figures already found stand opposite a row of six 
figures in the column marked 0, the two left hand figures of the six, 
are the two to be prefixed ; but if they stand opposite a row of only 
four figures, you ascend the column f iD you find a row of six figures ; 
the two left hand figures of this row are the two to be prefixed. If 
you then prefix to the decimal part thus found, the characteristic, 
yoti will have the logarithm sought : thus, 

log 8979 = 3.953228 
log .08979 = 2.953228 

H, however, in passing back from the four figures first found, to 
the column, any dots he tnet with, the two figures to be prefixed 
must be taken from the horizontid line directly below ■ thus, 

log 3098 ^ 3.491081 
iog 30.98 = 1.491081 

If the logarithm falls at a place where the dots occur, must be 
written for each dot, and (he two figures to be prefixed are, aa 
before, taken from the line below : thus, 

log 2188 =. 3.340047 
log .2188 - 1.340047 
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When the Numhar exceeds 10,000. 

9. The characteristic is determined by the rules already given. 
To find the decimal part of the logarithm : 

Place a dflciBiaJ^point after the fourth figdre from the left hand, 
converting the given number into a whole number and decimal. 
Find the logarithm of the entire part by the rule juat given, then 
take from the right hand column of the page, under D, the number 
wi the same horizontal hue with the logarithm, and multiply it by 
the decimal part ; add the product thus obtained to the logarithm 
already found, and the sum wiU be the logarithm sought, very 
nearly. 

KOTE. — If the decmial part of the product esceeds .5, iet 1 be 
added to the entire part ; if it is less than .5, the decimal part of the 
product is neglected. 



1. To 6nd the logarithm of the number 672887. 

The characteristic is 5 j placing a decimal point afler the fonrth 
figure from the left, we have 6728.87. The decimal part of the log 
6728 ia .827886, and the corresponding Dumber in the column D is 
65 ; then 65 x .87 ■=. 56.55, and since the decimal part exceeds .5, 
we have 57 to be added to .827886, which gives .827943 : 

hence, log 672887 = 5.827943 

Similarly, log .0672887 = 2.827943 

The last rule has been deduced under the supposition that the 
differences of the numbers are proportional to the differences of their 
iogarithma, which is sufBciently exact within the narrow limits con- 
sidered. 

In the above example, 65 is the difference between the logarithm 
of 672900 and the logarithm of 672800 ; that is, it is the difference 
between the logarithms of two numbers which differ by 100. 

We fiave then the proportion, 

100 : 87 : t 65 : 56.55; 
hence, 56.55 ia the number to be added to the logarithm before 
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To Jind, from Oie Table, the Number corresponding ia a given 
LogaritJim. 

10 Seaich in the columns of lo'aiiihma for tlie dec mal part of 
the gnen logarithm if it Cduuot be found m Ihe table take out tba 
number corresponding to the neit le b logaiithm and set it aside. 
Subtract this less logarithm iicm Ihe given logarithm tnd "mnex to 
the remaindei as many zeros as maj be necessaiy and divide this 
result by the corresponding number t ikca from the column marked 
D, continuing the division aa long I'- de irible annex the quotient 
to the number &et aside Point ofi, fiom th" left hind, as many 
integral iLgurc as there irt units in the chai-acietistic of the given 
logaiithm increased by 1 the ic'iult ;s the required number 

If the chaiicterislic is negilive the number will be entirely 
decimal, and the numbei of zeros to be placed at the left of ths 
number lound from the table will be equal to the number of unit* 
in the char ict eristic dimiuiBhed bj 1 

This nile, like its converse, i founded on the bupposition that tb» 
differences of the logarithms aie piopordonal to the difieiences of 
their numbers, within niiioH limits 



1. Find the number corresponding to the logarithm S.23356S. 

The decimal part of the ^ven logarithm is - - - .233568 

The next less logarithm of the table is .233504 

and its corresponding number 1712. — - — — - 

Their diSereace is 64 

Tabular difference 253)6400000(25 

Hence, the number sought - - - - 1712.25. 

The number corresponding lo the logarithm 3.233568 is .00171225, 

2. What is the number corresponding to the logarithm 2.785407 ? 

Ans. .06101084. 

3. What is the number corresponding lo the logarithm 1,846741 ? 

Ans. .702653. 
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11, "When it is required to multiply numbers by means of their 
logarithms, we first find, from the tnhle, Ihe logarithms of the num- 
bers to be multiplied; we next add these logarithms together, and 
their sum is the logarithm of the product of the numbers (Art. 3), 

The term sum is to be understood in its algebraic sense ; there- 
fore, if any of the logarithms have negative characteristics, the 
difference between their sum and the sum of the positive character- 
istics, is to be taken ; the sign of the remainder la that of the greater 

EXAMPLES. 

1. Multiply 23.14 by 5.062. 

log 23.14 ^ 1.364368 

log 5.062 ::= 0. 704322 

Product, 117.1347 . . . 2.Q68685 

g. Multiply 3.902, 597.16, and 0.0314728 together. 

log 3.902 = 0.591287 

log 597.16 ^2,776091 

log 0.0314728 ^ 2.497936 

Product, 73.3354 . . . 1.865314 

Here, the 2 cancels (he -|- 3, and the 1 carried from the decimal 
part is set down. 

3. Multiply 3.586, 2.1046, 0.8372, and 0.0294, together, 
log 8.586 - 0.554610 
log 2.1046 - 0.323170 
log 0.8372 ~ 1,922829 
log 0.0294 = 2.463347 
Product, 0.1857615 . . . 1.268956 

In this example, the 2, carried from the decimal part, cancels 2, 
and there remaias 1, which is set down. 



12. When it is required to divide numbers by means of their 
logarithms, we have only to recollect, that the subtraction of loga- 
rithms eoiTcsponds to the division of their numbers (Art. 4). Hence, 

„,..,.,„,,v,uuyi^- 
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it" we find the logarithm of the dividend, and from it subtract the 
logarithm of the divisor, the remainder will he the logarithm of the 
quotient. 



Note. — This additional caution may be added. The diff< 
of the logarithms, as hero used, means tbe algebraic differim.ce ; so 
that, if the logatithm of the divisor have a negative eharaeteristic, ita 
sign must be changed to positive, ailer diminishing it by the unit, if 
any, earned in the subtraction from the decimal part of the logarithm. 
Or, if the eharaeteriatic of the logarithm of the dividend is negative, 
it must be treated as a negative number. 



1. To divide 241 63 by 4567. 

log 24163 = 4383151 

log 4567 - 3.659631 

Quotient, 5.29078 . . . 0.723520 



2. To divide 0.06314 by .007241. 

log 0.06314 = 2.800305 

log 0.007241 ^ 3.859799 

Quotient, 8.7198 . . . 0.940606 

Here, I carried from the decimal part to the 3, changes it lo 2, 
which being taken from 2, leaves for the characteristic. 

S. To divide 37.149 by 523.76. 

log 37.149 - 1.569947 

log 523.76 ^ 2.719133 

Quotient, 0.0709274 . . 2.850814 



1. To divide 0.7438 by 12.9476, 



log 0.7438 = 1.871456 

log 12.9476 ^ 1. 112189 

t, 0.057447 . . . 2.759267 



Here, the 1 taken from 1, gives 2 for a result, a? set down. 
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BTICA.L COMPLE 



IS, The Aritkwetical complement of a logarithm is the number 
which reraaina after subtracting the logaritlim from 10. 
Thus, if we have the log 9.274687, then, 

10 - 9.274687 - 0.725313, 
Hence, 0.725313 is the arithmetical complement of 9.274687. 

14, We will now show that, the difference between two logarithmt 
is truly found, by adding to the Jirst logarithm the arithmetical com' 
plement of the logarithm to be subtracted, and then diminishing tki 
turn % 10. 

Let « ^ the first logarithm, 

S ^ the logariihm to be subtracted, 
and c = 10 — 6 = the arithmetical complement of b. 

Now the difference between the two logarithms will be expressed 
by « - ft. 

But, from the equation, c = 10 — i. we have 
c _ 10 = - i ; 
hence, if we place for — b i!s value, we shall have 

a — 6=:a + c — 10, 
which agrees with the enunciation. 

The arithmetical complement of a iogarithm may be written 
directly from the table ; thus, subtract the left hand figure from 9, 
Oien proceeding to the right, subtract each figure from 9 Ull you reach 
ike last figure, which must be taken from lO : this will be the same a* 
taking the logarithm from 10. 

Note. — If the iogarithm exceeds 10, its arithmetical complement 
is found by taking it from the smallest number of exact tens greater 
than it. Thus, if the logarithm were 15.67i523, it would be taken 
from 20, and its arithmetical complement would be 4.325477. In 
all cases, the number from which the logarithm is taken is rejected 
^m the sum. 

BXAMrLES. 

1. From 3.274107 take 2.104729. 

By common method. By arith. comp. 

3.274107 3,274107 

2.104729 its arith. comp. 7.89^271 
Bift'. 1.169378 Sum 1^693^78 after Bub- 

tracting 10. 
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Heoce, lo perform division by means of tlio arithmetiMl comiil*- 
ment, we have the following 

KDLE. 

To ike hgarithm of the dividend add ihe arithmetical complement 
of the hgarithm of the divisor: the sum, after suhtractiny 10, vnU ie 
the hgarithm of the quotient. 

BXAMPLES. 

1, Divide 327.5 by 22.07. 

log 327.5 2.515211 

log 22.07 arith. comp. . . 8.65 6198 
Quotient, 14.839 . . . L17i409_ 

S. Divide 0.7438 by 12,9476. 

log 0.7438 1.871456 

log 12.9476 arith. comp. . . 8 .887811 
Quotient, 0.057447 . . . 2.759267 

In this example, the sum of the characteristics is 8, from whioli, 
taking 10, the remainder is 2. 

3. Divide 37.149 by 523.76. 

log 37.149 1.569947 

log 523.76 arith. comp. . . 7.280867 
Quotient, 0,0709273 . . . 2.850814 

4. Divide 0,875 by 25. Am. 0.03S. 

5. Find, by logarithms, the 4th term of the proportion, 

3976 : 7952 : : 5903 : x. 

log 3976 arith. comp. . . 6.400554 

iog 7952 3.900476 

log 5903 3.771073 

log 11806 4.71210 3 

H,.,sL.db,. Google 



TRIGONOMETRY. 

C. Find, by logaritlimp, the 4th term of the proportion, 

89721 ; 358884 : : 5G72 -. x. 

log 89721 arith. comp. . . 5.047106 

log 35888i 5.55i'J54 

log 5772 ^"^JS^ 

iog 22688 i.3557y0 



FINDING THE P0WEK3 AND KOOTS OF StTMBBBS liT LOGAlIITHMa. 

15. We have (Art. 3), 

10"' r= M. 

Raising both members of this equation to the nth power, we have, 

10"'=''' ^ i/n, 

in which ji! X n is tlie logarithm o( M" (Art. 1) : hence, 

The logarithm of any power of any nv.mber,is equal to the logarithm 
of the number multiplied by the exponent of the power. 

16. Taking the .'';ime equation, 

lO"' = M, 
8nd extracting the nth root of both members, we have, 

10" = AI", 

in wliicli —- is the logarithm of i!f" : that is, 

The logarithm of the root of any number, is equal to ike logarithm 
e^ the number divided by the index of the root. 

EXAMPLES. 

1. What is the 5th power of 9 ? 

Log 9 = 0.954243 ; 0.954243 x 5 ^ 4.771215 ; 
number answering to 4.771215 is 59049. 

2. "What is the 7th power of 8 ? Am. 2097152 
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3. What is tlie cube root of -1096 ? 

Log 4096 = 3.612S60; 3.612360-^3 = 1.204120; 
number answering fo 1.204120 is 16. 

i. What is the 4th root of .00000081 ? 

Log .00000081 = 7.908485 ; 
but, 7.908485 = 8 + 1.908485 ; 

and, 8. + 1.908485 -^ 4 = 2,477121, 

the number answering to which is .03, which is fhe root. 

W7im the characteristic of the logarithm is negative, and not divisi- 
ble by the index of the root, add to it such a negative number as wiU 
make the sum exactly divisible by the index, and then prefix the sam* 
number, with aplws sign, to the decimcd Jigwres of the logarithm. 

5. What is the 6th root of .0432 ? Ans. .592363 +. 

e. What is the 7th root of .0004967 ? Ans. .3372969. 



17. Before explaining the method of constructing geomofrieal 
problems, we shall describe some of the simpler instiumenlfi and 



o 



18. The dividers is the most simple and useful of the instruments 
used for drawing. It consists of two legs ba, be, which may be easily 
turned around a joint at b. 

One of the principal uses of this instrumflnt is to lay off on a line, 
a distance equal to a given line. 
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For example, to lay off on CD a distance equal to AB. 

For thi& purpose, place the forefinger on 

the joint of the dividers, and set one foot at Al iB 

A : then extend, with the thumb and other | | 

fingers, the other leg of the dividers, until C ED 

its foot reaches the point £. Then raise 

Ihe dividers, place one foot at C, and mark with the other the dis- 
tance CjS.- this will evidenfly be equal to AJi. 



19 A ruler of convenient size is ibout tnpnty mi lie in 
length two inches wide, tiiJ a fifth of an mch in thirl nest It 
-should be made of i hard miteiiai, pciftctly straight and 
smooth 

The hypothenuse ot the right in gled tmngle which is «sed in 
connection with it, should be about ten inches in length and it is 
most convenient to ha\e one oi the sides considei ibly longer than 
the otber We can soUe, with the ruler and tuin^le (he two 
following problems 

I. To draw through a given point a line which shall be paraUel to a 
ffiven line. 

20. Let be the given point, and AB the given line. 

Place the hypothenuse of the triangle 

against the edge of the ruler, and then —i ,. 

place the ruler and triangle on the paper, * 

BO that one of the sides of the triangle shall ~' " " ~ 

coincide exactly with AB: the triangle being below the Hne. 

Then, placing the thumb and fingers of tlie left hand firmly on 
the ruler, slide the triangle with the other hand along ihe ruler uniil 
the side which coincided with AB reaches the point 0. Leaving 
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flie thumb of the left hand on the ruler, extend the fingers upon tha 
triangle and hold it fii'mly, and with the right hand, mark yi th a pea 
or pencil, a lioe through 0: this line wiU be parallel to AH. 



II. 2h draw through a given point a line w}dch shall be perper 'icular 
to a given line. 

21. Let AB be the given line, and D the given point. 

PJace the hypothenuse of the triangle against ^ 

the edge of the ruler, as before. Then place 
the ruler and triangle so that one of the sides 
of the triangle shall coincide exactly with the J_'"" 
line A£. Then slide the ti-iangle along the 
ruler until the other side reaches the point D; draw through i i 
right line, and it wili be perpendicular to AJ3. 



SCALE OP EQUAL PARTS. 



22. A scale of equal parts is formed by dividing a line of a given 
length into equal portions. 

If, for example, the line ah of a given length, say one inch, be 
divided into any number of equal parts, as 10, the scale thus formed, 
is called a scale of fen parts to the inch. The line a6, which ie 
divided, is calJed the unit of the scale. This unit is laid ofF sevwal 
tioaes on the left of the divided line, and the points marked 1, 2, 
8, &G. 

The unit of sciles of equal parti, ia in general eithei in inch or 
an e'^act part of an inch If for example ab the unit of the stale, 
were half an inch the tcile would be one of 10 piri3 to half an 
inch or of 20 piifs to tne inch 

If it were required to lake fiom the scale a Ime equal to one 
inch and six tenths pHce one foot of the dividers at 1 on the Itft, 
and extend the othci to 6 whnji maris the sixth of t! c small 
divisions the dnjdera will then embr<ice the iLqmred distance 

If 11 were requned to take from the scile 2 inches and 9 t nthfl 
place one foit of the d videra at 2 and extend the othei to 9 the 
dividers would then cmbrii,e the requ red d stance 
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23 Tl scale s tl u constrncted lake i for he u t of the 
scale h cii miy be one nch w } or j of ■> ch n 1 g 1 On 
ab de cr he the sq i e a?c / D le 1 1 a6 a (1 rf ea 1 nlo 
te eq al p'i « Dra v _/ nd 1 e 
figure 

Proluce la to the lef i 1 h off he 
Conven p t mber of n e ind ma k the po nt3 1 2 3 &.c 
Then d v de the 1 e i to ten equal pirt a d througl the po nW 
erf d V on d a y para lela o oS a the figure 

Now, the small divisions of the line ai are each one-tenth (.1) at 
ab, they are, therefore, 1 of ad, or .1 of a^ or gh. 

If we consider iLe triangle adf, we see that the base df is one 
tenth of ad, the unit of the scale. Since the distance from a to th» 
first honzontjl line above ab, is one-tenth of the distance ad, it fol- 
lows that the distance measured on that line between ad and «/ is 
one tenth of df, but smce one-tenth of a tenth is a hundredth, it 
follows that this dihtance is one hundredth (.01) of the unit of tb« 
■cale. A like distance measured on the second iine will be two hun- 
dredths (.02) of the unit ol the scale ; on the third, .03 ; on the 
fourth, .04, &c. 

If it were required to take, in the dividers, the unit of the scale, 
and any number of tenths, place one foot of the dividers at 1, over 
g, and extend the other to that figure between a and b, which desig- 
nates the tenths. If two or more units are required, the dividers 
must be placed on a point of division further to the left. 

When units, tenths, and hundredths are required, place one foot of 
the dividers where the vertical line through the point which desig- 
nates the units, intersects the !me which designates the hundredths : 
then, extend the dividers to that line between ad and be which desig- 
nates the tenths : the distance so determined will be the one required 



16 INTRODUCTION. 

For example, to take off the distaace 2.34, we place one foot of 
the dividers at I, and extend the other to e; and to take off the dis- 
tance 2.58, we place one foot of the dividers at p, and extend the 
other to q. 

Remake I. — If a line is so long that the whole of it cannot be 
taken from the scale, it must be divided, and the parts of it taken 
from the scale in succession. 

Eemark II, — If a line be given upon the paper, its length can be 
found by taking it in the dividers and applying it to the acaie. 



SEMICIKCULAH PRO TRACT OK. 




25. This instniment is used to lay down, or protract i 
may also be used to measure angles included between lines already 
drawn upon paper. 

It consists of a brass semicircle, A CB, divided to half degrees. 
The degrees are numbered from to 180, both ways ; that is, from 
A !o B, and from B to A. The divisions, in the figure, are made 
only to degrees. There is a small notch at the middle of the diameter 
A£, which indicates the centre of the protractor. 

To lay off an Angle -wiik a Protractor. 
25, Place the diameter AB on the line, so that the centre shall 
iall on the angular point. Then count the degrees contained in the 
given angle from A towards B, or from B towards A, and mark the 
extremity of the arc with a pin. Remove the protractor, and draw 
a line through the point so marked and the angular point : this line 
will make, with the given line, the required angle. 



PLANE TRIGONOMETRY 



TREATED GBOMETRIi 



DEFINITIONS. 

1. In every plane triangle there are sis parts : three sides and 
three angles. Tliese parts are so related to each other, that when one 
side and any two other parts are given, the remaining ones can be 
obtained, either by geometrical construction or by trigonometrical 
computation. 

'Z. Plane Trigonometry explains the methods of computing the 
unknown parts of a plane triangle, when a sufficient number of the 
sis parts is given, 

3. For the pui-poae of trigonometrical calculation, the circum- 
ference of the circle is supposed to be divided into 360 equal parts, 
called degrees ; eaoii degree is supposed to be divided into 60 equal 
parts, called minutes ; and each minute into 60 equal parts, called 
seconds. 

Degrees, minutes, and seconds, are designated respectively, by ihe 
i-haractera ° ' ". For example, ten degrees, eighteen minutes, and 
foitrteeii seconds, would be written 10° 18' 14". 

4 If two lines be drawn through the centre of the circle, at right 
angles to each other, they will divide the circumference into four 
equal parts, of 90° each. Every right angle then, as :E0A, is mea- 
sured by an are of 90° ; every acute angle, as BOA, by an arc less 
tlian 90°; and every obtuse angle, as FOA, by an arc greater than 90°. 

5, The complement of an are is wliat 
remains after subtracting the arc from 90°. 
Thus, the arc JSB is the complement of 
JB. The sum of an arc and its comple- 
ment is equal to 90°. 

6. The supplement of an arc is what 
remains after subtracting the arc from 
180°. Thus, GF is the supplement of the 
arc AEF. The sum of an arc and its 
supplement is equal to 180°. 
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7. The sine of an arc is the pgrpendicuiar let fall from ooe 
CKtremity of the are ou the diameter which passes fhrough the other 
extremity. Thus, £D is the sine of the arc A£. 

8. Tiie cosine of an arc ia the part of the diameter intercepted 
lit'tween the foot of the sine and centre. Thus, OO is the cosine of 



the a 
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9, The tangent of an arc is the line which tenches it at one ex- 
tremity, and is limited by a line drawn through the other extremity 
and tiie centre of the circle. Thus, ^ C is the tangent of the arc AH. 

10. The secant of an arc is the line drawn from tlie centre of the 
circle through one extremity of the arc, and limited by the tangent 
passing through the otter extremity, Tlius, OC is the secant of tho 
Bi'C A£. 

It. The four lines, SA OD, AC, 00, depend for their values on 
the arc AB and the radias OA ; they are thus designated ; 

Bin AB for £D 
cos AB for OJ) 
tan AB for AC 
sec AB far OC 

12. If AB£! be equal to a quadrant, or 90°, then BB will be tho 
complement of AB. Let the lines BT and f.B bn drawn perpen- 
dicular to OB. Then, 

BT, the tangent of BB, is called tl:e cotangent of AB ; 
IB, the sine of BB, is equal to the cosine of AB ; 
QT, the secant of BB, is called the cosecant of AB. 

In general, if A is any ai-c or angle, we have, 

cos ^:=sin (90°- 
cot ^— tan (80°- 

13. If ive take an arc, ABEF, greater 
than 90°, its .'^ine will be FH; OZTwill be 
ita cosine; AQ its tangent, and OQ its 
secant. But FH is the sine of tlie arc 

GF, which is the supplement of AF, aod 

Offis its cosine; hence the sine of an arc 
it equal to ike sine of its supplement ; and 
the cosine of an ore is equal to the cosine 
of its supplement. 
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Furthermore, AQ is the tiingent of the arc AF, and OQ is ita 
secantr GL is the tangent, and OL the secant of the supplemenlal 
arc GF. But since AQ is equal to GL, and OQ to OL, it follows 
tJiat ike tangent of an arc is eqiiol to the tangent of its supplement ; and 
the iecant of an arc is equal to ihe secant of ita supplement.'^ 

TABLE OP NATURAL SINES. 

14. Let us suppose, that in a circle of a gnen radius, the lengths 
of the sine, cosine, tangent and cotingcnt, have been cilLuhted for 
every minute or second of thi, quidranf, and inanged in i table; 
Buch a table is called a table of imes ind tingent'i If the ralius of 
the circle is 1, the table is cilled a table of Natuial Sines A table 
of Natural Sines, tlierefore, showa the values oi the sines cosines, 
tangents, and cotangents of ill thi. arcs of a quadiant, which ia 
divided to mtuutes oi* seconds 

ir the sines, cosines, tangents, and secants aie l.nown foi arcs lesa 
than 90°, those for arcs which are greater cun be found from them. 
For if an arc is less than 90°, its supplement will be greater than 
90", and the numerical values of these lines are the same for an arc 
and its supplement. Tiiua, if we know the sine of 20°, we also 
know the sine of its supplement, 160° ; for the two are equal lo each 
other. The Table of Natural Sines is not given, as it is much easier 
to make the computations by the Table which we are about to explain. 

TABLE OP LOGARITHMIC SINES. 

15, In this table are arranged the logarithms of the numerical 
values of the sines, cosines, tangents, and cotangents of all the ate* 
of a quadrant, calculated to a radius of 10,000,000,000. The loga- 
i-ilhm of liiia radius is 10. In the first and last horizontal lines of 
eacl) page, are written the degrees whose sines, cosines, &c., are 
expressed on the page. The vertical columns on the left and right 
are columns of minutes. 



Tofmd, in the table, the logarithmic sine, cosine, tangent, or cotangent 

of any given arc or angle. 

16. If the angle is less than 45°, look for the degrees in the first 

horizontal line of the different pages ; when the degiees are found, 



arebst^veen the numerical values of the trigominietrical lines; 
which the; have iu the tliSeicnt quadrants, are not considered. 
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descend Hluiig the column of minutes, on the left of the page, till you 
reach the numbei- showing the roiuutes ; then pass along a horizontal 
line (ill you come into the column designated, sine, cosine, tangent, 
or cotangent, as the case may be ; the number so indicated is the 
lagarithui sought. Thus, on page 37, of Tables, for 19" 55', we find. 

sine 19" 55' ... . 9.532312 

cos 19" 55' ... . 9.973215 

tan 19" 55' ... . 9.559097 

cot 19° 55' ... . 10.4i0903 

17. If the angle is greater than 45°, search for the degrees along 
the bottom line of the different pages : when the number is found, 
ascend along the coiumn of minutes on the light hand side of the 
page, till you reach the number e2:pressing the minutes ; then pass 
along a horizontal line into the column designated tang, cot, sine, or 
cosine, as the case may be: the number so pointed out is the loga- 
rithm required. 

18. Tlie column designated sine, at the top of the page, is desig- 
nated by cosine at the bottom ; the one designated fang, by cotang, 
and the one designated cotang, by tang. 

The angle found by taking the degrees at the top of the page, and 
the minutes fi-om the left hand vertical column, is the complement 
of tlie angle found by taking the degrees at the bottom of the page, 
and the minutes from the right hand column on the same horizontal 
line with the first. Therefore, sine, at the top of tlie page, should 
correspond with the cosine, at the bottom ; cosine with sine, tang with 
cotang, and cotang with tang, as in the tables (Art. 12). 

If the angle is greater than 90°, we have only to subtract it 
from 180°, and take the sine, cosine, tangent, or cotangent of the 
remainder. 

The column of the table next to the column of sines, and on the 
right of it, is designated by the letter J). This column is calculated 
in the following manner : 

Opening the table at any page, as 42, the sine of 24° is found to 
be 9.S093i3; that of 24= 01', 9.609597: their difference is 284; 
this being divided by 60, the number of seconds in a minute, gives 
4.73, which is entered in the column D. 

Now, supposing t^e increase of the logarithmic sine to be propor- 
tional to the increase of the arc, and it is neai'ly so for CO", it follows, 
that 4.73 is the increase of the sine for 1". Similarly, if the are 
were 24° 20', the increase of the sine for 1", would be 4.C5. 

The same remarks are applicable in respect of the column D, 
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after the column cosine, and of the column D, between the tangents 
and cotangents. The column D, between the columna tangents and 
cotangents, answers to both these columns. 

Now, if it were required to find the logarithmic sine of an arc 
expressed in degrees, minutes and seconds, we have only to find the 
degrees and minutes as before; then, multiply the corresponding 
tabular difference by the seconds, and add the product to tlie number 
first found, for the sine of the given arc. 
Tbus, if we wish the sine of iO= 26' 28". 

The sine 40° 26' . . . . 9.811952 
Tabular difference, 2.47 - 

Number of seconds, 28 

Product, 60.16 to be added 69^6 

Gives for the sine of 40= 26' 28". 9.812021. 

The decimal figures at the right are generally omitted iu tlie last 
result ; but when they exceed five-tenths, the figure on the left of 
the deoimal point is increased by 1 ; the logarithm obtained is then 
exact, to within less than one unit of its right hand place. 

The tangent of an arc, in which there are seconds, is found in a 
manner entirely similar. In regard to the cosine and colangent, it 
must be remembered, that they increase while the arcs decrease, and 
decrease as the arcs are increased ; consequently, the proportional 
nuinbers found for the seconds must be subtracted, not added. 



1. To find the co-=ine of 3° 40' 40". 

The cosine of 3° 40' . . . 9.9 

Tabular difference, .13 

Number of seconds, 40 

Product, O.20 to be subtracted 

Gives for the cosine of 3° 40' 40" 9.9 

2. Find the tangent of 37= 28' 31". 

3. Find the cotangent of 87° 57' 59", 



Ans. 9.884592. 
Ans. 8.550356. 



CASE II. 

To find the degrees, minutes, and seconds answering to any given 

logarithmic sine, cosine tangent, or cotangent. 

19. Search in the table, in fUe proper column, and if tlie number 
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is fuund, tho degrees will be shown either at the top or botiom of tha 
page, and the minutes in the side column, either at the left or right. 

But, if the number cannot be found in the table, lake fi-om the 
table the degrees and minutes answering to the nearest less loga- 
rithm, the logarithm itself, and also the corresponding tabular dilfer- 
ence. SabtracE the logarithm talten from the table from the given 
logarithm, annex two ciphers to the remainder, and then divide the 
remainder by the tabular difference: the quotient will be seconds, 
»nd is to be connected with the degi-eos and minutes before found : 
to be added for the sine and tangent, and subtraeled from the cosiae 
•uii cotangent. 

EXiSlrLES, 

1. Find the arc answering to the sine 9.880054 
Sine 49'' 20', next less in the table. 9.8 79il63 

Tabular difference, 1.81)91.00(50". 

Hence, the arc 49" 20' 50" correspond.^ to the given sine 9.8S005i. 

2. Find the arc whose cotangent is 
cot 44° 26', next less in the fable, 

Tabular difference. 

Hence, 44" 26'— 23"^44'' 25' 37" 
given cotangent 10,008688. 

3. Find the arc answering to the tangent 9.979110. 

Ans.iS" 37' 21". 

4. Find the arc answering to cosine 9.944599. 

Jm. 28° 19' 45". 
20. "We shall now demonslrale (lie principal theoreras of Plane 
Trigonometry. 



10.008688 
10.008591 

4 21)97.00(23" 
I the arc answering 1 



7R« sides of a plain triangle are proporlior 
opposite angles. 

21. Let ABC be a triangle ; then will 
CS : C^ :: sin ^ : 

For, with ,.4 as a centre, and AD equal 
to the less side BG, as a radius, describe 
Hie arc HI; and with £ as a centre and 
the equal radius BO, describe the arc CL. 
and draw DE and CF perpendicular fo 
to AB: now DM is the sine of the angle 
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TREATED GEOMETRICALLY. 



4, and CF is the sine of £, ta 
Bimilai- triangles, 

AD : DE : : AC : C. 

But AD being equal to DC, we have 

BG : sin^ : : AC : sir 
BG : AQ ; : sin^ ; sir 

By compaiing the sides AB, AC, in a similar 



e radius AD or DC. But b; 



THEOKEJt II. 

In any iriangk, the sum of the two sides containing either ai jU, m 
to their difference, as the tangent of half the sum of the two other 
anglss, to the tangent of half their' difference, 

22. Let ACB be a triangle : then will 

AB+AC : AB-AC : : fan ^•((7+5) : ta,a i{G-B). 

With ^ as a centre, and a radius E 
AC, the less oflhe two given sides, let f\''--P 
IFCE be de- 
ig AB in I, and BA 
K Then, BE will be 
ides, and 5/ their dilfcr- 
3raw CImdAF. 

CAB is an outward angle of the triangle ACB, it is equal 
m of tlie inwai^ angles (7 and £ (Bk. L, Prop. XXV., Cor. 
; the angle CIE being at the circumference, is half the angle 
tiie centre (Bk. IIL, Prop. XVIIL) ; that is, half the sum 
iglea C and B, or equal to J( G+ D). 
The angle AFC=ACB, is also equal to ABC+BAF ; therefore, 
BAF^ACB~ABC. 
-Bat,ICF^l(BAF)=^(ACB~ABC),<ir^{C-B). 
With I and G as centres, and the coidmon radius 7(7, let the arcs 
CD and Iff be described, and draw the lines CB and Ilf perpendicu- 
lar to ZC. The perpendicular f^will pass through E, the extremity 
of the diaraeler IE, since the right angle ICE must be inscribed in a 

But C-ff is thetangentof CZff— l(C+S); and //T is the tangent 
of ICB=l{C—B), to the common radius CI. 



produced, in 
the sum of tlie 



GAB> 
of the 



24 PLANE TRIGONOMETRY 

But since the lines CM and IH are parallel, the triangles BBl 
and BGE are similar, and give the pi-oportion, 

BE : Bl : : CM : IH, or 
by placing for BE and BI, C'^'and IH, their values, we have 

AB+AO : AB-AC : : tan J(C+£) ; tan^(C-£). 

THEOREM HI. 

/« any plane iriangh, if a line h drawn from the vertical angle 
pefjaendicular to the hose, dividing it into two segments ; then, the whob 
hate, or sum of the segments, is to the sum of the two other sides, at 
tht difference of those sides to the difference of the segments. 

23. Let -S^C be a triangle, and AD perpendicular to the base ; 
then will 

BC : CA+AB : : CA-AB : CD-DB. 

For, AB''=RD''+aI}^ 

(Bk. IV., Prop. XI.) ; 
and AC^^DCf+AD' 
by subtraction, A(?—AB'=Gff 

—M'. 

But since the difference of the squares of two lines is equivalent 
to. the rectangle contained by their sum and difference (Bk IV., Prop. 
X.), we have, 

AC'-AB'=iAC+AB).{AC-AB) 
and (nf-BB'={CD-\-DB).{CD-DB) 

therefore, {CI)+DB),{CI}~-DB)^(AC+AB).(,AC-AB) 
heace, CD-^DB : AC+AB : : AC~AB ■ CD-DB. 

THEOREM IV. 

In any right-angled jUane triangle, radius is to the tangent of either 
of the acute angles, as the side adjacent to the side opposite. 

24. Let CAB be the proposed triangle, and denote the radius by 
R: then wilt 

R : taa G : : AC ■ AB. 

For, witli any radius as CD describe the 5r^ 

wo DII, and draw the tangent D G. O^ 
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From the similar tnangles CDGand CAB, v/c ha\e, 

CD : DG : : CA : AB; hence, 
R : tm a : : CA : AB. 

By describing an are willi B as a centre, ive could show in the 
«ame maaner that, 

B : taD.£ : : AB : AO. 

THEOKBM v. 

fii every- right-angled triangle, radius is to the cosine of either 
of the acute angles, as the kypotiienuse to the side adjacent. 

25. Let ABChQ a triangle, right-angled at £,- then will, 

E : cos A : 1 AO : AB. 

For, from the point -d as a centre, with any 
radius as AD, describe the arc DF, which wil! 
measure the angle A, and dmw DE perpen- 
dicular to AB; then will ^^^ be the cosine of A. 

The ti'iangles ABE and A GB, heing similar, we have, 

AD : AE : : AC : AB ; that is, 
S : co^A : : AO : AB 

Remark. The relations between the sides and angles of plane 
triangles, demonstrated in these live theorems, are sufficient to solve 
all the cases of Plane Trigonometry. Of the sis parts which make 
up a plane triangle, three must be given, and at le.ast one of these a 
side, before the others can be determined. 

If the three angles only are given, it is plain that an indefinite 
number of similar triangles may be constructed, the angles of which 
ehall be i-espectively equal to the angles that are given, and there- 
fore, the sides could not be determined. 

Assuming, with this restriction, any three parts of a triangle ai 
given, one of the four following cases will always be presented; 

I. When two angles and a side are given. 

II. When two Bides and an opposite angle are given. 

III. When two sides and the included angle are given. 

IV. When the three sides are given. 
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20 PLANE TRIGONOMETRY 

CASt: I. 

When two angles and a stile are given, 

26. Add the given angles together, and subtract their sum from 
180 degrees. The remaining parts of the triangle cao then be found 
by I'heorem I. 

EXAMPLES. 

1. In a' plane triangle, ACB, there are (j 

given the angle ^-58° 07', the angle li 
1=22° 37', and the side AB-i08 yards. 
Eeauired the other parts. 



GE OMETK 1 C AT. L T. 

27. Draw an indefinite straight hne, AB, ind tiom the -^nlp of 
equal parts lay off AB equal to 408. Tlion, at 1, ! y off in ingle 
equal to 58° 07', and at £ an angle equal to 22 37 ^nd diaw th* 
lines AC ani £C: then will .^.BCbe tl:e tiiangie jcquiied 

The angle may be measured with the protractor, and when ao 
measured (see page 16), will be found equiil to 99° 16'. The sides 
A C and BO may be measured by referring them to the scale of equal 
parts (see page 15). We shall find ^(7=158.9 and £0=351 
yards. 



TKIGONOMETKICALI.T 


BY I.0GA1UTUM3. 


To the angle . . . 


A 


^58° 


07' 






Add tlie angle . . . 


B 


= 22 


37' 






Tiieir sum, 




^80 


44' 






taken from . . . 




180° 


00' 






leaves . . . . 




99° 


16' 


of 


vhich 


flse the supplement 80 


44' 











To find the side BO. 



0.005705 
9.928972 
2.610660 



BC 351.024 (after rejecting 10) 2.545337 . 
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27 



Remaek. Tlie logai-ithra of the fourth term of a propcrtion is 
oblaineil by adding the logaiuthin of tlie second term lo tlmt of the 
third, and subtracting from Iheir sum the logarithm of the first ternt 
But to subtract the first teira is the same as to add its arithmelical 
complement and reject 10 from the sum (page 9, Art. 13) : hence, 
the nrithmetieal complement of the firat term added to the logarithms 
of the second and thiid terms, minus ten, will jjive (he logai'ithra of 
the fout'ih term. 



To find the 


side A a 




99° 16' ar 


comp. 


0,005705 








408 .. . 




2.610660 


158.976 . . . 




2.201333 



2. In a triangle ABC, there are given ^=38" 25', .5^57' 42' 
and Jlif = 400 : required the reniainiiig parts. 

Ans. 0^83° 53' 5(7^249.974, ylC^340.04. 

CASE II. 

When two sides and an opposite angle are fftveti. 

28, In a plane triangle, ABC, there are 
given AC=21C,, 6'^=I17, the angle A 
^22° 37', to find the other parts. 

GEOMHTKICALLT. 

29. Draw an indefinite right line ABB': from any point, a? A, 
draw ^C, making B.4C^22''87', and make JC=21G. With C as 
a centre, and a radius equal to 117, the other given side, describe the 
KtcB'B; Amw B'CsadBC: then will either of the triangles J50 
or AB'C, answer all the conditions of the question. 



TRIGONOMETIilCALI.T. 



To find the an'jU B. 



BC 




117 


ar. CO 


r,p. 




7.931814 


AC 




210 








2.334454 
















B' ib 


13 


55", 


or ABC 1S4 


4G 


05" 


9.851236 
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SB PLANE TIUGONOMETEY 

The ambiguity in this, and similar examples, arises in consequence 
of the first proportion being true for either of the angles ABC, 
or AB'C, which are supplements of each other, and therefore hava 
the same sine (Art. 13). As long as the two triangles exist, the 
ambiguity will continue. But if the side CB, opposite the given angle, 
is greater than AC, the arc BB' will cut the line ABB', on the same 
side of the point A, in but onti pomt and then there will be only one 
triangle answering the conditions 

If the side OB is eqail to the ppipendicuHi Cd the arc BB will 
he tangent to ABB', and in this case il o there will bt. hut one 
triangle. "When CB is ieaa than the perpendicular trf the aic BB 
will not intersect the base ABB , and m that ctse no tiiangle c^n 
be formed, or it will be impossible to fuMll the condiliona ol the 

2. Given two sides of a tuanglp 50 and 40 re'pecti\eiy and the 
angle opposite the latter equal to 32° : required the remaining parts 
of the ti'iangle. 

Ans. If the angle opposite the side 50 is acute, it is equal to 41° 
28' 59" ; tlie third angle is then equal to 106° 31' 01", and the third 
side to 73.368. If the angle opposite the side 50 is obtuse, it is equal 
to 138° Sr 01", the third angle to 9° 28' 59", and the remaining 
Bide to 12.436. 

CASK in. 

When the two sides and their inchtded angle are given. 

SO. Let ABC be a triangle ; AB, BC, 
the given sides, and B the given angle. 

Since J5 is known, we can find the 
of the two other angles for 

.^+(7=180" -5, and, 
i(^+C)^i(I80°--S). 

We next find half the difference of the angles A and C by 
Theorem II , via., 

BC+BA : BG-BA : : tan^(^+C) t tanJ(,]-(7), 

iri which we consider if C? greater than BJ,and therefore 4 is greatef 
than C ; since the greater angle must be opposite the greater side. 
Having found half the difference of A and O, by adding it to. tba 
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half sum, ^{A+C), we obtain the greater angle, and by subtractin 
it from lialf the aum, we obtain the less. That is, 

iiA+ G)+i(A- 0}=A, and, 
l{A+C)-i{A-C)-a 

Having found the angles A and 0, the third aide AG may b 
found by the proportion, 



EXAMFLES. 

1. In the triangle j45C, let SC=540, ^5=450, and the included 
angle ^5=80° ; required the remaining parts. 

GEOMETRIC ALLY. 

31. Draw an indefinite right line £0, and from any point, as B, 
lay off a distance 5C-540. At £ make the angle 05-4=80" ; 
draw B A, and make the distance 5^=450; drawjlC; then will 
ABO be the required triangle. 

TEIGOHOSJETEICALLT. 

5a+ .3^=540+450=990; and £C- .6^=540-450=90. 

A+ 0=^ISO°—£=1SQ° -SO" ^100", and tEerefore, 

-^(^+(7)=|(10O=)=5O=. 

To find \{A-C). 

As BC-k-£A 990 ar. corap. 7.004365 

BG-BA 90 1.954243 

:tani{J + (7) 50= 10076187 

tani(yl~(7> S" 11' 9.0 34795 . 

Hence, 5O° + 0° ll'=56o 11':=-^; and 50'-6° ll'^4S° 49 
= C, 

To find the third side AO. 

As sin G 43° 49' ar. comp. 0.159672 

! sinJ5 Su" 9.993351 

: : ^3 450 2.653213 

= ^0 «»»2 .gSSooglc 



30 PLANE TEIGONOMETRY 

2. Given two sides of a plane triangle, 1686 and 960, and iheir 
included angle 128° 04' : required tbe otlier parts. 

Ans. Angles, 33° 34' 39"; 18° 21' 21" ; side 2400. 



27ie three sides of a plane triangle being given, to find the angles. 

82. Let fail a perpendicular from tlie angle opposite the greater side, 
dividing the given trlangie into two right-angled triangles : then find 
the difference of the segments of the base by Theorem III, Half 
this difference being added to half tlie base, gives the greater seg- 
ment ; and, being subtracted fi-oai half the base, gives the less seg- 
ment. Then, since tbe greater segment belongs to the right-angled 
triangle having the greater hypothenuse, we have two sides and the 
right angle of each of two right-angled triangles, lo find the acute 
angles. 

EXAMPLES. 



1. The Bides of a plane triai 
given; viz.. _SC=:40, ^C=34, 
25 : reauired the angles. 




GEOMETKICALLT. 



33. With the three given lines as sides construct a triangle. 
Then measure the angles of the triangle either with the protractor or 
(cale of choi-ds. 





TKIC 


iONOMliTKICALLY. 


AsBC 
That is 


: AC + AB : 
40 : 59 


; : AG-AB : CD~BD, 
40 


Then 


40+13.270 
2 


.2G.6375=(7iJ, 


And, 


40-13.275 


^\ZM2b=BD 
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In the triangle DA C, to find the angle D A C. 

AC 34 ar. comp. 8 408521 

DO 26.6375 L4-2o493 

ain i> 90° 10.000000 

aDAC 51° 34' 40" 9.804014. 



la ike triangle BAD, to find the angle BAD. 

is AB 25 ar. comp. 8 602060 

: BD 13.3625 1.125887 

■ 1 sill iJ 90° 10.000000 

ein BAD 32" 18' 35" 1).727947. 

vlence, 90°-i)^C=S0''~51'' 34' 40"^38'' So' 20"=:C, 
vind, 90=-5JZ'=90'-32° 18' 35"=57° 41' tb"=B, 
!Mid, BADA-DAC--:='^V 34' 40"-i-32'> 18' 35"::^83° 53' 15" 

% 111 ft ,Y.'ai,gle, of which the sided are 4, 5, and 6, what are the 
Aks. 41° 24' 35" ; 55° 46' 16" ; and 82° 49' 09". 



SOLUTION OF EIGIIT-AKGLED TRIANGLES. 

84. 'jTlie uiikncwn parts of a riglil-angled Irianglo mny be found 
by eilher of tJie four Inst cases; or, if two of ihe sides nre given, 
by means of the pv"operty tliat the sqnare of the hj'potlienuse is equi- 
valent to liie sii.Ti of the squares of the two other sides. Or the 
parts may be found iSy Theorems IV. and V. 



1. In a rigit-angled triangle BA 0, there 
are givfn the lij'pothennse 5(7=250, and 
t!ie base ^(7=240: required the other 

Ans. B=73° 44' 23" ; C=16° 15' 37" ; .^5=70.0003. 
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32 PLANE TRIGONOMETRY. 

2. In aright-angled triangle -B^C, there are given JC=384, and 
B=5B° 08' ; required the remaining parts. 

Ans. AJ3=287M; £0=4/12.979; C=SCP 52'. 

3. In a right-angled triangle .B^C, there are given C5=325 yards, 
and (7=27° 34' ; required the remaining parts. 

Am. AB=UOAO yards, ^0=288.10 yards, £=62" 26'. 

4. In a right-angled triangle £AC, there are given AB=56.293 
feet, (7=54" 27' 39", to find the remaining parts. 

Ans. AC=i0.2Ui, (?i?=69,18 and B=35° 32' 21". 



JI^° Let the pupil work all the esamples under " AppJcation U 
Heights and Distances," page 77. 
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ASAIYTICAL TRIGONOMETI'J. 



1. In every triangle, six parts, are considered, viz., ihree angles 
and thi-ae sides. It has been proved in Geometry, l)iat if ceriain 
parts of a triangle, either plane or spherical, are given, the remain- 
ing parts can be constructed, and the triangle fully determined. 

It is found, however, in practice that, on account of the imper- 
fection of the instruments used, as well as want of skill in using 
them, it is impossible to arrive at a very great degree of accuracy 
in the construction and measurement of these required parts. It 
therefore bi-comes necessary to devise means of accurately com- 
puting Ihi^m. 

2. Tkiqonometet is that branch of Mathematics which has for 
its principal object the ea^lanation of the methods of computing the 
unhtoicn parts of triangles, wlien a s^ifficunt number of other parts 
are known. 

This computation is called the solution of the triangle. 
Trigonometry consists of two branches, viz.. Plane and Spherical, 

Plane Teigonometky treats particularly of the solution of 
plane or rectilineal triangles. 

Spherical Teigokometet treats particularly of the solution 
of spherjeal triangles. 

3, Before proceeding to the solution of triangles, it will be 
necessary to demonstrate certain principles and deduce miiny for- 
mulas, which are of gi-eat use not only in Trigonometry, but in 
many other mathematical discussions. 
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ANALYTICAL 



The Division of the Oirowmfefence. 

4. Angles are usually measured by the arcs of circles included 
betw-en iheir sides, these afcs being described from tlie verlicea oC 
the i-ngles as centres, with equal radii. In this treatise, the constant 
radius of these arcs is taken as (Ae liTtear unit of mea&ure, and is 
denoted by the number 1. The entire circumference, represented 
by 2)r (if being the representative of the number 3.14159265 . . ), is 
supposed to be divided into 360 equal parts, each pai't being called 
a degree, indicated thus, 1°. Each degree is further divided into 
60 equal parts caJled minvtes, one of which is denoted thus, 1' ; and 
each minute into 60 equal parts called seconds, denoted thus, 1"; and 
each second into 60 equal parts -called (SiVrfs, denoted thus, 1'"; 
And thus, by a continued division of the thii-ds into fourths, and the 
fourths into fifths, &c., an are, as small as can he conceived of, can 
he expressed. 

An arc or angle expressed thus, 



26' 



13' 



would be read, twenty-six degrees, thirteen minutes, fifty-two seconds, 
and tlilrtytkirds. 

It is better, in practice, to express all divisions less than a second, 
in decimal parts of a second. Thus, tlie above angle is better 
written. 



26" 



13' 



52.5' 



5. The circumference is also divided into four equal parlf^, by two 
diameters at right angles to each other, as CA and BD. Each part 
contains 90°, and is called a quadrant. _^ 

The point A, being taken as the 
origin, or first point of arcs, AB is 
the first quadrant, BO the second, 
CD the third, and DA the fourth. 

An arc, as AM, beginning at A, 
estimated in the direction AB, and 
having its other extremity in AB, 
is said to be in the first quadrant. 
Hence, all arcs in the first quadrant are less thar 

An arc, aa AM, having its second extremity in the art.^ BC, is in 
the second quadrant, and all arcs in tlie second quadrant are greater 




I 90'. 
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TEIGONOMETBY. 



Umii 90°, and less than 180°. In like manner AM" 
and AM'" in the fourth quadrant. 



6. The complement of an angle, or arc, . 
rabtracting it from 90°. Thus, 



ia the complement of 15°, 



- 115' = ~ 25', 



s tlie complement of 115°, the complement being negi 
he arc exceeds 90°. The sum of an arc aad iis < 



7. The supplement of an angle, o 
eabtracting it from 180°. Thus, 



! the remainder after 



180° - 35° = 145°, and 180° ~ 225° - — 45°, 

are the supplements of 35° and ,225°, respectively, the supplement 
being negative whenever the arc exceeds 180°. The sum of an aro 
and its supplement is always 180°. 



TAe Circular Fanctiom. 



8. The tine of an angle, or of its 
diculur distfince from ike end of 
through its origin. Thus, 

OA being equal to 1, Art. (4), 



MP ^si 


ne of AM: 


MF =. 


naof AM',- 


M'P" =s 


neot ASM"! 


Jf"'i»" = . 


ne of ASM": 




isine of an arc is th« sine of the complemenl of the arc. Thus,. 

MN - sine of MB ^ cosine of AM; 

M'N' = sine of - BM ^ cosine of AM' ,- &c 
19 



ANALYTICAL 



From the flgure it is obvious, that the cosine of an an 
equal to the distance from the centre to the foot of the s 



8. The versed sine of an arc is the distance, from (Ae origin of i,k^ 
arc to Ihe/oot of the sine. Thus, 

AJP ^^ versed-sine of AM; AP" = versed-sine of ABM',' 

The co-versed sine of an arc is the versed sine of the compleinenl 
of the arc. Thus, 

^iV- co-versed sine of AM. 



10. The tangent of an arc is the portion of a straight line touching 
the are at its origin, included between the origin and the produced 
diameter through the end of the arc. Thus, 

^r= tangent of AM; AT'' = tangent of ABM"', 

The co-tangent of an arc is f!ie tangent of the complement of the 
arc. Thus, 

ST - eo-tangent of A3f; BT' = eo-tangent of ABM.' 



11, The secant of an arc is the distance from the centre of the t 
to the farther extremity of the tangent. Thus, 

02"= secant of AM; OT" = secant of ABM'". 

The co-secttnl of an arc is the secant of the complement of the a 
Thus, 

or = co-secant of AM; OT' ~ co-secant of AB3f. 



12. The sine, cosine, versed-sine, tangent, &c., are called functions 
of the are, or circular functions, since they are so connected with the 
arc, that any change in the latter produces a corresponding ciiaago 
in the former. 
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Elemeniary Formulas, expressing rehtimis hetwi 
Functions. 



13. Let a represent any are, aa AM, measuring the angle AOM. 
Then 

OA-^ 1, MP— sin a, T 

OP = cos a, AP ^ ver-sin a, , 

^2':^tana, O^^seca. 

The right angled triangle 0PM gives / 



jW- +0P^= OM' 
or suhatitutiiig for MP, OP and OM^ OA, their values as aboye, 



We have also 

AP-AO~OP, or, ver-sin a = 1 - cos « . . . (4). 

Since this formula is true for any value of a, we may substitute 
90° —a for a, and have 

ver-sin (90° - a) = 1 ~ cos {90° - a), 

or since, (Arts. 8 and 9), 

cos (90° -a) = sin a, ver-siii (90^ - «) ^ co-yer.in a. 



we have 



(5). 



The similai- triangles 0PM ani 0^3" give the proportion, 

' Note. The sjmbols sin'ii, cos'ii iniiicale (if 



oj the sin a. &c. 
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ANALYTICAL 
: MP : : OA : AT, 



tan a— - 



Substit'iiting 9 



.in (90- - .) 



Multiplying equations (6) and (7), member by member, we have, 

tan o cot a =: 1 . . . . (8) ; 
or, 

tan a = ^— . . . (9). cot a ^ -^ . . . (101. 
cot a ^ ' tan a 

Tlie same similar triangles give the proportion, 

OP : OM : : OA : OT, 



(11). 



Substituting 90° — a for t 
sec (90° - 



1 



iO3(90°-a}' sin« 

The right angled triangle OA T gives 

or" =z OT + AT\ or sec% = 1 + tan'a . . (13) ; 

whence, by the substitution of 90° — a for n, 

co-Eec=a = 1 + cot% . . . (14). 

14. The formulas of the preceding article are of frequent use, and 
slioukl be memorized. For convenience of reference they are col- 
lected ia the following 
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TRIGONOMETRY. 

TABLE I, 



1. 


sin% + cos'tt = 1. 


3 


tana — 


2. 


sin% = 1 - cos=a. 






3. 
4. 

5. 


C09=<i = I — sin^a. 
ver-sin a — 1 — cos a. 
oo-ver sin « = 1 — sin a. 


10. 
11. 


Una 
_ 1 


6. 
7. 


tail a = ^^^■. 


12. 
13. 


1 
co-sec a — -. 

sec^(i=l-|-tan%. 


8. 


fan a cot « = 1. 


14. 


co-sec^«=,l + cot'o. 



Algebraic Signs of ike Circular Functions. 

15, It is a principle of Algebra, tiiat if quonlilies estimated from 
a fixed origia, in one dii-ection, are regarded as positive, those esti- 
mated from the same origin, in a directly contrary direction, must be 
regarded as negative. {Davies' Bourdon, Art. 80). 

Tbe point A being the origin of arcs, all 
arcs estimated from this' point, along the cir- 
cumference in tbe direction AMBM' will be 
regarded aa "positive. 

Those estimated from A in tlie direction 
AM"'I>M" will consequently be negative. 
Thus, if AM, represented by a, contain tiie 
eame number of degrees as AM'", tlien 



AM'" 



-AM= 




16. Likewise, all the circulir functions estimated from the hori- 
zontal diameter Ci upwards will be regarded as posit te All 
estimated from the ame diameter downwirds will then be negative 

Thus, the sines MP and MP of the arcs AM ind AM will be 
positive; M"P' and M P will be negatne , and in gtyaeril, the 
sines of all aixs oi angles in the fist a-nd serond qiindranti mil be 
positive, and the smes of ail itc oi ii gle'* m lit ih d and f u th 
quadrants will be negatne 

fl...il-.JU, »^jtKJVH^" 
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Again, all the circular functions estimated from the vertical diame- 
ter DJi, to the right, will be regai-ded aa positive. Those estimated 
to the left will then be negative. 

Thus, OP, the cosine of the arcs JM and ABCM'" is po^iive, 
while 01", the cosine of the arcs AM' and ABM" ia negative ; and, 
in general, the cosines of arcs or angles in the first and fourth 
quadrants are positive, and the cosines of arcs or angles in the second 
and third quadrants are negative. 

17. The signs of the other circular functions result, at once, from 
those of the sine and cosine. 

From formulas (4) and (5) of Table I, 



since neither the sine nor cosine can exceed the radius or 1, it fol- 
lows that fh« ver-sine and co-mrsine are always positive. 

18. From formula (6), Table I, 

tan a = ; 

since sin a and cos a have the same signs in the fret and iJiird quad- 
i-ants, tan a must there he positive ; and since they have different 
signs in the second faiSi fourth quadrants, tan a must there be negative. 
From formula (8), 

tan a cot a = 1 ; 

since the second member is positive, tan a and cot a must always 
have the same sign, that is, the co-tangent must also be positive in 
the first and third quadrants, and negative in the second and fourth. 



19. From formulas (11) and (12), 



we see that the sign of the secant is the same is that oi the cosine 
and the sign of the co-secant, the same as that ot the sme, thai is 
the secant is positive in the first and foiMh quadrants and negativi 
in the second and third; while the co-secant is poiittve in tht. fr^, 
and second quadrants, and negative in the thitd ind fourth 



Dglc 
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Changes which take place in tJie Circular Functions, as the Arc 
changes. 

20. The origin of arcs being at A, the arc at Oiis point is 0, it3 
Bine ia 0, and ite cosine equal to OA =: 1 ; 



As the arc increases from to 90°, the sine 
increases froraO to its greiiteat value OB—1, 
and the cosine decreases from 1 to ; that is, 



Q 90° = 1, 



s 90=1 z 



0. 




As the arc increases from 90° to 180", the 
sine decreases fi'ora 1 to ; the cosine passes through 0, and changes 
its sign fi^ra plus to minus, and still decreases, algehraiccdly, from 
to its least value,- — OG = — I, and we have 



1 180° = 0, 



- 1. 



,As the arc increases from 180^ to 270°, the sine passes through 
0, and changes its sign from plus to minus, and still decreases from 
to its least value, — 1; the cosine increases algebraically from 
— 1 to 0, and ive have 



a 270° = - 



a 270° 



As the arc increases from 270° to 360°, the sine increases from 
— 1 to ; the cosine again passes through 0, changes its sign from 
minus to plus, and increases from to its greatest value 1, and we 
have 

sin 360" =: 0, cos 360* = 1. 



21. The corresponding changes and values of the other circular 
functions are deduced from those of the sine and cosine. Thus, 
from the formulas, 



we see that, aa the arc increases from to 180°, the versine in- 
creases from to its greatest value 2, while the coversine decreases 
from 1 to 0, and then increaaea agiiin to 1. As the arc increases 
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from 180° to 360°, the yersine decreases from 2 to its least value 0, 
while tlie co-versine increases to its greatest value 2, and tlien again 
decreases to 1, and we have 



versin 0^0, 


co-vei-si 


" 1 


versin 90" = 1, 


co-veriir 


90° = 0, 


versin 180° = 2, 


CO-VOIli 


ISO" ^ 1 


versin 270° = 1, 


co-ver.i 


270° ^ 2 


versin 360' ^ 0, 


co-ve,,; 


8G0° ^ 1 


n Ihe formulas 






tan a ~ ---, 


00..= 


Sv 


tan ^- -^ ^ 0, 


cot - 


1 



As the arc increases from to 90° the 1 
o <o , and the co-taagent decreases from, x 



tan 90° i: 



cot 905 _ 0. 



As the arc increases from 90° to 180", the tangent passes through 
infinity, and changes its sigu from plus to minus, and then increases, 
algehraically, to 0. The co-tangent passes through 0, changes its 
sign from plus to minus, and decreases to ~ 0=, and we have 

tan 180° = 0, cot 180° = ~ ca. 

It is thus seen that as the arc increases, the fangsnl increasei 
algebraically, while the co-tangent decreases, and we have 



tan 270° = — a 
tan 360° ^ 0, 



cot S70° =: 

cot 360° z: 



It should he remarked that there are two exceptions to the princi- 
ple ahove enunciated, viz : wlien the arc changes from its value 
preceding 90°, to that immediately following, the tangent changes, al 
once, from an infinitely great poidlive quantily, to an infinitely great 
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Relative quantity ; or, in an algebraic sense, changes from its greatest 
value to ita least value ; and the same change fakea plaee wten the 
arc passes througli 270°, 



we see, that as the arc increases fi'om 0, tbe secant increases from 1 
to CO , at 90° ; then changes its sistn from + to — , and decreases to 
— 1, at 180° ; and continues to dccrpase to — co. at 270° ; then 
changes its sign from ~ to +, and mcreases to 1, ut 3G0°. The 
co-secant undergoes similar chanjres, being co when the arc is ; 1 
at 90° ; «> at ISO" ; and - 1 at 270". 



24. For 
articles ar< 



^ni(?nce of reference, the results of the four preceding 
iged in the following 



ary = 






arc ^ 180° 






sin = 0, cos =1. 


sill 


= 


0, cos 




1. 


T-sin =: 0, co-v-sia z= 1. 


v-si 




2, co-v-sii 


= 


1. 


tan = 0, cof — CO 


tan 


= 


0, cot 


= - 


CO. 


sec =1, co-sec ^ =o. 


sec 


= 


— 1, ca-i;ec 


- 


cc. 


arc =: aO° 






arc = 270° 






sin = 1, cos ^ 0. 


sin 


^ 


-1, cos 


= 


0. 


v-sin = 1, co-v-sin = 0. 


v-si 


■= 






2. 


tan = CO, cot =0. 


tan 


^.■ 


— 00, cot 


= 


0. 


sec —00, co-sec —1. 


sec 


= 


co,co.scc 




I. 



The circular functions of 3fi0° are all evidently the same as those 
of 0". 



25. If a represent any arc, as BM', less than 90°, then AM = 
90° -f a, and 



,«i„v,uOglc 
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MP' := sill (90° + a), 

- 0P'--= COS (90° + a), 

MS' ^ sin a, ON' = cos 

from which it is evident that 

sin (90° + «) ^ cos a, 

cos (90-' + «) = - sin fl 



These Talues, substituted in tlie formulas for the t^ 
gent, secant and eo-secant, give 




z (90° + a) . 



Also, if a represent any arc as OM' 1 
180° — a, and 



:ot (90» Jra)-~ tan a, 
o-sec (90=> + a) =s.e<ia. 

; than 90°, then AM = 
r= COS (180° - «), 



ikect 



'he sine of an arc is equal to the sine of its supplemmit, and 
'. of an are is equal to minus the co-sine of its supplement. 



These values being subslituted in the formulas for the tangent, co- 
tangent, &c , will give corresponding values, for tfcose functions. 

In bke manner by the inspection of the figure, and by miikijig 
the propei subatiiittiont, the tangent, co-tangent, secant and co-secant 
of the arc^ 160° + o, 270° - a, 270° + «, and 860° - o, can be 
found. The preceding results are arranged in the following 
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arc =dO + a, 


arc = 270° - a, 


3in ^ CM a, C03 = -sin a. 


sin =— cos «, cos ^— sin a. 


tan = — cot a, cot — — Ian a. 


t.in^ cot a, cot = Ian a. 


sec=— coseea, cosec= sec a. 


scc^-coseco, coaec..-seG a. 


arc = 180° - «, 


arc = 270° + ", 


siii= sin a, cos ^-cos a. 


sin -—cos a, cos — sin a. 


tani^— tan a, cot ^— cot o. 


tan--cot a. cot =— tan a. 


sec^-sec a, cosec= coscca. 


eec— cosccn, cosec^-sec •>. 


a c ^ 180° + a 


arc ^ 360° - a, 


n=^ a a os^-a a. 


sin^-sin a, CC9 ^ COS a 


tan^ ta a cot :^ cot a. 


tan— —tan a, cot ^— cot a 


spo— — ec a cosec— — coaeca. 


sec= sec «, cosec=-co?ce rr. 



Tl s table w 11 be ca. ly memorized, by observing that whenever 
the ques on elate to 180° or 360°, tlie function in the second 
column I a^ the s me ane as that in the first column ; and tliat 
whenever the question relates to 90° or 270°, the function in the 
second coin nn hj a coi trary name. Thus, 



Ian (180° •)- o) _ tan a, 



■s (90= + a) . 



Tie student nil leadly prefix the proper algebraic sign to the 
f nc o n he aeco 1 column, by recollecting the quadrant in ivliich 
tl e tl i a end Tl 

6 1,180° + a) ^ - sin a, 

tl arc 180 + d be the third quadrant, its sine must be 

Bj tl a Ul le the fu ct ons of any arc from 90° to 360° can be 
found I teims of the f nctions of an arc less than 90°. For in- 
s anc(? the ar 115 gives 

sin 115° ^ sin {90° + 25°) = cos 25°. 

Likewise, the arc 195° gives 

Ian 195° - tan (180° + 15°) = tan 15° ; 
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tan 195" = tan (270" — 75") — cot 75°. 
cot 300° ^ - tan 30°. 



26. If 360° be added any number of times lo an arc, the result 
ing arc will have the same origin and end as the primitive arc, Ita 
different functioas will tiien be the same as those of tha primitive 

sin (a + M 360°) = sin a, &e. 

Hence, the functions of any arc greater than 360° may be delei^ 
mined in terms of those of an ariiless than 90°, by subtracting 360° 
from the arc as many times as possible, and then finding the func- 
tions of the remainder by Tub!e III, Thus, 



n 950° = sin (950° - 720°) = 



n2S0° 



n50°. 



27. If AM be any are denoted by a, then AM'" will be equal to 
- a (An. 15), and M"'P=:, -MP, that is, 



And si 



i OP is the cosine of both 



"hese values being substituted in the for 
lulas for the versine, tangent, &;c,, give 



,(-.) = , 
«(-«) = 

c (- .) = 




28. We see from the preceding discussion that the functions of 



all arcs, whether positiv< 
terms of the functions of posil 
various trigonometrical tables i 
greater than 90°. 



[ be readily determined ii 
■s' less than 90°. Hence, tha 
only positive arcs, and no arcs 



TKIGONOMETRY. 

29. If J Jf be any are, denoted by 20, and 
OP be drawn perpendiculiir to its tliord 
MA, it will bisoct both are and chord, and 
we sbiU have MN = a and 



MP'- 



IMA; 




■1 to one-half ike chord of (vnc- the 



If AM= 60°, MN=di)°, and since we know from GcomeLry 
that the chord of 60° is the side of the regular inscribed hexagon 
nnd equal to the radius = 1, we have 



The sine of 30° is equal to 



Bin 30° = sin (90° — 60°) =: eoa 60° ; 



If AM- 90°, MN- 45°. But the chord AM is then the side 
of the inscribed square — y'^i hence. 



1 iS" - sin (90° - 45°) = cos 45° ; 
C05 45'' = ^V^:^l4: 



These values being substituted in the formulas 6, 7, II, 12 Table 
I, give 

tan 45° = 1, cot 45° ^ 1 ; 

that is : The tangent and co-tangent of 45° are each egual to the 



c 45° =. -/^; 
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Itelations between the Sides, and the Circular Functions of the 
Angles, of Right-angled Plane Triangles. 



30. Let AIIB be any right-angled triangle, the right angle being 
at M, M\A represent the angles respectively 
by the letters A, B and H, and the opposite 
aides by a, 5 and h. Lay off AM =. 1 = 
the radius, describe the arc MG, and draw 
MP perpendicular to AH; then 



MP = sin A, AP ^ cos ^, A 1. P C £ 

and i'rom the simikr Irianglos APM and AHB, we have 



AM 


: MP : 


: AB : BH, 


AM 


AP : 


: AB : AH; 


1 


an A : 


: h -.a. 


1 


cos A : 


: h : I, 


Uldi we obtjiin 






-* = ! ■ ■ 


m, 


e„.4 . 



that is : The sine of either acute angle of a right-angled triai];^»/ is 
equal to lite ratio of the hgpothenuse to the opposite side. 

Also; The cosine of cither acute angle is equal to Hie ratio of the 
kypothenme to the adjacent side. 

From equations (1) and (2), we also have 

a^hsmA . . . (3), I ^ h co% A . . . (4); 

that ia : Sither side of a right-angled trianf;!e is equal lo the. hypo 
thenwse multiplied by the sine of the opposite angle. 

Also : Either side is equal to the hypvthenuse mvJtiplied hj the 
cosine of the adjacent angle. 



■rjlj, »^jl.KI' 
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31. From equations (1) and (2) of the preceding article, by 
dividing (1) by (2), and tlien (2) by (1), wa obtain 



(5>, 



cot ^ ^ — 



(6)1 



thiU is : The tangent of eilher acute angle of a right-angled triangle 
is equal to the ratio of ike adjacent to the opposite aide. 

Also ; The co-tangent of either acute angle is equal to the ratio of 
Oie opposite to the adjacent side. 

From equations (5) and (6), we have 

a==bU).nA . . . (7), 6 ^ a cot ^ . . . (8) ; 

that is : If a be the perpendicular, and b the base of a right-angled 
triangle, the perpendicular is equal to the hose multiplied by the tan- 
it the base ; and the base is eq«al lo the perpendi- 



gent of 

cidar multiplied hy the c 



'-tangent of the angle at the lase. 



32. The ratios (1), (2), (5) and (6), of thu two preceding articles 
are important, as ail fie other relations are deduced at once from 
them. In fact, these ratios are given, by many writers, as the defl- 
nitiona of the circular functions to which they are respectively equal. 
All of these formulas should be carefully remembered. To aid in 
this we arrange them in the following 





TABLE IV. 






1. 


"^ = f 


2. 


c„.4. 




3. 


a= hsm A. 


4. 


h-^hc 


^A. 


5, 


tan vl — — ■ 
1} 


6. 


b 

cot ^ = 




7. 


a—b fan A. 


8. 


b = a<i 


tA 
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Formnlas stressing relations between the circular functions of dif- 
ferent arcs. 

33. Let MOB and BOA be any two aiigl( 
MB and BA, represented by a and 6, GM 
being equal to the radius — 1. From M 
draw MP, and MN perpendicular to GA 
ftnd GB respectively, and through ^draw 
UP' perpendicular, and NL parallel to 
fJA; then 

MN=&ma, CN=Q05a, MP = sm (a + b), 

MP-ML + NP' . . . (1). 
The right-angled triangle I^P' G gives, (Art. 30), 
NP' - (7# sin & ^ cos a sin h ; 




and sines the tri 
NOP' = h, and 


mgle MLN i 
we liave 

ML = MN 


similar to 


NP'G, the an 
a cos 6. 


gle LMN-= 


Tliese values of MP. NP' and ML, be 
(I), give 

siQ (a + 6) = sin « cos S + 


ig substituted 
cos a sin b 


in equation 

■ ■ Ml 


that is : The si 
iine of the fr.t 


e of the sum 
into the cosin 


of 'two angles or arcs is 
e of the second, plus ilie 


equal to the 
c.dn.oflh. 



first into the sine of the second. 

Since the above formula is true for any values of a and b, we 
may substitute — b for 5, and obtain 

sin (a — S) =; sin a cos (— b) + cos a sin (— 5) ; 

but, (Art. 27), 

cos (— b) = cos b and sin (— b] 



hence, 



sm(o-i)=sm«co,S- 
If in tlie iast formula we substitut 
n (00» _ a -- 4) = sin (90= - o) a 



-sinJi 
• • W- 

-n),inS.(2)j 
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but, (Art. 8), 

sin (90° ^ a - i) = sin [90° - {a + &)] ^ cos (a + 5), 

and 

sin (90- - .) = CO. », ». (90- - o) = ,i„ o ; 

hence, by subsdfufion in equation (2), we have 

cos {a + h)= cos a cos 6 — sin a sin 6 . . . (c). 

If in this we substitute — 5 for 6, we have 

cos {a~b)- cos a cos (- 6) - sin a sin (- 6), 

cos (a - ii = cos a cos 6 + sin a sin i . . . (d). 

34. If in formula (n) we make a — J, we have 

sin 2« ::^ 2 sin a cos a . . . (1), 

a formula giving the value of the sine of twice an arc in tenus of 
the sine and cosine of ike arc itself. 
If ill formula (e), a ^ b, we have 



or, by substituting first the value of eos^o, and then of sin'a, as giveit 
by formulas (3) and (2) of Table I, we have 





cos 2ti - 1 - 2 sin% . . . (3), 




cos 2a - 2 cos^a - 1 . . . (4) ; 


whence, 




.i„=^'-: 


.-«..(.„ e.s„=^'--- 



.(6). 



35. If formula (a) be divided, member by member, by (c), wo 

sin {a + 7)) _ sin a cos 5 + COS a sJn b 
cos [a + i) "" cos <i cos 6 — sin o sin 6' 
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or, dividing both terms of the second member hy cos i c 
the first member is equal to the tan {a + b), 



tan {a + 5) = - 



If in this, we substitute — 6 for 6, and recollect that tan (— b) 
= ~ tan b, {Art. 27), we, iiave 

tan a ~ tan 6 , ,, 

'-("-'* = r+=«iT ■ ■ ■ </>■ 

In a similar way, by dividing formula {c) by (a) we obtain 

, , cot a cot 5 — I , , 

wid thence, by the substitution ef — 6 for 6, 



86. If in formula (e), 5 = a, it reduces to 
If 5 = 23, the same formula reduces to 



(!)• 



ir, substituting for tan 2u, its value in (1) and reducing, 
3 tan a — tan^a ,„, 

"»^"=-r^3iirn%- ■ • • » 

If in formula {g), b = a, we obtain by reduction 

cot 2a = ■!■ cot a — ^ tan a . . . (3). 
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By a similar process, we may obtain tlie tangent and eotangei 
a, taken any number of times. 

37. From formula (8), Table I, we iiave 

tan « cot a = 1, tan S cot h =.1; 

■wlience 

tana<»t« = lan5ootS . . . (I), 

which gives the proportion 

tan a : tan b : : cot 6 : cot a, 

or; The tangenU of two arcs are reciprocaUi/ proportional to tket 
cotangents. 

38. If formulas (o) and (i) be first added, member to member 
and then subtracted, and the same operations be performed upon-(i!j 
and (d), we shall obtain, 

siti (a + 6) + sin {« - 5} = 2 sin « cos 6 ; 

sin (.z +5) - sin (a - i) = 2 cos « sin 5 ; 

cos {a + b) + cos ((! — J) = 2 cos a cos 6 ; 

cos (ff - i) - cos {a+h) = 'Z sin a sin h. 

If in these we make 

a -I- 6 ~ P, and a — h ^ q, 
whence 

a = :^{p + q), i=^(p~q), 

and then suhsfituto in the above formulas, we obtain 

sin ^ + sin 5 = 2 ein| (p + q) <M3 ^ {p — q) . . ■ (i) ; 

sia p~s,mq=.2co3^{p + g)smiip-q) . . . (l) ; 

cw p -\- cos q = 2 cos ^ (p + q) Cfis ^ {p ~ q) ■ ■ . (m) ; 

COS q -(x,sp^2sm^{p-\- q)sm^{p~q) . . . («). 

39. If in the above formulas, we make j = 0, we have 

sinp = 2 sin ^/) cos ^;) . . . (1); 
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1 + cosp = 2cos=^ p (2); 

l-cOBp = 2B■m^p (3). 

From (ii) and (2), respectively, we deduce 

. , / l-cosp , / 1 + cosy 

Dividing (1) by (2), and ihen by (3), member by member, ws 

Taking the reciprocals of (4) and (5), we also have 

^^!— = t«" iP ■ ■ (7). 



40. From formulaa (k) and {l), by division, we obtaiu 

sin p + sin g ___ sin -■■ {p + g) cos ^ (p - y) _ Ian \ { p + q) ^ 
Binp - sin q f^s \ (p -i- q) sin I [p - q) tan \ (p - g) 

which gives the proportion; The sum of the sines of two ares i 
their difference, us the tiiagei't of one half the sum of the arcs is to 
tting.nt of one half their difference. 



e obtain 

n p + sin y _ ai n \ jp + q) coa \ ip - q) 
y^p + cos q co's i (p + 9) cos ^ (;- - q) 



= t^n^{p + q) (2); 



cos p + cos q cos i (p + q) cos ^{p~q) ■■ "^ 3/ v / 

sin p 4- sing _ sin ^ (y + ?) cos ^ (j» - g) _ cos j; (f> ~ g) 



•in (p + J) 


sill ^ i/i + 9; cc 


»Ht + i) ' 


■" i !/■ + ?) ^ 




sin J (p + 3) . 


OS J (p + 3) 

•1 i (ji + J) 


sin j (y + ,) ^ 


e'l' (?'-?) .. 


.1,1 J (,,-,)„ 


»J(P-?) e 


"1(P-?) ,j 


em p ~ sill 3 


till Up-,) c 


" i Ij" + 9) t 
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all of wbich give proportions similar to that deduced irom form- 
ula (1). 

Siuue the second luemhers of (i) and (6) are the same, we havfl 



of ike difference of two arrs is to the differt 
: sum of the sines to the sine of the sum. 



Introduction of the Radius into Trigonometrical Formulas. 

41 In all (he formulas of the iireccdmg arlides, the radius of the 
jneaBuruig arc having been denoied by the number 1, does not 
appear in any of llieir terms. In some cases, particularly in the 
applii ation of logarithms to the formulas, it is more convenient to 
denote this radius by a number different from 1. In such cases, it 
must appear in the formulas. It can readily be introduced by the 
aid of the principle, that if any circular 
function be taken in circles with different j^' 

radii, such functions will be proportional 
to these radii. Thus, 

MP : M-P' : i OM : OM'. 

"pi • ^ "X. 



OM =1, AM= a, A'M' = a', OM' = S ; 



and we have 

sin a : Bina' : : 1 : 5; 

whence, 

sm a = — g- ; 

and in the same way, we shall find any other circular function whea 
the radius is 1, eqttal to the corresponding function when the radius is 
R, divided by R. 

We have then simply to substitute in the preceding formulas for 
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each i.\v ■^,ion ita value as above expressed, and the resulting formulas 
will tbe express the relations between the functions of the new arc 
and its ndius. Or, since the effect of this substitution is simply to 
render Ihe formulas homogenous, that is, cause the members and 
terms to contain the saine number of linear dimensions, we may, at 
once, either multiply or divide each term hy meh a power ofR as -wiU 
make all the terms of ihe same degree. Thus, if we take tlie formula 





= £?■ 




or tan a' 


Ssk 


observe 


that tan 


a 


is of the first 


degree. 



the quotient of two expressions of the first degree, is aa abstract 
number, or of the degree, we make the formula homogenous by 
multiplying the second member by £ and obtain the result 



I which a becomes a' in (1) ; that is, the arc desciibed with the 
ew radius E. In the formula 



tan 2a - 



2 tana 



if the numerator, and fii-st term of the denominator of the second 
member, be each multiplied by Ji\ the numerator \vill be of the 
third, and the denominator of the second degree, giving a quotient 
of the first degree, thus rendering the formula homogenous, 



If we divide the second member of formula {I) by B, we have 
sin^ -~smq = — sin ^(p~q) cos ^ {p + ?), 



which is homogenous, and in which p and g will represent s 
described with the radius S, 
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ihlf of ^ tiuril "^ines c 



43 Foi convemeiiLP m making the various trigonomelrical calcu- 
lationp when fhf iidius is 1 i table is formed, containing tlio 
niimprical values of the sine^ and cosines of all the arcs of si 
qundrint, dffpnn}; fi-om each ether by one minute, the arcs and 
their fuuctions beuif, so airanged that if either be given, the otiiers 
can at once, be ttken fiom the table. 

Ti IS table is called ^i table of Natural Sines and Cosines, and ia 
thus constructed. 

Since the length of the semi-circumference of a circle whose 
radius is 1, is equal to the number 3.141592G5 . , . , if we divide this 
number by 10800, the number of minutes in 180°, tho quotient will 
be the length of the arc one minute = .0002908882 . ... and since 
this arc is BO small that it does not differ materially from its sine or 
tangent, this may be placed in fJie table as tke tine of one minute. 

Formula (3) of Table I gives 



s 1' = y'l - sin=l' = .9999999577 



0)- 



Having thus detei-mined to a near degree of approximation, the 
Bine and cosice of one minute, we lake the first formula of Ai't. 38 
and put it under the form, 



n(»-6), 



,m(a + S) = 2.m. 
and make in this h = 1', and then 

a^r, a - 2', a- 3', a = i', &i 

and obtain 

sin 2' = 2 sin 1' cos 1' - sin =. .0005817764 . . . 
sin 3' = 2s!n2'cosl'-sinl' ^.0008726646... 
sin 4' = 2 sin 3' cos 1' - sin 2' = .0011635526 . . . 
sin 5' = &c., 

thus obttuuing the sine of every number of degrees and mil 
from 1' to 45=. 

The cosines of the corresponding arcs are then calculated a 
equation (1). 
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Having now the sines and cosines of arcs less than 45°, those of 
the ares between 45° and 90°, may be deduced, by considering thai 
the sine of an arc is equal to tlie cosine of its complement, and llie 
cosine equal to the sine of the complement. Thus, 

sin 50° = sin (90" - 40") ^ cos 40", cos 50° z^siii 40", 

in which the second members are known from tlie previous ci>lcula 

Columns may be arranged ia the tables containing the tangents 
and cotangents of the different arcs, which are readily found by 
dividing the sine by the cosine, for the first ; and the cosine by the 
sine, for the second. 

The natural secant and co-secant are also found by formulas (11) 
and (12), Table L 

As the accuracy of the calculation of the sine of any arc, by the , 
above method, depends upon the accuracy of each previous calcula- 
tion, it would be well to verify the work, by calculating the sines of 
the degrees separately, (after having found the sines of one and two 
degrees), by the last proportion of (Art, 40). Thus 

sin 1*^ ■ sin 2° sin 1° ■ ■ sin 2° -I- sin 1° ' sin 3° ' 



Table of Logarilkmie Sines, Cosines, ^c. 

43, As ihc various calculations in Trigonometry are mjch facili- 
tated by the application of logarithm,?, Ihp table of natural sines, 
ice, ia little used. If, the logarithms of the numerical values of the 
sines, &x., as ^ven in the table of natural sines, &c., with the cor- 
responding arcs, were properly arranged in a table, this «ould con- 
stitute a table of logarithmic sines, cosines, tangents, &c. But as a 
great part of the circular functions, in that table, are less than I, 
their common logarithms would be negative, (Davies' Bourdon, Art. 
235), which would be inconvenient, llie numerical ralues of these 
functions are therefore multiplied by the number 10 000,000,000, 
and the numerical values of the same functions, caicalated to a 
radius of ten billions. Art. (41), thus obiaincd: The common loga- 
rithms of these numbers are then properly arianged in a tablu with 
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tiie corresponding arcs, thus constituting the table of logarithmic 

The tables here used for computations are calculated to sis deci- 
mal places. When a greater degree of accuracy is desired, the 
tables of Bagay or Callet may well be used. 

To explain the use of the tables we take 

CASE I. 

To find, in the table, ike logarithmic sine, cosine, tingent, or 
cotangent of any given arc or ai gle. 

If the angle is less than 45°, and contains simply degrees and 
minutes, look for the degrees in the first horizontal line of the differ- 
ent pages : when the degrees are found, descend along the eolumvi o( 
minutes, on ihe left of ibe page, till you reach the number showing 
the minutes : tlien pass along a horizontal line till you come into the 
column designated, at the top, sine, cosine, tangent, or cotangent, as 
the cuf-e may be ; the number so indicated i^ the logarithm sought. 
Thus, on page 37, for 19° 55', we find, 

log sin 19° 55' ... . 9.532312 

" cos 19° 55' ... . 9.973215 

" tan 19° 55' ... . 9.559097 

« col IJ >a 10.440903 

if the in„Ie la ^icittr than io° eirch for the degrees along the 
bottom Ine of the diffeient ptges when the number is found, 
ascend along the cclumn oi minutes on the right hand side of the 
page, til! jou leaeh the number exprea.mg the minutes : then pass 
along a horizontal line into the column designated, at the bottom, 
tang, cot, sine, or cosine, as the case may be : the number so pointed 
out is the logarithm required. 

The column designated sine, at the (op of the page, is designated 
by cosine at the bottom ; the one designated tang, by cotang, and the 
one designated cotang, by tang. 

The angle found by taking the degrees at (he top of the page, and 
the minutes from tbe left hand vertical column, is the complement of 
the angle found by taldng the degrees at the bottom of the page, 
and the minutes from the right band column on the same hoi-izonta! 
line ivitli the first. Tlierefore, sine, at the top of tlie |i:ige, should 
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correspond with cosine, at the bottom ; cosine wiih sine tan* with 
cotang, and cotang with tang as in the tables, Arts (8 ind 10) 

If the angle is greater than 90^, we ha-ie onlj to subtidct :t fiom 
180°, and lake the sine, cosine, tingent, or cotin^ent of the re- 
mainder. 

In order to obtain the logarithm of nny function of an arc, con 
taining a number of seconds, from thp tabks where the loginlhma 
for the degrees and minutes onij ire given there is irranged next 
to each column of logmthms a second column maiked d fference 

This column is tiius calculated. The difference between the loga- 
rithms of each arc and the one exceeding it by 1', is taken. This 
is divided by 60, and the quotient is, very nearly, the increase ot 
decrease for one second, and this number is placed in the new cob 
uma opposite the lesser ai-c The inwease or decrease of the loga- 
rithm for any number of seconds will then be obtained by multiplying 
this tabular difFerence by the number of seconds. 

It should be remarked, that the same column of differences, 
answers for the logarithmic tangent and cotangent, the reason for 
which will be seen by applying logarithms to formula (1), (Art. 37). 
Thus 

log, tan o + log. cot a ~ log. tan h -\- log. cot h. 

log. tan a — log. tan b ■— log. cot h — log. cot a, 

which shows ; That the difference between the logarithms ofthetan^ 
gents of any two emtseeutive arcs is equal to the difference of the loga- 
rithms o/lhe cotangents of the same arcs. 

Now, if it were required to find the logarithmic sine of an arc ex- 
pressed in degrees, minutes, and seconds, we have only to find it for the 
degrees and minutes as before ; then, multiply the corresponding 
tabular difference by the seconds, and add the product to the number 
first found, for the sine of the given are. 

Thus, if we wish the sine of 40" 26' 28". 

The sine 40° 26' 9.811952 

Tabular difference 2.47 .... 
Number of seconds 28 . 

Product, 69?r6 to be added 69.16 

Gives for tlie sine of 40" 26' 28". 9,812021.^ 

The decimal figures at the right are generally omitted in the last 
result ; but when they exceed five-tenths, the figure on the left of 
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the decimal point is increased by 1 ; the logarithm obtained is then 
exact, to witiiiri less than one unit of its right liand place. 

The tangent of an arc, in which there are seconds, is found in a 
manner entirely similar. In regard to the cosine and cotangent, it 
must be remembered, that they inei'case while the arcs decrease, and 
decrease as the arcs are increased; consequently, the proportional 
numbers found for the seconds, must be subtracted, not added. 



EXAMPLES, 



1. To find the cosine of 3° 40' 40". 



The cosine of 3° 40' . . . 

Tabular difference .13 . 

Number of seconds 40 . 

Product, 5.20 to be subtracted 

Gives for the cosine of 3° 40' 40" 



2. Find the tangent of 37° ' 



■>' 31"- 



3. Find the cotangent of 87° 57' 59". 



Ans. 9.8345 !)2. 
Am. 8.550356. 



To find the degrees, -- 

logarithmic sine, cosine, tangent.. 



minutes, and seconds ansteerinff to any given 



Search in the table, in the proper column, and if Ihe number is 
found, the degrees will be shown either at the top or bottom of the 
page, and ihe minutes in the side column either at the left or right. 

But, if the number cannot be found in the fable, take from the 
table Ihe degrees and minutes answering to the nearest less loga- 
rithm, the loganthm itself, and also the oorrespondmg tabular differ- 
ence. Subtract the logarithm taken from the (able from the given 
logarithm, annex two ciphers to the remainder, and then divide the 
remainder by the tabular difference ; the quotient will be seconds, 
add is to be connected with the degrees aad minutes before found : 
to be added for the siue and tangent, and subtracted for the cosine 
and cotangent. 
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1. Find Ihe arc answering to the sine 9.8S0054 
Sine i9° 20', next less in the fable 9 879963 

Tabular difFerencc, " 1.81)9^00(50". 

Hence, the arc 49° 20' 50" corresponds to the given sine 
9.880054. 

2. Find the arc whose cotangent is 10.008GS8 
cot 44° 26', next less in the table 10.008591 

Tabular difference, "T"21) 07.00 (23". 

Hence, 44° 26' - 23" = 44° 25' 37" is the are acsweriiig to the 
given cotangent 10.008688. 

3. Find Ihe arc answering to tangent 9.979110. 

Ans. 43° 37' 21". 

4. Find the arc answering fo eosine 9Sii6'/j. 

Ans. 28° 19' 45 '. 
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44:. In every plane, or reclilineal triangle, three pm'Ca, one ot 
which must be a side, must be given, to enable us to compute the 
others. Three angles alone would not Bufficc. inasmuch as all similar 
triangles have the three angles of the one equal to the three angles 
of the other, while their sides are unequal. 

We will now deduce certain relations existing between the sides 
and functions of the angles of a triangle, which will enable us to 
compute the others, when either of the three parts, with the above 



e givei 



he sides avid functions of ihe angles of vhlique 
angled plane iricmgles. 



45. Let ABG be any oblique angled plf 
angles are denoted, respectively, by the 
letters A, B, C, and the sides opposite 
these angles by o, b, and c. 

From the vertex C, let fall the perpen- 
dicular CD. We then have from the 
right angled triangles CDB and CBA, 
Art. (30). 

GZ> = a sin B, CD ^ 

a sin B=l> sin A, 




which gives the proportion 

a : 6 : : sin .4 : sin iJ ; 
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that is : In any plane triangle the sides are proportional to the 
sines of their opposite angles. 



46. If we take the proportion of the preceding article, flrst by 
composition, and tlien hy division, we obtain, 

a-^b : a : : sin jl + sifl B : sin ^ 
a-b : a : : sin A ~ sin S : An A. 

Since the consequents of these proportions are the same, we havi» 

a f 5 ; a-b : : sin ^ + sin 5 : sin ^ - sin 5; 

but Art. (40), equation (1), 

sin A-k-mnB : sin ^1 - sin B : : tan ^ (^ + J?) : ta.n\{A- S); 



henct 



a + h : a—b : : tvm^[A + B) : tan -J {A - 



that is : The smtr of any two sides of a plane Iriangle is to ikeir 
difference, as the tangent of one-hilf the sum of their opposite angles, 
is to the tangmi of one-half their difference. 



47. Let ABG be any plane triangle, the angles and sides being 
denoted as in the preeeding ai'licle. 

We know from Geometry (Davies' Le- 
gendre, Props. 12 and 13, Booli TV), that 

a^ = 6' + 0= q3 2c .4i) . . (1); I 

the minus sign being used when the ang! 

A is aeute, and the plua sign wiien it is obtuse. 

When the angle is acute, we have from the right-angled triangle 
ADC Art (30), 

AD = h<iQ& A\ 
and when it is obtuse 



AD ^ b cos OAD. 
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But as CAD is tlie sujipieciient of A^ we liave Art,. (25), 

cos CAD = - cos A, and AD = — h <ia& A, 

These vulues oi' AT) being subsfituted in (1), give in both cases 

a= == h^ + c^ - 2Jc cos A ; 
whence, 

---^i^ ■ ■ ■ (^). 

an important formttla, but one to wbioli logarithms cannot be conve- 
niently applied. 

If, then, we add to both members the number 1, reduce the second 
member, and recollect 'that 1 + cos A, in the first member, is equal 
to 2 cos^ \ A, equation (2), Art. (39), we have 



2ic 
> + c)'-»' (i + c + a) (t + e-g) 



,, , (S + c + t.) (S + c 

BOW we pl.ee 

6 + c + o = s, 

* + c + « , S + c- 



- = J.s-a. 



Substituting these in (3), and extracting the square root, 



= VHE3 . . . ,., 



the plus sign only being used, since aa A must be less than 180", 
\A must be less than 90°. From this we see that: The cosine of 
half of either angle of a plane triangle, is equal to (he squaTe root of 
half the sum of the three sides, into half the sum minus the side oppo- 
site the angle, divided hy the rectangle of the two adjacent sides. 
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If we subtract both members of (2) from the nnmber I, and recol- 
lect that 1 — cos A is, equal to 2sin^-J-^, equation (3), Art. (39), 



2fo - (6^ + c^ 


-^a') 


the 




,f-(b-oY 


{• + 






Placmg as before, a + i + c ^ 



Subalittiting these in (5), dividing by 2, and extracting the square 
root, we iiave 



../SIEhJM^l . . . ,0, 



that is ; The sine of half of either angle, of a plane triangle, ia 
equal to tlie. square root of htdf the sum of the three sides minus one 
of the adjacent sides, into half t/ie sum minus the other adjacent side, 
divided V the rectangle of the two adjacent sides. 



Solution of Right-anyhd Triangles. 

48 Since the right angle of a right-angled triangle is alwajrs 
known ; if one side and any other part be given, the triangle may be 
constructed, or the remaiaing parts may be accurately computed. 

As logarithms are generaily used in trigonometrical calculations, it 
will bo necessary, before applying the various formulas previously 
determined, whenever they ai-e not homogeneous, lo introduce into 
them the radius of the logarithmic tables, the common logarithm of 
which is 10, Art. (41). 

Before proceeding to the computation, the pupil should carefully 
construct the triangle ou some convenient scale, by thn rules given 
in Geometry, and with the instruments already explained. 

In the solution of right-angled triangles, four different cases may 
ai-lse. There may be given, 
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I. The hypothenuse and one acute angle. 

II. A side about the right angle aad one acute angle. 

III. The two sides ahout the right angle. 

IV. The hypothenuse and one other side. 



I. The hypothenuse and either acute angle heing given,. 

49. Suppose h and A are given. B may be found at on. 
subtracting A from 90°. 

To compute a, we take equation (3,) Art. 
(30), after having introduced B, to make it ^^ 

homogeneous, Art. (41). ^.^ 



a which, by applying logarithms, i 
log sin ^ + log A - 10 = 



iince the arithmetical complement of log iil is 0. 
The side h may now be computed by either plac 



h for a, iii 


the above formula ; 


r by 


tlie use of th 


formula 


J=y4._„.= , 








/(F+ 


a) (h-a); 


whence by 


the application of loga 


ithms 




5 log (& + «) + i log (A - 


-a)-. 


log 6 


E^eximph 


1. Let ^=325 feet 


A = 


27" 34'. 


Subtracting 


A from 90°, we Lave 








90° - 27" 34' 


- 62° 


26' = B. 


Substituting in formula (I) 








A --^ 27" 34', 


A 


^325, 


we have 










+ log sin 27° 34' 




. 9.665375 




+ Jog 325 . . 




. 2.511883 




- 10 . . 




. 2.177258 


hence a = 


150.40 foet. 
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Substituting ill forrauk (1), B for A and b for o, and then 





+ log sin 62= 26' 




9.947665 






+ log 325 




2.511883 






- 10 




2.459548 = 


= log b. 


hence S = 


: 288.10 feet. 








Or by 1 


jsing formula (2), wi 


3 Lave 







+ \ log (325 + 150.40) ^ \ log 475.40 . . 
+ \ log (3-25 - 150.40) = I log 174,60 . . 

hence b = 288.10 feet, as above. 

2. Let h - 125.7 yards, B = 75° 12'. 

Ans. A =: 14" 48' ; S ^ 121.53j 



1,338529 
_1J21022 
IXs'gSSl =, log I, 



^ 32.1 Vs. 



n. A side ahoiit ihe right angle and either acute angle being given 
50. Suppose a and A arc given. B may be detormineti as in the 
To compute h we talte equation (8), Art. (31), first introducing R, 

whence by the application of logarithms 

log cot J + iog a ~ 10 =1 log 5. . . . (1). 

To obtain h we lake equation 3, Art. (30), which after the intro- 
duction of R may he put under the form 



h: 



Ra 



^A' 



whence by the application of logarithms 

a . c . log sin yi + log R + log a 
or since log .ff — 10 

a . c . log sin .4 + log a = log h 
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: 1, Let a = 56.293 yards. A =54'' 27' 39". 

Subtracting A from 90°, we have 

B zz: 35° 33' 21". 

Suiqstituting in formula (1), the values of A and a, we have 

+ log cot 5i= 27' 39" .... 9.853896 

+ log 56,293 L73045i 

- 10 1,604350 = log 5. 

hence 6 — 40,2114 yards. 

Substituting the values of A and a in formula (2), we have 

+ a. c. log sin 54° 27' 39" .... 0.089527 

+ log 56.293 ^ 1.750454 

1.839981 = log h 
hence h = 69.18. 

2. Let « ^ 125.694 yai'ds, A = 81° 15' 07". 

Ans. B^S" 44' 53", b zzz 19.3418^8. h = 127.174y£&. 

III. T/is two sides about the right angle heing given. 

50f The two sides a and S being known. 

To compute A we fake foi-mula (5), of Art. (31), first intro- 
ducing B, 

tan A — -T~- 
b 

Applying logarithms, we have 

a. c. log 6 + log a =log tan -4 .... (1); 

from which A may be found. Subtracting A from 90°, we shall 
have B. Or B may be found directly by the equation 

tanB = E -' 

and the accuracy of the calculation may bo verified, by adding A 
and B together. Their sum should be 90°. 
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The value of h may be computed from the foi'mula 

or if a and h are large numbers, we may best use equation (1), Art. 
(30), after placing it under the form 

h = B ^„ 
sm A 
whence 

o. i^. log sin A + log a — log h. 

Example 1. Let a = 26 yards, h — 15 yards. 

Am. A = 60° 01' 06", B = 29° 58' 5i" h - ZMUydt, 

2. Let a = 347.21 yards, b ^ 1052.29 yards. 

Ans. A = 180 15' 38", B = 71= W 22", A = 1108.09yrfs. 

IV. The ki/pothenuse and one other side being given. 
51. Suppose h and a are given. 
To compute A, we tate equation (1), Art. (30), 

sinA^Sj; 
from which we have 

a, c. log h + log a = log sin A ; 

from which A being found and subtracted from 90°, we have the 
Talue of B, 

To compute h, vie use the foraiula 

5= -y/h^ - a\ 

as in Case I, Art, (49), or for verification we may use the equation 

a cot A 

B3 in Case II 
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1. Let h = 239L7%ds. a = 385%^*. 
Arts. ^ ^ 9' 16' 48", B = 80° 43' 12", b — 2360.5jfdi 



Th 1 d II h d fij Uy ! t th i i f 

tob d yftlpd fliwU mplj 

b tht hfml tknfmTbllVmt 

qirddthtgi p lyBf pplj g 1 g 

t tl f m 1 th 1 t tl q d p t 1 Id b 
d ly f m f th 1 t d th 1 



'ed Triangks. 

;d-triangles, four cases alw 



Solution of Oblique ^ 

52. In the solution of oblique a 
arise, viz. ; There may be given 



I. (Me side and either two angles. 

H. Two sides and an angle opposite one of litem. 

III. Two sides and their included angle. 

TV. The three sides. 

All of these cases may be solved hy conceiving the triangle to be 
divided into two right-angled triangles, by a perpendicular drawn 
fi'om the vertex of one of the angles to the opposite side, the vertex 
being so chosen that one of the right-angled triangles shall, if possi- 
ble, contain two of the given parts. It is, however, much more 
convenient to solve them, directly, by the aid of the proportions and 
formulas previously deduced. 



I. One side and two angles being given. 

53. Suppose c, A and (7 are given. By subtracting the s 
the two given angles from 180°, we find the third angle B, 
To compute a, we take the proportion, Art. 

that is : The sine of the angle opposite the 
given side is to the sine of the angle oppo- 
site the required side, as the given side is to the 
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Applying logai'ilhms to the above proportion, using the afith^ 
metical complement of the logarithm oi the first term, and deducing 
the logarithm of the fourth term, we obtain 

a.c. log sin C + log sin ^ + log e - iO zz: log a . . (1). 

In the same way b may be found by the proportion. 



or at once by placing £ and b for A and o, respectively, ia formula (1). 

Sample 1. J^t c^250Asds, ^^15° 19'51", C=:^72<' W 05". 
First, subtracting A+ C = 88° 03' 56", from 180", we have 

B - 91= 56' 04". 
Substituting the above values in formula (1), we have 



+ a.i 


j.logsi 


n 72= 44' 05" . 


. . 0.020024 




+ 


log si 


n 15= 19' 51" . 


. . 9.422248 




+ 


log 


250.4 . 


. . 2.398634 




_ 




10 . 


. . 1.840900 -.. 


--log 



Substituting £ ~ 91= 56' 04" for A, and b for a, in formula (I), 
with the above values for CancI c, ive have 

+ o.c.logsin 72= 44' 05" . . . 0.020024 
+ logsin91=56'04" . . . 9.999752 
+ log 250.4 . . . 2.398634 



- 10 . . . 2.418410 = log 6; 
hence, * = 252Mtyds, 

2. Let c = iOOyds., A = 38= 25', B = 57° 42'. 

Jms. C=:83=53', a = 249.974, 5 = 340.04. 

II. Two sides and an angle opposite one of them being given. 
54. Suppose a, h and A are given, 
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To compute B, we use the proportion, C 

a : b : : srn A \ &m B ; V^lV 

tbat is : The side opposite the given angU is y^ /r ! \ 
to the other given side, as the sine of the ^- ■" " "" 

given angle, is to the sine of tke required angle. 

By the apphcatioti of logarithms, we have 

a. clog a + log J + log sin ^ - 10 = log sin B . . (1). 

As Ilie same sine belongs both to an angle and its supplement 
Art. (25), there will be two values of S which will satisfy equation 
(1), Bnt it is shown, in Geometry, (Davies' Legendre, Prob. IJ, 
Book III.) that both of these values can be used, only, when tke side 
opposite f/ie given angle is less than Ike other given side, in which case 
there will be two triangles answering to the given conditions, or tu>o 
solutions, as indicated in the figure, one containing the obtuse angle 
ABO, and the other the acute angle ABC 

If the side opposite the given angle is greater than the other given 
side, the acute angle only can bs used, and there wiU be hut one 
solution. 

Should the side opposite the given angle be just equal to the per- 
pendicular let fall from C on c, the triangle will be right-angled, aad 
the two solutions become one. 

Should this side he less than the perpendicular tliere will be no 
solution, and the triangle wilt be impossible. 

The angle B being found, we find C by taking the sum of ^ and 
£ from 180°, and then find c by the proportion 

sin .^ : sin C : : a : e. 



e I. Let a ~ &&7i/ds. b = i98yds. A ^ 37= 44' 

Substituting these values in formula (1), we have 

+ «.c.log 367 ... . 7.435334 
-I- log 498 . . • . 2.697229 

+ log sin 37' 44' . . 9-7 86742 

_ 10 9".9 19305 =log sin B> 

hence 

B = 5&° OS' 30", 01- 123° 51' 24". 



■ ooglc 



n. ANALYTICAL 

Since a < 6 botli of these values must be used, and there will be 
two sulutionit. 

Taking the sum of A and the first value of if from 180°, we have 

C=86<' 07' 24". 

Taking the sum of A and the second value of B from 180", we have 

C~ 18" 24' 36". 

Now, computing the value of c as in case I., we find for the fii-st 
value of C, 

c =z 598.31 yards. 

And for the second value of O, 

e ^ 189.38 yards. 

2. Let a = 37.465 yards ; b = 13.189 yards ; A =18° 52' 13". 

Ans. 5 = 8"' 56' 05", c ^ 39.611 yards; (7^152" 11' 42". 

III. Two sides and their included angle beiny given. 

00. Suppose a and h and their mcluded angle 0, to he given. 

To compute the angles A and B, we fii'it 
subtract the given angle from 180 , which 
will give A -ir B. We then take the =,um 
of the two given sides and then di&eieni,e, 
and use the proportion, Art. (46). 



a + 6 : a-h : : tim ^ (A + B) : tAni(A-B). 

By the application of logarithms we have 

a.c.iog(a-^b) + log (a - b) 
+ log tan -^ (^ + .B) - 10 =^ log Ian ^ {A - B) . . (1) ; 

from which we find } {A -- B). Adding this fo ^ {A+ B) we find 
the greater angle, A ; subtracting it we find the smaller angle B. 

The angles being now known, to compule the remainiiirf side, we 
use the proportion, as in ease I., 

sin ^ ; sin C : : a : c. 

Ho.k.db,.CjOOglc 
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Bxam. 1. Let a = m.lZ^yds. b z= 7M2jjds. 0^45'' 18' 28". 

180° - 45° 18' 28" - 134° 41' 32" = ^ + if. 
a + b ^ 26.381. a~b = 11.097. ^ ( J + .S) =67" 20' 46". 
Substituting these values in formula (I), we have 

+ a. c. log 26.381 .... 8.578709 
+ log 11.097 .... 1.045207 

-f log Un 67° 20' 46" . 10.3794 85 

- 10 10003461^ log tan \ {A —B) ; 

hence 

1{A-B) = 45" 13' 27", 

+ 67= 20' 46" + 67° 20' 46" 

+ 45° 13' 27" — 45° 13' 27" 

112° 34' 13" = A, 22° 07' 19" = B. 

The side c heing computed, as in case I., is found to be 

c = 14.426 yards. 

2. Lcta= 4G4.7s'^s.; 6 = 289.3j/(fe. ; C=87°03'48". 

Ans. A - m° 13' 38" ; £ = 32° 42' 34" ; c = oSi.&ei/d3. 

IV. The three Sides being given. 

56. To compute diher angle as A, we first add the three sides 
together and take one half (heir sum, and then use formula (4) of 
Art. (47), a,fter multiplying the second member by iS to render it 



Applying logarillims to this, we have 

logR + ^ilog^s + losiis-a) 
+ o . c . log 6 + a . e . log c) — 10 ~ log cos J A, 

or since log B — 10, this reduces to 

log ^ .+log g s-a) + <i.c.logb + <x.^.logc __ 

2 ■ » J V ^* 
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III the same way the angles B and C can be computed, and the 
acuaracy of tiie computation will be tested by taking the sum of the 
tliree angles. It should be 180°. 



Exa 


nple 1. Let a = ll.'iyds., 


b - U.Syds., e := S7A^ds, 


then 








-H« 4- i + c) = 86.7 


-^s. is -~a~ 15.5. 


Substituting these with the values of h and c in formula (1), we 




+ log 80.7 . 


. . 1.93801!) 




+ iog.15.5 . 


. . 1.190332 




+ «.c. log 64.8 . 


. . 8.188425 




+ a.c.log37.4 . 


. . 8.427128 




-^ 2 . 


. . 19.743904 

9.871952 = log COS i^S 




^^ = 41° 52' 16" 


and A = 83= 44' 32". 



To compute B we put in ihe above formula (1), b for i 
and B for A, and have, since 



= 86.7, 



-b^ 21.9 



log 86.7 .... 1.938019 

log 21.9 .... 1.340444 

. log 71.2 .... 8.147520 

. log 37.4 .... 8.437128 



. 19.853111 
"97926555 zzz log c. 



^ .8 = 32'' 23' 28" and B = W 46' 56" 
In the same way C is found equal to 31° 28' 30". 



2. Let a = 425.6y(7s., 
Jns. A - 16° 6' 22' 



■ds. c = IQSiyJs. 

= 16' 5", C ^ 137° 37' 34". 



In making all trigonometrical computations, it should he remarked, 
that each required part of a triangle should, in general, be computed 
directly from the given parts, as thus, any error which may be made 
in the computation of one part will not affect the value of any other 
required part, 

H„,,,,„v,uuyn: 
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Application lo Heights and Distances. 
57. A Horizontal Plane is one which is parallel to tlie wafer 

A plane which ia perpendicular to a horizontal plane, is called a 
vertical plane. 

Ail lines parallel to the water level, are called horizontal llrtes. 

AU Hnea which are perpendicular to a horizontal plane, are called 
vertical lines; aad all lines which, ai'e inclined to it, are called oblique 

A Horizontal Angle is one whose ^ides are horizontal. 

A Vertical Angle is one, the plane of whose sides is vertical. 

An angle of elevation, is a Tertioal angle having one of its aides 
horizontal, and the incUned side above the horizontal side. 

An angle of depression, is a vertical angle having one of its sides 
horizontal, and the inclined side under the horizontal side. 



I To determine the honzonlal distance to a pomt whicl t 
cesiiblb by ieason of an tntereming tiver 

5S Let f be the point Mei ure 
along the bank of the nvei a liou^ontil 
bii^e line IB and select the stations 1 
and jB, in such a manner that each can 
be seen from the other and the pomt C 
from both of them Then measure the 
horizontal an^le-i C iB -md CB I v\ith 
an m-^tiumeiit adipted to thit purpose 



^- 



Let us suppose that we have found A.B — 600 yards, 

CAB ~ 57= 35', CBA ^. 64° 51'. 

The angle C =. 180° - (A + £) ^ 57° Si'. 

The distances AO and BC may now be computed af 
Art. (53), and are 



AO^ 643.49 yards, B0=^ 600.11 yards. 

fi...si...db,. Google 
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the altitude of an inaccessible object above a given 
horizontal plane. 

First Method. 

59. Suppose i" to be the inaccessible 
object, and BCA the horizontal plane 
from which the altitude is to be estima- 
ted : then, if we suppose DC to be a 
vertical line, it will represent the re- 
quired distance. 

Measure any horizontal base line, as 
BA ; and at the estremities B and A, 

measure the horizontal angles GBA and CAB. Measure also the 
angle of elevation DBG. 

Then in the triangle GBA there will be known, two angles and 
the side AB ; the side BC can therefore be computed. Having 
found BC, we shall have, in the right -angled triangle BBC, the 
base BC aud the angle at the base, to find the perpendicular DC, 
which measui'es the akitude of the point B above the horizontal 
plane BCA. 

Let us suppose that we have found 




BA = 780 yards, 
CAB= 96° 28', 



CBA ^ 41= 24' ; 
BBC = 10° 43'. 



The horizontal distances BC and AC may be eo 
Ihe preceding article, and are 

BC = 1155.29 yards. AG == 768.9 yai 

BC and BBC being known in the right-angled t 
DC may be computed as in Case II., Art. (AO), and is 

BC = 218.64 yards. 



Eemakk !. It might, at first, appear, that the solution which we 
have given, requires that the points B and A should be in the same 
horizonial plane; but it is entirely independent of such a suppo- 
sition. 

For, the horizontal distance, which is represented by5A"is the^l . 
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same, whether the station A is on the same level wiih B, above it, 
or below it. The horizontal angles CAB and C'JiA ai'e also the 
same, so long aa the point C is in the vertical line DC. Therefore, 
if the horizontal line througli A should cut the vertical line DC, at 
any point, as U, ahove 01 bi'low C, AB would still be the horizontal 
dialance between B and A, and AE, which is equal to AC, would 
be the horizontal distance betweeii A and C, 

If at A, we measure the angle of elevation of the point D, we 
shall know in the right-angled triangle DAE, the base AE, and the 
angle at the base ; from which the perpendicular DE can be deter- 
mined. 

Let us suppose that we have measured the angle of elevation 
DAE, and found it equal to 20"' 15', Wo then compute DE, aa 
above, and find 

7)^^283,66 yards. 

Now, since DQ is less than DE, it follows that the station D is 
above the station A. That is, 

iJ£;_Z)a= 283.66 -218.64 = 65.02 = ^:6', 

which expresses the vertical distance that the station B is above the 
station A. 



KbMAEK II. It should be remembered, that the vertical distance 
which is obtained by the calculation, is estimated from a horizontal 
Hne passing through the eye at the time of observation. Hence, the 
height of the instrument is to be added, in order to obtain the true 

Second Method. 

60. When the nature of the ground will admit of it, measure a 
base line AS in the direction of the object D. Tlieii measure with 
the instrument the angles of elevation at A and B. 

Then, since (he outward 
angle DBO is equal to the 
sum of the angles A and 
ADB, it follows that the an- 
gle ADB is equal to the dif- 
ference of the angles of ^e- 
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vation at A and B. Hence, we can find all the parts of the triangle 
ABB, as in Case I, Art. (53). Having found I>£, and knowing 
the angle D£C, ive can find the altitudeUCas in Case I, Art. (49). 

This method supposes that the stations A and £ are on tlie same 
horizontal plane, and therefore il can only be used when the line AB 
id nearly horizontal. 

Let us suppose that we have measured the base line and the two 
angles of elevatioD, and found 

AB ^ 975jrfs., A ^ ly 36', BBC ^ 27" 29', 

we then compute JiB and BC and And 

£B = 127S.,Vs., BG= 5S7.eiyds. 



HI. To determine the perpendicular distance of an object below a 
given horisonial plane. 

61. Suppose C to be directly over the given object, and ^ the 
point thiough which the horizontal 
plane is supposed to pass. . , 

Measure a horizontal base line AB, •~- 

and at the stations A and B conceive 
the two horizontal lines AC. BO, to be 
dj-awn. The oblique lines from A and 

B to the object are the hypothenuses ~ 

of two right-angled triangles, of v/hich 

AO, BC, are the bases. The perpen ^ ~ w 

diculars of these triangles are the dis- 
tances from the horizontal lines AC BC, to the ob]er-f If i p tui i 
the triangles about their bases ^(7 BC untd they bLtoiie ho ztninl, 
the object, in tlie first case, will fall at C, and in the second at C". 

Measure the horizontal angles CAB, CBA, and also the angles of 
depression C'AC, C"BC. 

Let us suppose that we have found 

AB^ 672yds. BAC^1^° 29', ABC-8T 20', 
C'AC= 27° 49' C"BC= 1^'' 10'. 

Computing AC, BC, CO' and CO", we find 

^C^458.79ys. BC = 690.28 yrfs. 
CC ^ 242.06 " CC" = 239.93 " 



...Google 
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and 

CO' - GO" ^ %.liyds., 

the. height of the station A above station B. 



Probhms. 

62. — 1, Wanting lo know the distance between two inaccessible 
objects, which lie in a direct level line from the bottom of a tower 
of 120 feet in height, the angles of depression ai-e measured from the 
top of the tower, and are found to be, of the nearer 57°, of the more 
remote 25° 30' : required the distance between the objects. 

Am. 173.656 feet. 

2. In order to find the distance between two 
trees, A and B, which could not be directly 
measured because of a pool which occupied 
the intermediate space, the distances of a third 
point C from each of them were measured, 
and also the included angle ACB : it was 
found that, 




CB = 672 J 



CA - 588 yards, ACB ^ 55° 40'. 



Required the distance AB. 



. 592.907 yards. 



3. Being on a horizontal plane, and wanting to a'^certain the 
height of a tower, standing on the top of an inaccessible hill, there 
were measured, the angle of elevation of the top of the hill 40°, 
and of the top of the lower 51° ; then measuring in a direct Ime 
180 feet farther from the hill, the angle of elevation of the top of 
the tower was 33° 45' ; required the height of the tower. 

Ans 83 998 feel. 

i. Wanting to know the horizontal 
distance between two inaccessible ob n-i.',^ JS 

jects E and W, the following measure £^ --= * 

ineiits were made : =^ 



AB = 536 yards 
BAW = 40° 16' 
WAE = 57= 40' 
ABU - 42° 22' 
MBW ^ 71= 07'. 
Required the dislance EW. 



Ans. 939.634 yards. 
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5, Wanting to know the hori- 
zoutal distance between two inac- 
cessible objects A and B, and not 
finding any station from which 
botli of them could be seen, two 
points and D, mere chosen at 
a distance from eac!i other, equal 
to 200 yards ; from the former of 

these points A could be seen, and from the latter £, and at each of 
the poinfs C and D a staff was set up. From C a distance OF was 
measured, not in the direution DC, equal to 200 yai-ds, and from J) 
a distance I)^ equal to 200 yards, and the following angles taken : 




AFO= 83' 00', £Di: - Si" SO', ^Ci) zz: 53" 30', 

BDO= 156= 25', ACF~ 5i= 31', BED = 88° 30'. 

Required the distance AB. Arts. 3i5.467 yards. 



n three objects, A, B and <7, 

known : viz,', AB = 800, 

ow, there are measured the 



6. From a station P there can be i 
whose distances from each other ; 
AC= 600, and £(7^ 400 yards, 
horizontal angles, 

^PC = 3S= 45' and BPO=^ 22° 30': Jt is required to find the 
three distances PA, jPf? and PB, 

With the three given sides construct the f. 

triangle ABC. Then, at A lay off the an- 
gle BAD = 22° 30', and at B the angle 
ABD — 33° 45', and note D, the point at 
which the two lines intersect. 

Thi-ough the points A, D and B describe 
the circumference of a circle, and through 
C and D draw the line CDP ; the point 
P in whict it intersects the circumference 
will be the position of the station. ' 

PA ~ 710.193 yards. 
PC = 1042.522 " 
PB = 934.291. " 




This problem is much use 
pose of locating buoys and i 



iirveying, for the puii- 
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63. The spherical triangles, considered and compared with each 
other, in Geometry, are regarded as situated upon the surface of the 
same sphere, and it is -there proved that, if any three of the six parts 
of a spherical triangle are given, the triangle may be constructed, and 
the remaining parts may therefore be measured or computed. 



64. Each angle of a sphericaJ triangle is the same as the diedrat 
angle included by the planes of its sides, and is measured by the 
angle included between two right lines, one in each plane and both 
perpendicular to their common intersection at the same point. 
(Davies' Legendre, S 4, Book VI). 

If the radius of the sphere be taken 
equal to 1, each side of the triangle will 
measure the angle, at the centre, sub- 
tended by it. 

Thus in the triangle ABC, the angle 
at A is the same as that included be- 
tween the planes J.OC and AOB; and 
the side a is the measure of the plane 
angle HOC, being the centre of the 
sphere, and OB the radius, equal to 1. 




Formulas expressing the relation hetweea the functions of the s 
and asdics of Spherical Triangles. 



65. Let ABp, be any spherical triaagle, ■ 
epher.e of which the radius OB = 1. 



.)glc 
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From the vertex C, let fall CP per- 
pendicular to the plane yl 05 ; from P, 
the foot of this perpendicular, draw PD 
and PE respectively perpendicular -to 
OA and OB ; join CD and CE, these 
lines will be respectively perpendicular 
to OA and OB. (Davies' Legendre, 
Prop. 6, Book VI), and the angles CBP and CEP will be equal to 
the angles A and B respectively. Draw DL and P ft the one per- 
pendicular and the other parallel to OB. We then have 

CE - sin a, OE = cos «, CD = sin h, OD = cos 6. 

In the right angled triangle CPE, we have, Art, (SO), 

CP = CE sia CEP = i.m a «ia B . . . (1); 

and in the right-angled triangle CPD 

CP = CD sui GDP ^ sin 5 sin -i . . . (2). 

Equating these values of GP 

sin asmB = sin b sin A 

from which results the proportion 



In like manner we n 



(3). 



■ e . . . (4). 

. e . . . (5). 



That is, in any spherical triangle, the sines of the sides are propor- 
tionai to the sines of their opposite angles. 
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66. The .construction being the same as in the last article, we. have 

0I!= 0L+ QP . . . (1). 

In the right angled Iriangie OZI>, 

OL =11 OB cos DOL = cos 5 cos c. 

The right angled triangle PQD has its sides respectively per- 
pendicular to those of OLD, it is therefore similar to it, and the 
ftDgle QDP is equal to c, and we have 

QP -^ PD sin QDP - PD sin c . . . (2). 

The right angled triangle CPD gives 

PD=CDc(y& CBP ^ sin i cos ^ ; 

substituting this value in (2), we have 

QP = sill h sin c cos ^ ; 

and DOW substituting these values of OM, OL and QP in (1), we 

cos « ::^ cos 6 cos c + sin S sin c cos ^ . . . (3). 
In the same way we may deduce 

cos 5 — cos ffi cos c + sin a sin c cos £ , . . (4), 

that is : l^e cosine of either side of a spherical iriangie is equal to 
the rectangle of the cosines of the other two sides plus the 
the sines of these sides into the cosine of their included angle. 



67. If we represent the angles of the polar triangle of ABC, by 
A', B' and 0', and the sides by a', V and c', we have from Geome- 
try (Davies' Legendro, Prop. 6, Book IX). 

a = ISO" ~A', h^ 180° - B', c= 180° - 6", 
A^im^-a', B-l^O^-b', (7=I80^-c', 

Substituting these values in equation (3) of the preceding artidei 
and recollecting, Table III., that 
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cos (180= ~A') = — eo3 A', sin (180'' — B') = sin B', &c, 



-coaA'^z cos B' cos C — sin B' sin C" o 

or cbanging the signs and omitting the dashes, {since 
result is true for any triangle), 

cos ^ = sin £ sin C cos a — cos -B cos (7 . . 

In the same way we may deduce 

cos B = sin ^ sin (7 cos 6 - cos ^ cos (7 . . 



s C = sin ji s. 



- cos ^ cos j5 



that is : The cosine of either angle of' a spher 
ths reetangle of the sines of the other two angles 



(!)• 



0); 



included side, n 



'.s the rectangle of the 



'■e is equal to 
•,e of their 



's of these angles. 



68. The construction being the same as in Art. (65), we have 

DL = DQ-\-PE . . . (1). 

c 
The right-angled triangle OLI> gives 

DL ~ on Bin c = cos 6 ein c ; 

and the right-aDgled triangle PQD, 

DQ = PD cos c. 

From CPE, we have. Art. (31), 

PE - CP cot CEP = CP cot S. 

Substituting the values of BL, DQ and PE m (1), i 
both members by sin b, we have 




cot 5 sin e — coa ccosA + einAcotl 



(2). 
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In tke same way we may deduce 

cot asia c = eos c cos B + eia B cot A . . . (3) ; 
cot c sin J = cos 5 cos j4 + sin jd cot (7 . . . (4); 

that is : The t:o-4angent of one side into the sine of another side, it 
tqual to the cosine of the second side into the cosine of their included 
angle plus the sine of the included angle into the co-tangent of the 
angle opposite tlie first side. 

69. From equation (3), Art. (66), we deduce 

cos A ~ — . . -— • • • (1). 

If we add this equation member by member to the number 1, and 
recollect that 1 + aof,A, in the first member is equal to 2 coe^-^^, 
Art, (39), and reduce, we have 



or, Art. (33), 



(2)! 



and since, formula (n), Art. (38), 

cosa - cos(J + c) = 2 sin^ (« + 6 + c)sm^{l f c ~ a), 
equation (2) becomes, after dividing by 2, 

„> i A = gM(° + '+;)2H' + '-■■). 

If in this we place 

^ (a + 5 + c) = -^j whenca ^(5 + c — a)=-J« — o, 
and extract the square root of both members, we have 



V~^lif?^ ■ ■ • «' 
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that is : The cosine of one-half of either angle of a spherical trianqh 
it equal to the square root of the sine of one-half the sum of the 
three sides into the sine of one-half this sum minus the side opposite 
the angU, divided hj t/ie rectangle of the sines of the two adjacent 



70. If we subtract equation (1) of the precei3ing article, member 
hj member, from the number 1, ami recollect that 

1-cosJ =2smS^ J, 

we find, after reduction. 



=ml. 1-./"° '*•"'> "'''^'^'' 



71. Dividing tile preceding value of sin i 4 by cos ^ ^, we obtain 



-»-/3E^P^- 



72. If the angles and sides of the polar triangle of ABC be 
represented as in Art. (67), we have 

A = 180° ~a', h = 180° - -ff, e ^ 180° - C\ 

^=.270° -^iA'-\-£'-\-C% is-a = Q0°-^{B'-\-O'~A'}. 

Substituting these values in (3), Art. (69), and reducing by the aid 
of the formulas in Table III, we find 



,■ i„, / - cos i jA' + £'+ C) cos ^ {£' -i-C'- A') 

Placing 

i{A'-i-£'+ C') = ^S; whence, ^ (B -\- ff - A') == iS - A'. 
Substituting and omitting the dashes, we have 

,,n,, = ,/E»!i5™IE3I . . . (I), 
sm^s-y sinBsinC ^ ^ 
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In a Bimilar way we may deduce from (1), Art. (70), 



/co 



/<i03{iS-B)coi(lS~G) 
^jt. _ ^f .__ _____ _ 

and tbeuce 



73. From equation (1), Art. (67), we have 
msA+cos£GosC=smBsmCcoia^smC^-^^iabcosa . (1), 
eince, from proportion (3), Art. (65), 



Also, from equation (2), Art. (67), 

cos B-i- cos A cos 0=smAsin (7cosi— sia 0-, — -sin a cos 6 . (2). 

Adding (1) and (2) and dividing by sia C, we obt^n 

(cos^ 
The proportion, 

sin A : sin J5 : : sin a : sin J, 
talten first by composition, and then by division, gives 

sin^ + sin£^^(sina + s;n6) . . . (4), 



(3). 



(5). 
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Dividing (4) and (5), in succession, by (3), we obtain 

sin ^ + sin ^ sin C _ sin a + mnh 

COS ^ + cos £ ^ 1 + cos (7 ~ sin (« -(- S) 

Bin ^ - sin ^ sin _ Ana - sin i 

coa ^ + cos J5 '^ 1 + COS (7 ~ sin (3 + S) ' ' * 



(6)S 



(7)- 



But by formulas (2) and (4), Art. (40), and formula ,fi), ArU 
(39), equation (6) becomes 



and by the similar formulas (3) and (5) of Art. (40), equation (7) 
becomes 

lann-l--B)=cotiC|^J-|-^-^j .... (9). 

These last two formulas give the propordons, known as thejirst set of 
Napier's Analogies, 

cosJ(a + 5) : cosi(<.-5) :: cot ^ C : tan i (^ + 5), 
sin I (a + i) : sin ^ (a - 5) : : cot ^ C ; tan ^ {A ~ _S). 

If in these we substitute the values of a, b, C, A and B, in terms 
of the corresponding parts of the polar triangle, as expressed in Art. 
(67), we obtain 

cos i (^ + _B) : cos }j{A- B) ; : tan ^ c : tan ^ (a + 5), 
im\(A-{-B) : sin 4 (^ - .S) : : tan i c : tan ^ (a - i), 
the second set ofNcepter's Analogies. 

Formulas relating particularly to right-angled spherical triangles. 

74. Let ABO be any right angled spheri- c 
cal triangle, the right angle being at A. If 
in formula (3), Art. (66), 

cos a = cos 5 cos c + sin h sin <^ cos A, 

we make A = 90°, then cos ^1 = 0, and we 

cos a = cos & cos c . . (1) ; 

fi...si...db,. Google 
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hat is : The cosine of the kypoikenuse is equal to the rectangle oflht 
ostites of Ike other two sides. 

If in formula (1), Art. (67), 

cos ^ = sin 5 sin C cos a — cos 5 C03 C, 

we mske A = 90°, cos A ~ Q, and we dedaoa 

sin £ sin C cos a ^ cos .S cos C ; 



^ cot £ cot C 



From proportion (3), Art. (65), we have 

sia £ = -~. — sin A. 

If in this we make A :^ 90°, then ain A = l, and 

■ r, sin * /o\ 

sin JS — - — . . . ■ (3). 

From this it also follows that 

sinC=J^^ .... (4). 

If in formula (3), Art. (67), 

cos C = sin ^ sin B cob c — ms A cos 

we make A = 90°, sin A=:l, cos ^i = 0, and 

CO.O=smiJco.«, or, ™ S = 5?L^ . 
cos c 

Also 

sin = —-4 ■ ■ ■ ■ (6). 
cos ^ ■' 

If in formula (3), Art. (68), 



B + sin i? cot A, 

fi...si...db,. Google 
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we make A = 90", then cot A = 0, and 

cot a sin c = cos c co3 S, 



cos -B = cot a 



= cot a tan c, 



cos (7=^=— .... (8). 
If in formula (2), Art. (68), 

cot & sin c — cos c cos ^ + sin A cot B, 
we make A = 90°, then 

cot i sin c = cot B, 



ta-n£ — -. 



■ {9)- 
(10). 



76. The formulas of the preceding article are analogous to the 
corresponding formulas in plane triangles, Table IV., and as thev 
are of great use in the solution of right-angled triangles, and should 
be committed to memory, we arrange them in 



1 :. 


cos a^cmb cos .. 


2. 


cos a = cot B cot C. 


3. 




i. 


si«C=~. 


5. 


sln£^^^^. 


6. 


--~f 


7. 


cos5^^^ 


8. 


cos C - ^^. 


9. 


U^nB = '^. 


10. 


tan c 

tan C — ^ — -■ 

sm b 
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Two parts of a spherical triangle rire said to be ot the same specie^ 
when they are both less than 90°, or both greater than 90° ; and of 
different species when one is less and the other greater than 90°. 

From the formulas in the above table, we deduce the following 
important pi'operties of right angled spherical triangles. 

First. From formula (1), we see if o < 90°, cos a will be posi- 
tive, and cos b and cos c will have the same sign, and b and c be 
both less, or both greater than 90°. Also if a > 90°, cos b and 
cos c mu'-t have different signs, and b and c be one less and the other 
gi'uater tlian 90° ; tliat is : If the Jtypolheituse be less ihan 90°, lAe 
other two sides will be of the same species; if the hypotkenuse be 
grenter than 90° these sides will he of different species, and the con- 

Second. In the same way we see from formula (2), that : If the 
hypotheniLie be less than 90°, the two ohUque angles mil be of the 
same species ; and if the hypothetmae he greater than 90°, these angles 
■mill be of different species. 

Third. From formula (1) we also see, that, since eos b aiid cos c 
are both less than 1, their product will be less than either, that is, 
cos a will be numerically less than either cos b or cos e. But it 
cos « < cos 6 and < cos c, a must differ less from 90° than i or e ; 
hence: The hypoihenuse mwsi differ less from ^0" than either of the 
other two sides. 

Fourth. Foi-mula {3) may be placed under the form 

in which we see that sin b must be less than sin £, since sin a < 1. 
But if sin b < sin B, numerically, b must differ more from 90-' than 
B; hence; Fither side about the right angle must differ more f>om 
90° ihan its opposite angle. 

Fifth. In formula (5), B being less than 180°, sin B is always 
positive, hence cos C and eos c most have the same sign, that is : 
A side and its opposite angle must be of the same species. 

Sixth. Fi-om formula (7) we see that if 5 < 90°, tan f and tan 
a will have the same sign ; if 5 > 90° they will have contraiy 
eigns, that is ; If either oblique angle is less than 90° the adjacent side 
and hypoihenuse will he of the same species : if either angle be greater 
tlian 90° the adjacent side and hypoihenuse -wiU be of different species. 
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Napier'': Cuciihr Paris. 

76. In every righl^-angled spherical triangle, the two sides adjacent 
to the right angle, the eomphinent of the hy- 
pothenuse, and the complements of the two 
obliqJie angles, are called circular parts. 

If any three of these fice parts are con- 
sidered, it will be seen tiiat they will be so 
situated, that one will either be adjacent to 
the other two ; or opposite to them that is, 

separated from both of them by the two parts which are not con- 
sidered. The right angle not being a circular part does not separate 
the Darts b and c. Thus conip a is adjacent to the two parts comp. 
B and comp, O, and spparated from the parts h and c. 

The part which is thus adjacent to the two others, or opposite to 
them, is called the middle pari The two others are called extremes, 
and are eitier both adjacent or both opposite. 



77. Formuks (1) and (2) of Table V, give two different values 
for the cos a. From formulas (3) and (10) we deduce two values 
for sin 5, and from formulas (6) and (7), two values for cos B, which 
may be written thus, 

1. cos a = cos i cos c, 2. eos o = cot ^ cot C. 

3. sin b ^ sina sin B, 4. sin i = tan c cot 0. 

5. cos £— cos b sin C, 6- COS 5= cot a tan c. 

From which may be determined the hypothenuse, either side and 
either oblique angle, when the other parts of the right-angled trian- 
gle are known. 

Equations (1), (3) and (5) may be otherwise written, 

3. sin b ~ (MS (comp. a) eos (comp. B), 
5. sin (comp. B) - cos h cos (comp. C) ; 

whence results the following property of the circular parts, viz. : 
The sine of Ike middle part is equul to the reclangle of the cosines of 
tke opposite parts. 
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Equations (2), (4) and {(J) may also be written, 

in (comp. a) = tan (comp, £) tan (comp. C), 

- tan c tan (comp. C), 
in (comp. B) ^^ tan (comp. a) tan c ; 

that is : The sine of the middle part is equal to the rectangle of Ike 
tangents of the adjacent parts. 

These two principles are called Napier's rules for the solution of 
right-angled spherical triangles. 

Solution of Bight-angled Spherical Triangles, 

78, In a right-angled spherical triangle, the right angle is always 
known. If, therefore, either two of the other parts are given, the 
triangle may he constructed, and the remaining parts computed. 

Six different cases may arise. There may he given, 

I, The hypothenuse and one side. 
II. The hypothenuse and one oblique angle. 

III, The two sides about the right angle. 

IV. One side and its adjacent angle. 
V. One side and its opposite angle. 

VI. The two oblique angles. 

All of these cases may be solved by the aid of the formnlas in 
Table V, or by the use of the principles given in the preceding 
article. As these principles are easily remembered and conveniently 
applied (o each, case, we will take the latter method. 

As in Plane Trigonometry, before applying logarithms to the 
formulas, the radius of the table of logarithmic sines, &c., must he 
introduced, or the formulas made homogeneous, Art. (41). 

I. The hypothenuse and <me side being given. 

79. Let a and h be given. 

To compute e. The circular parts con- 
sidered wiil then he comp. a, b and c, comp. a 
being the middle part and the eatremes 
opposite, we have from the first of Na- 
pier's rules, 
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S eos a 
coa a — e(is 6 cos c, or cos c ^^ — — ^— , 

C03 b 

after iniroducing the radius. Applying logarithms, 

log cos c := a, clog eos b — 10 -\- log eos a + logS, 

log cose = a. clog cos 6 + log cos a . . . (1), 

which will give but one value for c, and this will be less or greater 
than 90°, according as a and 6 arc of the same or different species. 
First priQciplo, Art. (75). 

To compiUe B. The circular parts considered will be comp. a, b 
and comp. B, h is the middle part and the extremes are opposite. 
The same rule as above gives 

,mS = si«o,m4 or =mJ^ -^'"'. 

whence, by the application of logarithms, 

log sin £ = a . c . log sin « + log sin 5 . . . (2), 

which will give two values of B, supplements of each other. One 
only can be used, and there will be but one solution, since B must 
be of the same species as 6. Fifth principle, Art. (75). 

To compute C. The circular parts considered will be eomp a, b 
and comp. 0. The latter will be the middle part and the extromea 
adjacent. The second of Napier's rules gives 

Applying logavilhras we obtain 

log cos C ^ log cot M + iog tan 5 - 10 . . . (3), 

which gives but one value of C, and this will be of the same species 
as above determined. 

JExample. Let a ^ 105= 17' 29", b ~ %W 47' 11". 
To comj)vie c. Substitute these values in (Ij and we have 
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+ a.c.logcos :i8° 47' 11" . . . 0.108192 
+ log cos 105° 17' 29" . . . 9.421157 



since a and b are o 

To compute B. Sabatitut* the above vaiiiea of a and h in formula 
(2), and we have 

+ o.c.log sin 105= 17' 29" . . . 0.015654 
+ log sin 88" 47' 11" . . . 9.79686 5 

9.8125f9 = log sin B ; 

henc(5 B =: 40" 29' 60" being of the samp species as 6. 

To compile 0. Substitute the above values of a and !/ in formula 
(8), and we obtain 

+ log cot 105= 17' 29" . . . 9.436811 
+ log tan 38° 47' 11" . . . 9.005055 
- 10 9.34186G = log cos 0, 

hence C= 102' 41' 33", since c > 90°. 

80. By the application of the same rules each of the other five 
eases may be solved. We give an example of each case. 

2. Let a. = 86° 51', £ = 18° 03' 32". 

Ans. b = 18° 01' 50", c = 86° 41' U", 0= 88° 58' 25". 

3. Let b = 155° 27' 54", c = 29° 46' 08". 

Ans. a ^ 142° 09' 18", B^ 137° 24' 21"^ C~ 54° 01' 16". 

4. Let c - 78° 41' 35", B = 2^° 17' 33". 

Ans. a = 92° 42' 17", 6 = 99° 40' SO", = 73° 54' 47". 

5. Let 6 = 115° 20; , .B = 91° 01' 47". 

_j 64° 41' 11", _ (177° 49' 27", (177°35'36". 

Ans. a^ j ^^^, ^g, ^g,,^ c - ^ ^o lo' 33", "" 1 2° 24' 24" 



...uv.uOglc 




98 SPHEKIUAL T EI G O N ME T E Y. 

6. Let _B = il" 13' i3", C = 126= 40' 24". 
Ans. a = 133= 32' 26", 6 = 32° 08' 56", c ^ 144'' 27' 03". 

Solulioji of Quadrantal Trianffles. 

81. ^ quadrantal triangle is a spherical triangle having one of its 
sides equal to 90". 

Let ^'5'C'be a qaadranfai triangle 
having the aide a' =. 90^. Then for 
the polar triangle ABG we have 

A = ISO" -a% B= 180° — 6', 

a = 180= ~A', h= 180' - B', 

C=180= -c', c = 180" - C. 

Since ra' ~ 90°, A ~ 90° and the polar triangle ABG will be a 
right-angled triangle. 

If either two parts of the quadrantal triangle be given, the cor- 
responding parts in the polar triangle become known by the above 
equations, and the remaining parts may be calculated as in the pre- 
ceding articles. The vaiiiea thus deduced being substituted in the 
above equations, will give' the unlinown parts of the given quadran- 
tal tri»)gle. 

Example. Let B' = 75° 42', c' = 18° 37' ; 

3^104° 18' (7=161° 23'. 

from which «, c and B may be computed as in case IV"., Art. (78), 
and these being found, A', 0' and h' may be at once deduced, and 
the quadraotal triangle thus completely solved. We thus find 

A' ~ 103° 34' 49" ; C = 18° 04' 40"; b' = 85= 28' 39". 



Solution of OhUque-anglpd Spherical Triangle. 

82. Before proceeding to the solution of practical examples of 
oblique.angled spherical ti'ianglps, it is of importance to lemember 
the following principles, which arc of great assistance, not only in 
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enabling us lo verify tlie accuracy of our computations, but also in 
determining whetiier a part or all the values computed are true 
solutions of the case under consideration, 

X. In mery spherical triangle considered, each fart in less than 
180°. 

II. T/ie sunt of the sides is kss than 360°. 

III. The mm of the angles is greater than 180° and less than 540". 

IV. The greater side is opposite the greater angle, and the reverse. 

V. ^ck side is less than the sum of the other two. 

VI. By the third of the above principles, we have 

A + B-i- C> 180°, 
whence 

A > 180" - [B+ C). 

If J}-\- (7 exceeds 180°, we have from the polar triangle of ABC, 
by the fifth principle, 

a'<h' + c', 
180" -A< 180° ~B+ ISO" - C, 
-A< 180" - (B+ C), 
A> B+ C~ 180', 

that is : S!Mh angle is greater than the difference between 180" ia%d 
the sum of the other two. 

VII. By formula (4), Art. (66), 



If cos S > cos ffl numerically, then since cos c < 1 we have 

and the sign of the numerator of the value of coa B will be the 
same as that of cos i, and since the denominator is positi^-t, the sign 
of cos B will be the same as that of cos &, that is, B and h will be 
of the same species. But if cos, 6 is numerically greater thaa cos a, 
b differs more from 90° than a, that is : A side which differs more 
from 90° than another side is of the same species as 
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VIII. From formula (2), Art. (67), we have 

^ cos B + cos A cos O 

** — ^i^;^nrir^ — ■ 

in which, if cos B > cos A, numerically, the sign of cog b must be 
the same as that of cos S, and b and B must be of the same species. 
But if cos B ]> cos A, B differs more from 90° than A, that is : An 
anffle which differs more from 90° ihan another angle, muit be of the 
tame species as ils opposite side. 

IX. In every spherical triangle, since two of the sides must differ 
more from 90° than the third side, tl/ere must lie, at least, two sides 
which are of the same species as their opposite anyhf! and the reverse, 

X. The first of Napier's Analogies, Art. (73), gives 

cos ^ (ffl + J) tan -I (^ + 5) ^ cot I C cos I {a ~ b). 

The second member of tills equation being positive, since -J (7 and 
J (a — 6) are eai:h less than 90°, the two factors in the first member 
must have the same sign, that is ^ (a + b) and ^ {^A -\- B) must be 
of the same . species ; hence if ^ (a + 6) is less than, equal to or 
greater tian 90°, ^ {A -{- B) wiO be the same, or : If the sum. of 
eithir two sides is less ihan, equal to or greater than 180", the sum of 
their o2>podle angles will be the same. 



83. In the solution of oblique angled triangles six d 
may arise ; viz., there may be given, 

I. Two sides and an angle opposite one of them. 

IL Two angles and a side opposite one of them, 
m. Two sides and their included angle. 
IV. Two angles and theii- included side. 

V. The three sides. 
TI. The three angles. 



I. Two sides and an angle opposite one of them bei 
84. Let ABOh^ the triangle, in which a, & and ^ a 



,,^,uOglc 



To compiUe t/ie 
proportion, 
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we have the 



£ of the 



given c 
given side, i 



apposite the 
■>f the other 
of the given angle i 




angle. By the application of logarithms we have 
e . log sin a + log sin b -f- log sin A~IQ = log s: 



(1), 



an equation which will give two different values of £, the supple- 
ments of each other. 

To ascertain when these values will give one solution to the 
triangle, and when two, we remark, first, that in accordance with 
principle A^I, of Art. (82), if i differs more from 90° than a, it 
must be of the same species as B ; that is. If the side opposite the 
required angle differs more from, 90° than the other given side, there 
can be but owe solution, and we use that value of S which is of the 
same species as 5. 

If b differs lens froj 
expression 



° than a, then cos a > cos 5, and in the 



e may have two values such as to give two different values of cos JB 
equal with contrary signs, corresponding to the values of sin £ 
deduced above, and there will be two solulio, 



For if 

then, since by Art. (65), 

sinfi I 
we must have 



which can only be satisfied when 
two solutions then unite in one, 
AD'C. 



sin S ^ 1, and B = 90°. The 
giving the right-angled triangle 
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If a and 6 are so given that 

sin a < sin i sin ^ 
then as above we must Lave 

sin a < sin a sin £, 

which is impossihle, since, except in the above case, sin ^ < 1. 
There can, thes, in this case, be no solution. 

Hence, if the side opposite the required angle differs less from 90° 
than the other given side, there v>ill be two solutions, one solution, or 
no solution, according as the sine of Uie latter side is greater than, 
equal to, or less than the sine of its op^iosite angle multiplied by the 
sine of the former side. 

If a and 5 are so given Ihat tte side opposite the given angle 
differs more from 90° than the other given side, and is not of the 
same species as its opposite angle, the triangle cannot exist, and there 
can be no solution. Principle Vlll, Art, (82). 

The angle £ being determined, we compute C by the first of 
Napier's analogies, Art. (73), taken by inversion, 

cos^(«-6) : cosi(a + 6) :; tan|(^ + 5) : cot|C; 
whence, 
«.c.Iogcos|(a-6)4-logcosi(a + 5) 

+ 3ogtan^(J+,B)-10= logcot^f . . . (2). 

To compute c we now lake the proportion, 

sin^ : sinC : : sino : sine ... (S), 

which will give two Talues of c. That one only can be used which 
is in accordance with the principles of Art, (82). 



e 1. Let 

a = i3= 27' 36", b ^ 82° 58' 17", A = 29" 32' 29". 

Substituting these values in formula (1), we have 
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logs 


n 43= 


27' 36" . 


. . 0.162508 


logs 


n 82° 


58' 17" . 


. . 9.996724 


logs 


n 290 
10 


32' 29" . 


. . 9.692893 




9.852125 



hence, B = 45° 21' 01", or 134° 38' 59", since b differs less 
from 90° than a, and tiere will be two solutions. 

Taking first, S = 45" 21' 01", to compute C, we substitute the 
values of a, h and B in formula (2), and obtain, since 

^ (a 4- 5) = 63° 12' W, \{a~h) = 19= 45' 20" 
and i (^ + B) = 37" 26' 45", 



log COS 19° 


45' 50" . 


. . 0.026344 


log COB 63° 


12' 56" . 


. . 9.653825 


log tan 37° 


26' 45" . 


. . 9.884130 



~ 10 9.564299= Jog cot ^<7i 

hence, G = 139° 43' 30". 

To compute c we use the proportion (3), and have 

+ a. clog sin 29° 32' 29" . . . 0.307107 

+ log sin 139° 43' 30" . . . 9.810539 

+ log sin 43° 27' 36" ... 9.837492 

— 10 9.955138^ log sine; 

hence, c =. 115° 35' 48", since C > 5, c must be greater than 6, in 
accordance with principle IV, Art. (82). 

In the same way the values of C and c for the second value of JS 
may be computed, viz., 

(? ^ 32° 20' 28", c = 48° 16' 18". 

2. Let a = 97° 35', 5 = 27° 8' 22", A = 40° 51' 18". 

Ant. B = 17° 31' 9", C = 144° 48' 10", c = 119° 08~ 25". 



II. Two angles and a side opposite one of them heing given. 

80. Let ABO be the triangle in which A, B and the side <i 
given. To compute 6, we take the proportion. 
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that is, the sine ofihe angU opposite the 
given aide is to the sine 0/ Ike other given 
angle, as the sine of the given side is to 
ike sine of the required side. 

By the application of logarithms, 

a. c . log sin A + log sin B + log sin a - 10 = log sin 6 . . . (1) 

which will give two values for 6. To ascertain when these values 
give only one solufion, and when two, we remark iirst, that, by prin- 
ciple VIII., Art. (82), if the angle B differs more from 90° than A, 
then B and 6 mast be of the same species and there can be but one 
solution; that is; If the angle opposite the required side differs wore 
from 90° than the other given angle there will he but one solution, and 
we use that value of b which is of the same species as B. 
Jf B differs less from 90" than A, then cos ^ > cos B, and in the 



- cos A ( 



3 O 



may have two values, such as to give two different values of co 
equal with contrary signs, corresponding with the two values of si 
deduced above, and there mil be tteo solutions, provided 



For if 



which can only be the case when sin 6 =; 1 and b = 90°, and the two 
solutions unite in one, giving a quadrantal triangle. 



which cannot be, and there can be no solution ; hence : If the angle 
opposite the required side differs less from 90" than the other given 
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angle, there will be two ko. tilions, tine or none, according as the sine of 
the lattei' angle is gi'eatur than, equal to, or leas than the sine of its 
opposite side into the sine of tlie former angle. 

The solution wil! also be impossible when A and S are so given 
that A differs more from 90° than £, and is not of the same species 
as a. Principle VIII., Art. (82). 

The side 6 being now known, we compute c by the third of Na- 
pier's analogies, taken by inversion, thus 

C03-^(^-.S) : cosi{^ + £) ::ta«l{a + 4) : lan^. (2); 

and then the angle Cmay be computed by the proporlion 

sin a : sine ;: sin ^ : sin. 0. ... . (3). 

Emmph 1. Let J ^ 95° 16', B - 80° 42' 10", a = 57° 88'. 

Substituting these values in formula (1), we have 

+ a.c. log sin 95= 16' ... . 0.001837 

+ log sin 80° 42' 10" . . . 9.994257 

+ log sin 57° 38' ... . 9^926671 

_ 10 9.9227C5 - log sin b ■ 

hence b — 56° 49' 57", this being of the same species as B, and 
there being but one solution, since B differs more from 90° than A. 

To complete c we substitute for A, £ and 6 their values in propor- 
tion (2). By the application of logarithms we have 



+ a. C. log COS .- ID ifj 


. . 0.003517 




+ log cos 87° 59' 05" . 


. . 8.546124 




+ log tan 57° 13' 58" . 


. . 10.191352 




10 


8.740993 ^ 


~ log tan ^ c ; 


hence, c ^ 6" 18' 18". 






To compute 0, we use proportion 


1 (3) and obtain 




+ ffl . c . log sin 57° 38' , . 


. . 0.073329 




-i- log sin 6° 18' 18" . 


. . 9.040685 




+ log sin 95° 16' . . 


. . 9,998163 




- 10 


9X12T77 ; 


= log sin 0, 


hence C = 7° 26' 21", since c differ^ 


i more from 90° tha 


m a. Prinoi- 


pie VII., Art. (83). 
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2. Let -4 ^ 50=- 12', ^ = 58" 8', a = 62° 42'. 
Am. b = 79° 12' 10", a :iz 119° OS' 26", C = 130° 6A' 28", 
or h = 100° 47' 50", c - 152' 14' 18", C ^ 156° 15' 06". 

m. XVo sides and their included angU being given. 

86. Let ABC be the triangle in wMch a, h and arc given. 

To compute A and B, we take the 
first set of Napier's analogies, suppos- 
ing 6 to lie the smaller side. 

cos ^ (a + 5) : cos H" - - cot ^ C : tan |. (^ + i?) . . (1), 

Bin H« + ^) : Bin i (a ~ 6) : : cot ^ C ; tan ^ (^ - ^ . , (2). 

By the application of logarithms to these proportions we obtain 

1{A + B) and 1{A-B). 

Adding these Yalues we obtain A. Subtracting the second from the 
first we obtain B. 

li ^{a-\-h) = 90° then also ^ {A ->r B) - 90= Principle X., 
Art. (82). 

To compute c we may use the proportion 

sin ^ (^ - ^) ; sin 1 (^ 4- ^) r : taa ^ (a — i) : tan -1 c . . (3), 



The solution will always be possible whenever the given parts are 
in accordance with principle I., Art, (83). 

Example 1. Leta = 62° 38', 6^ 10° 13' 19", G= 150° 24' 12" 

[n tills case 

^(a+6)=36° 25' 29", ^(ffl-6) = 26° 12' 20", ^ C=75° 12'^ 
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Substituting these values in proportion (I), and applying logarithms, 
we have 

+ o . e . log cos 36° 25' 39" . . 0.094415 

+ log cos 26° 13' 20" . . 9.952897 

+ log cot 75= 12' 06" . . 9.421901 

- 10 9.469213 ^IogUti^(J+£) ; 

hence, ^ {A + B) - 16° U' 51". 

Subatituting the same values m proportion (2), &c., we have 

+ a . c . log sin 36° 25' 39" . . 0.226356 

+ log sin 26= 12' 20" . . 9.645022 

+ log cot 75° 12' 06" . . 9-421901 

— 10 9.293279 = log tan ^ {A~B). 

hence H-^ - -S) = H" 06' 53". 

Adding this to the value of ^ {^ -i- B), and then subtracting if, 

we have 

A := 27= 31' 44", 5 = 0° 17' 58". 

Computing c by proportion (3) we have 

+ O.C. log sin 11° 06' 53" . . 0.714952 

+ log sin 16" 24' 51" . . 9.451139 

+ log taJi 26= 12' 20" . . 9.692125 

.- 10 9.858216 = log tan .^ c ; 

hence c - 71° 37' 06". 

2. Let a - 68° 46' 02", b = 37° 10', = 39° 23'. 

Ans. A z= 120° 59' 47", B =: 33° 45' 03", c = 43° 37' 38". 



IV. Ihiio angles and their included side being given. 

87. ABCh&m% the triaagle, let A, B and c be given, B being the 
smaller angle. 

To compute a and b, we take the second set of Napier's Analogies, 
eos\{A + B) : coil{A-B) -.-.Uin \c : ts.n^ia+b) . (1), 
sin ^ (^ + 5) : sin i (^ ~ B) : : tan ^ c : tan ^ (a ~ ft) . (2). 
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from which a and h may be determined as A and B were detei-mined 
in the preceding artiole. 

If ^ {A+B) - 90°, then ^ (a+Sj^OO". Principle X., Art. (82). 

To compute C, we may use llie proportion 

Ein^Ca^b) ismi;{a + b) •.■.tmi{A-B) : cot^C . . (3) 

or otherwise 

sin a I sin c : : sin ^ : sin G . . . (4), 

and the solution is always possible iShen the given parts are in ac- 
cordance with principle I. 

£s. 1. Let A = 81= 3S' 20", B = 70° 09' 38", c =59° IG'22". 

Jns. a = 70O 04' 17", b - 63° 21' 27", C = U° 46' 24". 

2. Let A = 34° 15' 03", B = 42o 15' 13", e tt 76" 35' 36". 

Ans. a = 40° 0' 10", b = 50" 10' 30", C = 121° 36' 12". 



88. It win be observed that, in each of the two preceding cases, 
one of the required parts may be computed by using either one of 
the proportions (3) or (4). It will be found, however, that the 
results obtained from these proportions will frequently differ by 
several seconds. This discrepancy is due to the fact that the loga- 
rithmic sines of arcs, differing but little from 90°, change very little 
as the are changes, and that arcs differing by several seconds often 
have the same logarithmic sine. A very slight error in the eompu 
tation, caused by the omission of the decimal places to the right of 
those used, may, for such ares, cause an error of several seconds. 

The same is true for the logarithmic cosines of arcs differing little 
from 0. 

The student should, therefore, as far as possible, in his computa- 
tions, avoid the use of these logarithms. 



V. The three sides heing given. 

89. Let ABC be the triapgle in which a, b and c are given. 
To compute either angle as A, wc take the formula of Art. (69), 
after introducing the radius R, 
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By the application of logarithms to this, we have 
logi! + iPogdn}, + log .in (J, - .) 

+ a . c . log ain 5 + a . . log sin c — 20] ^ log cos ^ J, 

or, since log -fi - 10 ~ ^20, 

i[log,inl, + log.in(J»-a) 
+ «...logsin4 + «...log>ino]=logcoai^ . . (1). 

In the same way we may find B and C, and the solution is always 
possible when the given sides fulfil the requirements of priaciples I, 
11 and V, Art. (82). 



e 1. Let « = 74"23', 6 = S5° 46' 14", e^ 100° 39'. 
Substituting these values in formula (1), we have, since 

J« = 105° 24' 07", and \s-a- 31° 01' 07", 

+ 

+ 



logs 


n 105- 24 


07" . 


. . 9.984116 




logs 


n sroi 


07" . 


. . 9.712074 




«.».logs 


n 35=46 


14" . 


. . 0.233185 




o.c.logs 


n 100° 39' 




. . 0.007546 






2 




)19.936921 
9.968460 :^ 


log 


A = 13' 


08' 46". 









To compute B, we put B for A, b for a, and a for h, in formula (1), 
and have, since ^-s - t = 69° 37' 53", 



+ 


loS 


in 105" 24' 07" . 


. . 9.984116 




+ 


log 


in 69° 37' 53" . 


. . 9.971958 




+ «. 


■ los 


in 74° 23' 


. . 0.016336 




+ a. 


..log 


in 100° 39' 


. . 0.007546 








2 


)19.979956 
9.989978= 


log cos A ff 



hence, B= 24° 31' 26". 
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To compute C, we put (7 for A, c for a, and a for c, in fornmla (J), 
and have, since ^ ^ — c = 4° 45' 07". 



+ 


log sia 103° 24' 07" . 


. . 9.984116 


+ 


log sin 4° 45' 07" . 


. . 8.918250 


+ a. 


c . !og sin 74° 23' 


. . 0.016336 


+ a. 


clog sin 35=46' 14" . 


. . 0,233185 


-^ 


2 


)19.151887 



9.67o943 =logeosi 0% 
hence, ^ 135= 44' 50". 



2. Let a = 56" 40', b = 83= 13', e — 114" 30'. 
Ans. A = 48° 31' 18", B = 62° 55' 44", = 125° 18' 56". 



VI. The three angles heiny given. 

90. If A, B and are given, to compute either side, a 
take foi-mula (2), Art. (72), 



.R^- 



sin ^ Bin C 



from which by the application of logarithms as in the preceding 
article, we obtain 

^ [log cos (1 5 - S) + log cos (IS~G) 

+ a. clog sin B+ a. clog sin C] ^ log cos la. 

From which a may be computed, and in the same way both of tEie 
oliier sides, and the solution is always possible when the given an- 
gles conform to principles I, II and VI. 

Example 1. Let 

A = 48° 30', £ = 125° 20', = 62° 54'. 

Am. a = 56° 39' 30", 6 = 114° 29' 58", c = 83° 12' 06". 

2. Let ^=109° 55' 42", 5=116° 38' 33'', (7^120° 43' .37". 
Ans. a^ 98° 21' 40", i=109° 50' 23", c^ll5° 13' 28". 
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1. MensurA-tion is that branch of mathematics ivhich embraces 
every operation employed in determining the measures of all the 
geometrical magnitudes. 

We defermine the area, or contents of a surface, by finding how 
many times the given surface contains some other surface, assuined 
as the unit of measure. Thus, when we say that a square yard con- 
tains square feet, we should uuderstand Ibat one square foot is 
taken as the unit of measure, and that this unit is contained 9 times 
in the square yard. 

2. The most convenient unit of measure for a given surface, is a 
square wljose side is the linear unit. Thus, if the linear dimensions 
are expressed in feet, it will be most convenient to express the area 
in square feet ; if the linear dimensions are yards, it will be rcicet 
convenient to express tl e area m squaie yaidi &,c 

8, We have already teen that the teim rectangle or product of 
two lines, designates the lectangle eonsttucted en the Imes as "fidLS 
(b. IV., F. 4, a. 2); and that the numeiieal valie of this product 
expresses the number of timea whii,b the rectinj,le conlans its nnit 
of measure. . 

4. To find the area or contents of a square, a rectangle, or a 
parallelogram. 

Multiply the iase by the altitude, and the product will be the area or 
contents (b. iv., p. 5). 
.Ec. 1. To find the area of a parallelogram, the base being 12.25, 
and the altitude 8.5. Ans. 104.125. 

2. What is the area of a square whose side is 204.S feet ? 

Am. inS8.i9sq.Ji. 

3. What are the contents, in square yards, of a rectangle whose 

base is 66.3 feet, and altitude 33.S feet? Ans. 245.31 «?-tf*^,)i;)Q[e 
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4. To find the area of a rectangular board, whose leiigth is 12j 
feet, and breadth 9 inches. Ans. 9|- sq.Ji. 

5. To find the number of square yai-da of painting in a paralielo 
gram, whose base is 87 feet, and altitude 5 feet 3 inches. Ans. Sly'^. 

5, To find the area of a triangle. 



When the base and altitude are given. 

MuUipht the base h] the altitude, and take half the product. Or, mul 

tiply one of these dimensions by half the other {b. iv,, p. 6). 

Ex. 1. To find the area of a triangle, ivhose base is 625, and aiti 
tude 520 feet. Ans. 162500 sq.ft. 

2. To find the number of squnre yards in a triangle, ivhose bas( 
is 40, and altitude 30 feet. Ans. 66|. 

3. To find the number of square yards in a triangle, whose base 
ii 49, and altitude 25^- feet. Ans. 08.7361. 



6. When two sides and their included angle are given. 
Add together the logarithms of 
of their included angle; fron 
radius, which is 10, and tk 
double the area of the triangle. Find, fr 
answering to this logariiJim, and divide it i 



1 which there 



the required area. 

Let 5J C be a triangle, 
are given BA, BO, and the included angle B. 

From the vertex A, draw AD perpendi- 
cular to the base BG, and represent the 
of the ti-iangle by Q. Then (Trig. Th. I.), 



! two sides and the logarithmic sine 

his sum subtract the logarithm of the 

•emainder will he the logaHthm of 

I the table, iJie number 

2 ; the quotient will he 




R 



BA- 



hence, by substituting for AD it 
„ BOX BA X sin £ 



.r 2Q = 



BOX BAxs 



:i...db,.CoOgIc 
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Taking the logarithm of both members, we have, 

log2Q = log BO + }og-BA + log sm B — log S, 
which proves the rule as enunciated. 

S!3!. 1, "What is the area of a triangle whose sides are, BO— 
BA = 57.65, and the included angle B = 57° 25'? 



Then, log 2 e ^ 



+ log BO 125.81 2.090715 

+ logBA 57.65 1.760799 

+ log sin .S 570 25' 9.925626 

-log^ ■ ■ " 10- 



log2Q 3.786140 

and 2 — 611 1.4, or Q = 3055.7, the required area. 

2. What is the area of a triangle whose sides are 30 and 40, and 
their included angle 28° 57' ? Ans. 290.437. 

3. What ia the number of square yards in a triangle of which the 
Bides are 25 feet and 21.25 feet, and their included angle 45° ? 

Ans. 20.8694. 

CASE III. 

7. When the three sides are known. 

1. Add the three sides toffelher, and take half their sum : 

2. From this hay^-sum subtract each side separately : 

3. Multiply together the half-sum and each of the three remainders, and 
the product wiU he t/ie square of the area of the tnangle. Then, 
extract the square root of iMs product, for the 7-equired area : or, 

4. After having ohtained the three remainders, add together the loga- 
rithm of the half-sum and Ike logarithms of the respective remainders, 
and divide their sum by 2 : the quotient will he the logarithm of the 

Let ABC be a triangle : and denote the 
ajea by Q : then, by the last case, we have, 

Q = ijbcx sin A. 
But, we have (Plane Trig., Art. 78), 

sin ^ = 2 sin ^ ^ cos J j1 ; 
hence, Q ~ be sia^ A cos ^ A. 

By substituting in this equation the values of fin ^ A, and cos ^ A, 
found in Art. 47, Plane Trigonometry, we obtain, 
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Ex. 1. To find the area of a triangle whose three sides 20, SO, 
and 40. 

20 45 45 45 half-sum. 

30 ^ _30 40 

40 25 1st rem. IF 2d rem. "5 3d rem. 

2)90 
45 half-sum. 

Then, 45 X 35 X ]5 X 5 = 84375 ; 

the square root of wbicli is 290.4737, the required area. 

2. How many square yards of plastering are there in a triangle 
whose sides are 30, 40, and 50 feet ? Am. 66f. 

8. To find the area of a trapezoid. 

Add together the two parallel sides ; then Tnidtiply their sum, by the 

altitude of the trapezoid, and half the product will be the required 

«™(B.IT.,P.7). 

Sx. 1. In a trapezoid, the parallel sides are 750 and 1225, and 
the perpendicular distance between them is 1540 : what is the area ? 
Ans. 152075. 

2. How many square feet are contained in a plank, whose length 
is 12 feet 6 indies, the breadth at the greater end 15 inches, and at 
the lesser end 11 inches? Ans. 13i| sq.ft. 

3. How many square yards are there in a trapezoid, whose parallel 
Bides are 240 feet, 320 feet, and altitude 66 feet? Ans. 20S3i. 

9. To find the area of a quadrilateral. 
Join two of the angles by a diagonal, dividing the quadrilateral into 
two triangles. Then, from each of the other angles lei faU a per- 
pendicular on the diagonal .• then mvMiplg the diagonal by half the 
sum of the two perpendiculars, and the product will le the area. 

Mx. 1. What is the area of the quadri- 
lateral A£OI>, the diagonal AC being 42, 
and the perpendicular Dg, Bb, equal to 18 
and 16 feet ? Ans. 714 sq.ft. 

2. How many square yards of paving 
are there in the quadrilateral whose diago- 

nal is 65 feet, and the two perpendiculai's let fall on it 28 and 33^ 
feet ? Ans. 222^. 
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10. Tc find the a 



a irregular polygon, 
I>raw diagonals dividing the proposed polygon into trapezoids and 

triangles. Theiijind ike areas of these jigurcs separately, and add 

them together for the contents of the whole polygon. 

Ex. 1. Let it be required to determine 
tlie contents of the poljgOQ ABODE, 
having five sides. 

Let us suppose that we have measured 
the diagonals and perpendiculars, and found 
AC^ 86.21, EC = 39.11, Bb = 4, Bd 
= 7.26, Aa = 4.18 : required the area. 




II. To find the a 



Ans. 296.1292. 
r figure, bounded on oa 



1. At the 

of the Jiff i 

2. Add U 

exVmme 



f a long and irregular 

Bide by a riglit line. 

ts of ike right line, measure the perpendicular breadths 

e ; then divide the line into any number of equal parts, 

ireadfh at each point of division, 
ler the intermediate hreudths and luxlf ike sum of the 
'S ■■ then multiply this sum by one of the equal parts of 
the base line: the product will be the required area, very nearly. 
Let AEea be an irregular figure, having ^ 

for its base the right line AE. Divide AJE 
into equal parts, and at the points of div 
A, B, C, B, and ^..erectthe perpendiculars 1^ ^ ^- 
Aa, Bb, Oc, Dd, Ee, to the base line AE. and desigi 
respectively by the letters a, 6, c, d, and e. 
Then, the area of the trapcKoid ABba — - 






- X AB, 



the a 



a of the trapezoid BCcb -. 
a of the trapezoid OBdc ■ 



h + c 



< SO, 



: OB, 



and the art 
hence, (heir si 



I of the trapezoid BEed = 



a of the whole figure, 
c , c + rf , d + e\ 



since AB, BO, &c., are equal to each othi 
equal to 

which corresponds with the enunciation of the rule. 



X DE; 
is equal to 
) kab, 

But this sum 



■ ooglc 
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Ex. 1. The breadths of an irregular figure at five equi-dutant 
places being 8.2, 7 A, 9.2, 10.2, and 8.6, and the kngth of the base 
40 : required the ai'ea. 



10 on 


a of the equal parts. 


)f the extremes. 




35.2 sum. 




10 




352 = area. 





2. The length of an irregular figure being 84, and the b 
six equidistant places 17.4, 20,6, 14.2, 16.5, 20.1, and 24.4 : what ia 
the area? Ans. 1550.64. 

12. To find the area of a regular polygon. 
Multiply half ike perimMer of ike polygon by the apothem, or perpen- 
dicular let fall from the centre on one of the sides, arid the product 
wiU he the area required (b v p B) 

Eemaek I. — The following vt the minner of determining the per- 
pendicular, when one side ind the number of sides of the regular 
polygon are known 

First, divide 3b0 degrees by the number of sides of the polygon, 
and the quotient will be tlie ingle at the oenlre that is, the angle 
subtended by om, of the equal sidei Divide th s angle by 2, and 
half the angle at tl e centre will then be known 

Now. the line diawn Jrom ihe centre to in ingle of the polygon, 
the perpendicular let fall on one of the equal bides, and half this 
side, form a right angled tn^n^le mnhi hthereiicknowntlieba.se, 
which is half the side of the polygon, and the angle at the vertes. 
Hence, the pcrpendiLubr can be determined. 

Ex. 1. To find the area of a regular hexa- 
gon, whose sides are 20 feet each. 

° = A GB, the angle at the centre. 
" ^i: AGD, half the angle at centre. 
GAB = 9i(f - AGD~ 60" ; 
AD = 10. 
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Then, G-D^ADxUinA=^lQx tan 60-= {Trig. Art, 31). 

+ log 10 . . . 1.000000 P 

+ log lan 60° . 10.23 8561 

-10 1.238S61 = ]og CD; 

hence, OB ^ 17.3205. 

Perimeter ^ 120, and half the perimeter = 60. 

Then, 60 X 17.3205 = 1039.23, the area. 



2. What is the area of an octagon whose side if 



. 1831.36886. 



Remakk II. — The area of a regular polygon of any number of 
sides may also be easily calculated by the following method : 

Let llie side of each of the regular polygons be denoted by 1, and 
let the area of each be calculated aad arranged in the following 



Triangle, . 


"»• 


. 0.4330127 


Octagon, . 


"- 


, 4.8384271 


Square, . 


4 . 


. 1,0000000 


Nonagon, 


9 


. 6.1818348 


Pentagon, 


6 . 


. 1,7304774 


Decagon, . 


10 


. 7.6943088 


Hexagon, 


t> . 


. 3,5980763 


Undeoagon, 


11 


. 9.3656399 


Heptagon, 


7 . 


. 3,6339134 


Dodecagon, 


la 


. 11.1961524 



Now, since the areas of simple polygons are to each other as the 
squares of their homologous sides (b. rv., p. 27), we have, 

1^ ; any side squared : : tabular area ; required area. 
Hence, to find the area of any regular polygon, 

1. Square the side of the polt/gon ! 

2. Then multiply that square hy the tabular area set opposite ike poly- 
gon of the same number of sides, mid the product will be tlie required 



Ex. 1. What is the area of a regular hexagon, whose side is 20? 
20^ = 400, tabular area = 2.5980762. 
Hence, 2.5980762 X 400 = 1039.2304800, as before. 

2. To find the area of a pentagon whose side is 25. 

Ans. 1075.298375. 

3. To find the area oi a decagon whose side is 20. 

Ans. 3077.68352. 
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13. To find the circumference of a circle, when the diameter is given ; 

or the diameter, when the circumference is given. 
Multiply the diameter hy 3.1il6, and the product will be the circum^ . 

ference ; or, divide the circumference by S.1416, and the quotient 

wiU be the diameter. 

It is shown (b. v., p. 16, s. 1), that the circumference of a circle 
whose diameter is 1, is 3.1415926, or 3,1416, nearly. But, since the 
circumferences of circles are to each other as their radii or diameters, 
we have, by calling the diameter of the second circle d, 

1 : d : ; 3.141C : circumference; 
hence, d X 3.1416 = circumference. 

, circumference 



Hence, also, 



3.1416 



Use. 1. What is the circumference of a circle whose diameter is 
25? Ans. 78M. 

2. If the diameter of the earlh is 7921 miles, what is the circum- 
ference ? Ans. 24884.6136. 

3. What is the diameter of a circle whose circumference ia 
11652.1904? ^M. 37.09. 

4. What is the diameter of a circle whose circumference is 6850 ? 

Ans. 2180.41. 

14. To find the length of an arc of a circle containing any number 
of degrees. 

MuUi^'ly the number of degrees in the given arc by 0.0087266, and 
the product by the diameter of the circle. 

For, since the circumference of a circle whose diameter is 1, ia 
S.1416, it follows, that if 3.1416 be divided by 360, the quotient will 

be the length of an are of 1 degree ; that is, ' = 0.0087266 

= arc of one degree, to the diameter 1. If this be multiplied by 
the number of degrees in a given arc, the product will be the length 
of that arc in the circle whose diameter is 1. If this product be 
then multiplied by the diameter of any circle, the product will b© 
the length of the arc in that circle. 



Eemahk. — When the arc contains degi'ees and minutes, reduce 
the minutes to the decimal of a degree, which b done by dividing 
them by 60. 
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Ex. 1. To find the length of an arc of 80 degrees, the diametey 
being 18 fuet. Ans. 4.712364. 

2. To find the length of an arc of 12° 10' or 121°, the diameter 
being 20 feet. Am, 2.123472. 

3. What is the length of an arc of 10° 15', or 10i°, in a cir.fe 
whose diameter is 68 ? Am. 6.082396. 

15. To find the area of a circle. 

1. Mvkiply the circumference bt/ half the radius (b. v., p. 15). Or, 

2. Multiply the square of the radius by 3.1416 (b. v., p. 16). 

Ex. 1. To find the area of a circle whose diameter is 10, and eir- 
cnmference 31.41S. Ans. 78.54. 

2. Find the area of a circle whose diameter is 7, and cii-ciimfer- 
ence 21.9912. Ans. 38.4846. 

3. How many square yards in a circle whose diameter is 3^ feet? 

Ans. 1.069016. 

4. What is the area of a circle whose eircomference is 12 feet ? 

Ans. 11.4595. 

16. To find the area of a sector of a circle. 

1. MyJtiplytke arc of ^e sector by half the radius (b. v., p. 15, c). Or, 

2. Oompute the area of the whole circle: then say, as 360 degrees 
is to the degrees in the arc of the sector, so is the area of the whole 
circle to the area of the sector, 

Ex. 1. To find the area of a circular sector whose arc contains 18 
degrees, the diameter of tlie circle being 3 feet. Ans. 0,35343. 

2. To find the area of a sector whose arc is 20 feet, the radius 
being 10. Ans. 100. 

3. Required the area of a sector whose arc is 147° 29', and radiua 
25 feet. Ans. 804.3986. 

17. To find the area of a segment of a circle. 

1. Find the area of the sector having the same arc,h/ the last problem: 

2. Find the area of the triangle formed by ike chord of the segment 
and the two radii of the sector : 

3. 17ien add these two together, for the answer, when the segment is 
greater than a semicircle, and subtract the triangle from the sector, 
when it is less. 
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Ex. 1. To find the area of the segment 
AOB, ils choi'd AB being 12, and the radius 
EA, 10 feet, 
is EA 10 arith. comp, 9.000000 

■.AD 6 0.778151 

: : Bill i> 90= 10.000000 

: sin AED 36° 52' ^ S6.87 9.778151 




73,74 — the degrees in the arc ACB. 

Then, 0.0087266 X 73.74 x 20 = 12.87 =: arc ABC, nearly. 

5 

64.35 - ^K3.EACB. 

Again, y/EA^ — Alfi = -v/lOO — 36 ^ t/U ^?,^ ED; 
and, 6 X 8 ^ 48 = the area of the triangle EAB. 
Hence, sect. EACB - EAB = 6i.S5 - 48 = 16.35 = ACB. 



2. Find the area of the segment whose height is 18, the diameter 
of the circle being 50. Ans. 636.4834. 

8. Required the area of the segment whose chord is 16,_ the 
diameter being 30. Ans. 44.764. 

18. To find the area of a circular ring ; that is, the area included 
between the circumference of two. circles which have t 
centre, 

1. Take the difference hetioeen the areas of the two cireh$: Or, 
3. Subtract lite square of the less radivs from the square t^ 
greater, and muliiply the remainder hy 3.1416. 



For, the area of ,the Iniger 
and of the smaller . . . 



Thejr difFerei 



rthe 



a of the r: 



. (i;^-r> 



Ex. 1. The diameters of two concentric circles being 10 and fi, 
required the area of the ring eontiuned between their circumfur- 
ences. Am. 50.9656. 

2. "What is the area of the ring, when the diameters of llie circles 
are 10 and 20? ^n.s. 235.62. 
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MENSUfiAlION OF VOLUMES. 



1. Mensuration of Volumes is divided iDfo two parts : 

First. To measure the contents of their surfaces ; and, 
Second. To measure the consents of their volumes. 

2. We have already seen, that the unit of measure for eveiy plane 
Burface is a square whose side is the unit of length. 

A curved line, when expressed by numbers, is also referred to * 
unit of length, and its numerical value is the number of times which 
the line contains its unit. If, then, we suppose the linear unit to be 
reduced to a right line, and a square constructed on this line, this 
square will be the unit of measure for curved surfaces. 

3. The unit of volume is a cube, the face of which is equal to the 
superficial unit in which the sui-face of the volume ts estimated, and 
the edge is equal to the linear unit in which the linear dimensions 
of the volume are expressed (b. vii., p. IS, b. 1). 

The following is a table for the measuremeut of volume : 

1728 cubic inches = 1 cubic foot. 
27 cubic feet == 1 cubic yard. 
4492^- cubic feet = 1 cubic i-od 

OF POLYEDE0N3, OR, SUEFACES BOUNDED BT PLANSa. 

4. To find the surface of a right prism. 
imdfijilff the perimeter of (he base hy the altitude, and the product will 

he the convex surface (b.vii., p. 1). To this add the area of the 

two bases, if the entire surface is required. 

Ex. 1. To find the surface of a cube, the length of each side being 
20 feet. Ans. 240bsq.fi. 

2. To find the whole surface of a triangular prism, whose b.ise is 
an equilateral triangle, having each of its sides equal to 18 inches, 
and altitude 20 feet. Ans. 91.949 sq.ft. 
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3. Wliat must be paid for lining a rectangular cistern with lead, at 
2d. a pound, the thickness of the lead being such as to i-equire 7iSs. 
for each square foot of surface ; the inner dimensions of the cistern 
being as follows, viz. : the length 3 feet 2 inches, the breadth 2 feet 
8 inches, and the depth 2 feet 6 inches ? Ans. 21. 3s. 10|rf. 

5. To find the surface of a right pyramid. 

Multiply ike perimeter of the base by hrilfilik slant height, and the 
product will be the convex surface (b. VII., P. 4) : to this add the 
area of the base, when the entire surface is required. 

Ex. 1. To find the convex surface of a right triangular pyramid, 
the slant height being 20 feel, and each side of the base 3 feet. 

Ans. 90 sq.ft. 

2. What is the entire surface of a right pyramid, whose slant 
height is 15 feet, and the base a pentagon, of which each aide is 25 
feet? Ans. 2012.798 s^./C 

6. To find the convex surface of the fi-ustum of a right pyramid, 

Mvkiph) the half sum of the perimeters of the two bases by the slant 
height of the fruslum, and the product will be the convex surface 

(B. TIL, P. 4, O). 

Bx. 1. How many square feet are there in the convex surface of 
the frustum of a square pyramid, wliose slaat height is 10 feet, each 
side of the lower base 3 feet 4 inches, and' each side of the upper 
base 2 feet 2 inches? Ans. 110 sq.ft. 

2, "What is the convex surface of the frustum of an heplagonal 
pyramid whose slant height is 55 feet, each side of the lower base 8 
feet, and each side of the upper base 4 feet? Ans. 2310 sq.ft. 

7. To find the contents of a prism, 

1. Find the area of the base. 

2. MuUiply the area of the base hy the altitude, and the product will be 
the contents of the prism (b. Vii., P, Xiv), 

jEk, 1. What are the contents of a cube whose aide is 24 inches ? 
Am. 13824 cu. in. 

2. How many cubic feet in a block of marble, of which the iengtli 
Is 3 feet 2 inches, breadth 2 feet 8 inches, and height or thickness 2 
feet 6 inches ? Ans. 21^. 
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S, How many gallons of water, ale measure, wili a cistern contain, 
whose dimensions are the same as in the last example. Ans.l2d^. 

4. Required the contents of a triangular prism, whose height is 
10 feet, and ihe three sides of its triangular base 3, 4, and 5 f^-el. 

Ans. 60. 
8. To find the contents of a pyramid. 

Multiply the area of (he base hy one-fMrd of the altitude, and the pro- 
duct will be ike contents (b. viz., p. 17). 
£h;. 1. Required the contents of a square pyramid, each side of 
its base being 30, and the altitude 25. Ans. 7600. 

2. To find the contents of a triangular pyramid, whose altiiude is 
30, and each side of the base 3 feet. Am. 38.9711 cu.ft. 

3. To find the contents of a triangular pyramid, its altitude being 
14 feet 6 inches, and the three sides of its base 5, 6, and 7 feet. 

Ans. 71.0852 cu. ft. 
i. What are the contents of a pentagonal pyramid, its altitude 
being 12 feet, and each side of its base 2 feet? Ans. 27.5276 cu.fl. 

5. What are the contents of an hexagonal pyramid, ivhose altitude 
is 6.4 feet, and each side of its base 6 inches ? Ans. 1.38664 cu. fi. 

9. To find the contents of the frustum of a pyramid. 
Add together the areas of the two bases of the frustum, and a mean 

proportional between them, and then multiply the sum by one-third 

of ike altitude (b. vii., p. 18). 

Ex. 1. To find the number of cubic feet in a piece of timber, 
whose bases are squares, each side of the lower baae being 15 inches, 
and each side of the upper base 6 inches, the altitude being 24 feet. 

Ans. 19.5. 

2. Required the contents of a pentagonal frustum, whose altitude 
is 5 feet, each side of the lower base 18 inches, and each side of the 
tipper base 6 inches. Ans. 9.31925 cu.ft. 



10. A Wedge is a solid bounded by five 
planes: tiz., a rectangle, ABVD, called 
the base of the wedge ; two trapezoids 
ASHG,DCHG, which are called the sides 
of the wedge, and which intersect each 
other in the edge GH; and the two trian- 
gles GDA, HGB, which are called the ends 
(rf the wedge. 
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"Wlien A£, the length of the base, is equal to GN, tte trapezoids 
ABHG, BGI-IG, become parallelograms, and the ivedge is then one- 
half the pai'allelopipedon degeribed on the base ABCD, and having 
the same altitude with the wedge. 

The altitude of the wedge is the perpendicular let fall from any 
point of the line GH, on the base ABOB. 

11. A Rectangle Prismoid is a volume resembling the frustum 
of a quadrangular pyramid. The upper and lower bases are rect- 
angles, having their corresponding sides parallel, and tlie convex 
surface is made up of four trapezoids. The altitude of the prismoid 
b the perpendicular distance between its bases. 




TO FIND THE CONTENTS OF THE WEDGE. 

Let L ~ AB, the lengtk of the 
base, I 7= 6H, the length of the edge, 
h = SO, the breadth of the base, 
h =^ -PG, the altitude of the wedge. 

Then, L - I - AB - GH = AM. 

Suppose AB, the length of the base, 
to be equal to GH, the length of the 
edge, the volume will then be equal 
to half the parallelopipedon, having 
the same base and the same altitude (b. ' 
volume will be equal to ^Ui (b. vii., p. 14). 

If the length of tie base is gi'eater than that of the edge, let a 
section MNG be made pai'allel to the end BCff. Tlie wedge will 
then be divided info the triangular prism BCH~G, and the quadran- 
gular pyramid G-AMIifD. 

Then, the volume of the prism, — \hhl; 

the volume of the pyramid ^r ^hh [L — 1} ; 



: 7), Hence, the 



'M^+ JM(i -l)~ J*/"?+ iW2i - \hh2l = ibk{2Z + l). 

It the length of the base is less thin the length of the edge, the 
volume of the wed^e ndl le equal to the difference between the 
pii m ind pjrimil ai 1 ne shiU hii\e ki the volume of the wedge, 

Ibhl ~ Ibk {l~L)r= ]mi ~ i^bhli + \hh2L = j^hh {2L + I). 

Ex. 1. If the base of a vwedge is 40 by 20 feet, the edge 35 feet, 
and the altitude 10 feet, what are the contents ? Ans. 3833.33 cu..fl. 
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2. The base of a wedge being 18 feet by 9, the edge 20 feet, and 
the altitude 6 feel, what are the contents ? Ans. 504 cu.Jl 

12. To find the contents of a rectangular prismoid. 

Add together the areas of the two bases and four times the area of a 
parallel section at equal distances fiom the bases: then- multiply the 
sum by one-sixth of the altitude 

Let L and £ denote the length and r 

breadth of the lower ba.se I ind b the 
length and breadth of the uppei bTse, 
M and m the length and breadth < t the 
section equidistant from, the bases, and 
h the altitude of the pnsmoid 

Thiough the diagonal edges L and I 
let a pline be pa^-ied, and it will divide 
the piiemoid into two wedges, having for 

base*, the bases of the piismoid, and for edges the lines L and 
l' = l. 

The contents of these wedges, and consequently, of the prismoid, 

}Bh (2i + Z) + ibh {21 + L)=ih (2BL + £1 + m -|- bL) 
= Ih (BL + BI+ bL + bl+BL+ bl). 
But, since iWis equally distant from L and I, we have, 

2M-^ L + l, and 2m, ^ B + b ; 
hence, iMm = [L + I) x {B + b) =BL + Bl + hL + bl 

Substituting iMm for its vaSue, in the preceding equation, we have 
for the contents, 

ik{Bl + bl ■{- iMm). 

Remake. — ^Thia rule may be applied fo any prismoid whatever. 
For, whatever be the form of the bases, there may be inscribed in 
tach the s;ime number of rectangles, and the number of these rectan- 
gles may be made so great that their sum ha each base will differ 
from that base, by less than any assignable quantity. Now, if on these 
rectangles, rectangular prismoids be constructed, their sum will differ 
front the given prismoid by less than any assignable quantity; hence, 
the rule is generaL 
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Ex. 1. One of tlie bases of a rectangular pvbmoid is 25 feet by 20, 
tlie other 15 feet by 10, and the altitude 12 feet; required the con- 
tents. Am. 3700 <M. ft. 

2. What are the contents of a stick of hewn timber, whose ends are 
30 inches by 37, and 24 inches by 18, its length being 24 feet? 

Arts. 102 cu.fC. 

OP THE MEASURES OP THE THREE ROUND BODIES. 

13, To find the surface of a cylinder. 

Multiply t7w circumference of the hase by the altitude, and Ike product 
will be the convex surface (b, viu. p. 1). To this add the areas of 
the two buses, when the entire surface is required. 

Mc. 1. What is the convex surface of a cylinder, the diameter of 
whose base is 20, and whose altitude is 50? Ans. 3141.6. 

2. Required the entire surface of a cylinder, whose altitude is 20 
feet, and the diameter of its base 2 feet. Ans. 131.9472 sq.ft. 

14. To Und the convex surface of a cone. 

MuUiply ike circumference of Ike base by half tfie slant height (b. viii., 
p. 3) ; and to this product add the area, of the base, if the entire sur- 
face is required. 

Ex. 1. Eequired the convex surface of a cone, whose slant height 
is 60 feet, and the diameter of its base 8^ feet ? Ans. 667.59 sq.ft. 

2. Required the entire surface of a cone, whose slant height is 36, 
and the diameter of its base 18 feet. Ans. 1272.348 sq.ft. 

15. To find the surface of a frustum of a cone. 

Multiply the slant height of !ke frustum ly half the sum of the circum- 
ference of the two bases,for the convex surface (b. viii. p. 4) ; and 
to this product add the areas of the two bases, if the entire surface is 
required, 

Ex. 1. To find the convex surface of the frustum of a cone, the 
slant height of the frustum being 12^ feet, and the circumferences 
of the bases 8,4 feet and 6 feet, Ans. 90 cu.fl. 

2, To find the entire surface of the frustum of a cone, the slant 
height being 16 feet, and the radii of the bases 3 feet and 2 feet. 
Ans. 292,1 
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16. To find the contents of a cylinder. 
Multiply the area of the base by Uie altitude (b. viii., p. 3). 

Ex. 1, liequired the contents of a cylinder whose altilude is 12 
1, t, and the diameter of its base 15 feet. Am. 2120.58 cit.ft. 

2. Required Ihe contents of a cylinder whose altitude is 20 feet, 
and tlie circumference of whose hase is 5 feet 6 inches. 

Am. 48.144 CM. /(. 

17. To find the contents of a cone. 

Midiiply the area of the base by the aUitude, and take one third of the 

product {b. vin., p. 5). 

Ut. 1. Required the contents of a cone whose altitude is 27 feet, 
and the diameter of the hase 10 feet. Ans. 706.86 cu.fl. 

2. Required the contents of a cone whose altitude is 10.^ feet, and 
the circumference of its base 9 feet. Ans. 22,56 cu.ft. 

18, To find the contents of a frustum of a cone. 
Add together the areas of the two bases and a mean proportional be- 
tween them, and then multiply the sum by one third of the altitude 

(B.™.,!.. 6). 

£x. 1. To find the contents of the frustum of a cone, the altitude 
being 18, the diameter of lower base 8, and that of the upper base 4. 
Am. 527.7888. 

2. What are the contents of the frustum of a cone, the altitude 
being 25, the circumference of the lower base 20, and that of the 
upper base 10? Am. 464.216. 

3. If a cask, which is composed of two equal coaic frustums joined 
together at their larger bases, have its bung diameter 28 inches, the 
head diameter 20 inches, and the length 40 inches, how many gallons 
of wine will it contain, there being 231 cubic inches in a gallon ? 

Ans. 79.0613. 
19. To find the surface of a spherical zone. 
Mulliply the altitude of the zone by the circumference of a great circle 
of the sphere, and the product will be the surface (b. tiii-, p. 10, 
c. 2). 

JSx. 1. The diameter of a sphere being 42 inches, what is the con- 
vex surface of a none whose altitude is 9 inches. 

Am. 1187.52'IS sq. in. 
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2. If the diameter of a sphere is 12j feet, what will be tlis surface 
of a zone whose altitude is 2 feet? An^. 78.54 sq. ft 

20. To find the contents of a sphere. 

1. Multiply ihe surface by one-third of the radius (a. viii., p. 14). Or, 

2. Cube the diameter and multiply the number thus found by ^gv : 
that is, by 0.5236 (b. viii., p. 14, s. 3). 

Ex. 1. "What are the contents of a 

2. What are the contents of the earth, if the mean diameter b 
taken equal to 7918.7 mil^. Ms. 259992792083 cm. miles. 

21. To find the contents of a spherical segment. 

Find the areas of the two bases, and multiply their sum by half tlu 
height of the segment; to this product add the contents of a sphen 
•whose dicmteter is equal to the height of ihe segment (e, viii., p. 17) 

Remark. — When the segment has but one base, the other is to be 
considered equal to {b. viii., d, 15). 

Sk. 1. What are the contents of i 'jpherical segment, the diameter 
of the sphere being 40, and the distances from the centre to the bases 
16 and 10' Ans 4297 708S. 

2. WhU ive the contents of i sphencal aegment with one base 
the diameter of the spheie bemg 8, and the altilude of the segment 
2 feet ? Ans 41.888. 

3. Whit are the contents of a sphencil segment with one base, 
the diametei of the spheie being 20, and the altitude ot the segment 
9 feet ? Ans 1781 2872. 

22. To find the contents of a spherical triangJe. 

1, , Compute the surface of ihe ^kere on which the triangle is formed, 
and divide il by ii; the quotient will be the surface of the tri-recl- 
angular triangle. 

2. Add tlie three angles together ; from Ihetr mm subtract ISO", and 
divide the remainder by 90° : then multiply the tri-rectangular 
triangle by this quotient, and the product wiU be the surface oj the 
triangle (b, is., p. 18), 
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Ex. 1. Reqaired the contents of a triangle described oa a sphere, 
who3e diameter is 30 feet, the angles being 140°, 92°, and 68°. 

Am.ill.^i^sq.Jl. 

2. Required the contents of a triangle described on a spliere of 
20 feet diameter, the angles being 120° each. Ans. 814.16 sq.ft. 

23. To find the contents of a spherical polygon. 

1. Find the tri-reclangular triangle as before. 

2. From the sum of all the angles lahe the product of two right anglet 
hy the numher of sides less two. IHvide the remainder by 90°, and 
mitltiply the tri-rectangidar triangle by the quotient : the product will 
be the surface of the polygon (b. ix., p. 19). 

Ex. 1. What are the contents of a polygon of seven sides, described 
on a sphere whose diameter is 17 feet, the sum of tjie angles being 
1080? Ans. 226.98. 

2. What are the contents of a regular polygon of eight sides, 
described on a sphere whose diameter is 30, each angle of the polygon 
being 140° ? Ans. 157.08 cu.fl. 



OP THE BBGCLAK POiTEDKONS. 

24. In determining the conteuls of the regular polyedroos, it 
becomes necessary to know, for each of them, the angle contained 
between any two of the adjacent faces. The determination of this 
a,vjgle involves the following property of a regular polygon, viz. : 

Half the diagonal which joins the extremities of two adjacent sides of 
a regular polygon, is equal to the side of the polygon multiplied by 
the cosine of the angle which is obtained by dividing 360° by Iwico 
the number of sides : the radius being equal to 1 . 

For, let ABODE be any tegular polygon. 
Draw the diagonal ^1 (7, and froia the centre 
F, draw FG perpendicular to AB. Draw 
also, AF, FB; the latter will be perpen- 
dicular to the diagonal AO, and will bisect 
it at/r(B. III., p. 6, s). 

Let tlie number of sides of the polygon 
be designated by n : then, 




AFB = 



md AFG = CAB . 



§60- 
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But, in the i-ight-angled triangle ABH, we have, 

AH =AB<x,sA=AB cos ^^ (Trig., Ai-t, 30). 

Ee5IAEk I. — WSien the polygon in question is the equilateral 
triangle, the diagonal becomes a side, and consequently, half the 
diagonal becomes half a side of the triangle. 

Ekmark II. — The perpendicular .S/f— AB sin —^■ 



25. To determine the angle included between two adjacent fae«( 
of either of the regular polyedrons, let us suppose a plane to be 
passed perpendicular to tiie axis of a polyedron angle, and through 
the vertices of the polyedral angles whicli lie adjacent. This plane 
will intersect the convex surface of the polyedron in a regular poly- 
gon ; the number of sides of this polygon wil! be equal to the num- 
ber of planes which meet at the vertex of either of the polyedral 
angles, and each side will be a diagonal of one of the equal faces 
of the polyedron. 

Let Ji be the vertex of a polyedral angle, 
CD the intersection of two adjacent faces, 
and A CBH the section made in the convex 
surface of the polyedron by a plane perpen- 
dicular to the axis through D. 

Draw any diagonal of this section, as AB. 
Then, through AB let a plane be drawn 
perpendicular to CD, produced, if necessary, 
and suppose AJS, BE, to he the lines in 
which this plane intersects the adjacent 

faces Draw EF perpendicular to AB: then will AEB be the 
angle included betueen the adjacent faces, and ^£i^ will be half 
that angle, which wo will represent by ^A. 

Tlien, if we denote by n the number of faces which meet at the 
vertex of the polyedral angle, and by m the number of sides of 
each face, we shall have, from what has already been shown, 




BF==BO( 



360° 






::BC sk 



360° 



^A, lo the radius 1. 
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n^A^^ 



This formula gives, for tlie diedral i 
adjacent faces of the 



igle formed \>y any two 



Tetraedi-on, . . 


. 70° 


31 


42 


Heiaedron, . . 


90" 






Octaedron, . . 


. 109° 


28' 


18 


Dodecaedron, 


. 116= 


S3 


54 


Icosaedron, , , 


. 138° 


11 


23 



Having thus found the diedral angle included between any two 
adjacent faces, we can easily calculate the peipendicular let fall from 
the centre of the polyedron on one of its faces, when the faces them- 
selves are known. 

The following table shows the contents of surface and volume of 
the regular polyedrons, when the edges are equal to 1 : 

A TABLE OF REGULAR POLYEDRONS WHOSE EDG-ES ABE I, 



Tetraedron, . 


i . 


. 1.7320508 . 


. 0,H78513 


Hexaedron. . 


6 . 


. 6.0000000 . 


. 1.0000000 


Ocraedron, . 


8 . 


. 3.4641016 . 


. 0.4714045 


Dodecaedron, 


12 . 


. 20.6457288 . 


. 7,6681189 


Icosaedron, , 


20 . 


8.6602540 . 


. 2.1816950 



26. To find the contents of a regular polyedron. 

i. MuUiply the surface by one-third of ike j>erpendieular let fall from 
the centre on one of theftices, and the prodiiet will be the contents. 

Or, 2. Multiply the cube of one of the edges by the contents of a simi- 
lar polyedron whose edge is 1. 

The first rule results from the division of the polyedron into as 
many equal pyramids as it has faces, having their common vertex at 
the centre of the polyedron. The second is pivved by considering 
that two regular polyedrons, having the same number effaces, may 
be divided into an equal number of similar pyi'amids, and that the 
sum of the pyramids which make up one of the polyedrons will be 
to the .sum of the pyramids which make up the other polyedron, as a 



25 
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pyramid of the first sum to a pyramid of the second (b. ri., P. 10) ; 
that is, as the cubes of their homologous edges (b. vii., p. 20) ; that 
ia, as the cubes of the edges of tiie polyedrons. 

Ex. 1. What are the contents of a tetraedron whose edge is 15 ? 
Ans. 897.75. 

2. What are the contents of a hexaedron whose edge is 12 ? 

Ans. 1728. 

3. "What are the contents of a octaedron whose edge is 20 ? 

Ans. 3771.236. 

4. "What are the contents of a dodecaodron whose edge is 25 ? 

Ans. 119736.2328. 

5. What are the contents of an icosaedron whose edge is 20? 

Am. 17453.56. 
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LOGARITHMS OF NUMBERS 

FROM 1 TO 10,000. 



N. 


Log 


N 


I-", 


K 


LOff 


N 


Log. 








1 « 49?3 


""57^ 


1 7075 


lb 






o 3^1 o3o 


27 


1 43 354 


52 


I 1 I oi 


77 






o ^^^l^l 


2'5 


1 47153 


53 


I 724^75 


78 


1 G92095 


5 


6oUo 
698010 


|9 


. 462398 
1 477121 


5, 
55 


\rj& 


^ 


1 897617 
1 903090 




^^s,5l 


3i 


1 491362 


56 


, 74818S 




I 908485 


7 


8 5093 


32 


. S0I150 


J7 


. 755375 


82 


1 9i38i4 


6 


903ojo 


33 


1 5.35U 


5j 


1 763.23 


13 


1 919078 


lo 


954243 


34 
35 


;a 


S 


I 770852 
. ??8i5, 


83 


1 9=4279 






36 


■ 555303 


61 


1 785330 




1 934<198 




I 075181 


3t 


I 56 202 




1 792392 




1 939319 


i3 


1 nigd3 


36 


1 579784 




;«; 




1 944433 




1 I46138 


39 


■ 59.06S 


64 




1 ;-l939o 


i5 


I 17609 I 


40 






1 8129 3 




1 9J4243 






41 


1 612734 


65 






I 959041 


I J 


1 230440 




I 6 3219 


^1 


I 8 6075 


92 


1 963788 


1^ 


1 255373 


43 


1 633468 


bi 


! fl335o9 


93 


1 9^8^83 


'9 


1 276734 


44 


I 643453 


69 






1 9,3.28 




I 3oio3o 


»5 


t 653213 


70 


1 8,309g 


95 


■ 977724 




I 32I1I9 


46 


1 661758 


71 


I 851258 


95 






1 34J 23 


47 


1 67 -^B 


72 


I 8573 3 


97 


I 986771 




1 361738 


48 


1 68i2,.i 


73 


1 3533 3 


98 








49 


i 690 36 


1- 


:??.; 


99 


1 y'5535 


35 


I 897940 


5o 


. 69!,97<. 


P 







Rbmabk, In the following table, in the nine right hand 
columns of each page, where the first or leading figures 
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